Quantum Optics 


1.1 Quantization of the electromagnetic field 


In this section we introduce the key features associated with the quantization of 
the electromagnetic field. As we will see in subsequent chapters, quantization is 
essential in order to understand a very wide variety of quantum optical 
phenomena. Let us first consider a plane electromagnetic wave of frequency ,; 


that is propagating in the direction ¢ in free space. The electric — and magnetic 
B fields associated with such a plane wave are given by [11] 
E (Ft) = €Epel*F-ioet 4 c.c., 
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for k= IK = ,/c, Where c is the velocity of light and € denotes the 
polarization vector for the electromagnetic field. The symbol c.c. stands for 
the complex conjugate. We will use CGS units throughout the book. We choose 
especially form (1.1) as this would immediately correspond to the form used in 
quantum theory. The polarization vector is orthogonal to the direction of 
propagation and lies in a plane perpendicular to ¢. There are two orthogonal 
polarizations. Let us denote these by €;,, with s taking two values 1, 2. For a 
wave in the direction z we can write € in terms of the unit vectors along the x 
and y axes as 
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Ee = ExsX FEV, lcs + les = I. (1.2) 


For real €,, and ey, we have linearly polarized light; for 
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we have circularly polarized light. Note that the vectors 7, §, and ~ form a 
right-handed orthogonal coordinate system. The energy of the electromagnetic 
field, contained in volume V, is given by 
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which for a plane wave reduces to 
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The Poynting vector §, defined by 
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reduces for the plane wave to 


free FE | 
S= 5 lho (=). (1.7) 


In deriving (1.5) and (1.7) we have dropped the fast-oscillating terms at 
frequency 2a,. 

In many problems it is more convenient to work with potentials, such as the 
vector potential 4(7, t). Since the current book is devoted to problems in the 
nonrelativistic domain, we adopt the Coulomb gauge or transverse gauge in 
which the scalar potential is set to zero and 7 satisfies 


divA(F, t) = 0. (1.8) 


The electric and magnetic fields are related to 4 via 
E=--> B=VxA. (1.9) 


For the case of a plane wave we can write 
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In quantum theory the vector potential is more fundamental than the electric 
and magnetic fields. 

Consider next an electromagnetic field confined to a box with volume V, we 
expand the field into a complete set of plane waves. The complete set can be 
obtained by imposing boundary conditions at the walls of the box. For 
convenience let us take the box to be a cube with volume L°. Then imposing 
periodic boundary conditions, the allowed values of x are 
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Here each component of 77 is an integer with all possible values. Thus we write 
the vector potential in the form 
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The summation in (1.12) is over all allowed values of f. It should be borne in 
mind that for each f, s takes two values. The coefficients 47, are arbitrary. The 
specific form of Ay, would be determined by the slesueiaeueee field at hand. 
Using - - andl a o} 4 the orthogonality of the plane waves for 
fi = (n,,n,,n-)andn’ = (n',n’, nt), 
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we obtain from (1.4) the expression for the energy 
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The energy has been expressed as a sum over modes — each mode is a plane 
wave with a given polarization. 

We would now proceed with the quantization of the field. Clearly fia, is the 
quantum of energy associated with a single mode. Let ”;, be the number of 
quanta associated with each mode. Therefore the total energy would be 
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On comparison with (1.14) we can thus identify 
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In quantum theory all fields F, #, and 4 become operators. The energy U 
becomes the Hamiltonian operator. The number becomes the number operator. 
Each mode of the electromagnetic field can be identified with a photon. It was 
demonstrated by Bose [7] that photons obey what is now called Bose statistics 
and thus each mode can be occupied by an arbitrary number of photons. Planck 
had already established that for a black body at temperature T, the average 
occupation number ?7z, is 


(1.16) 
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where Kg is the Boltzmann constant. Depending on the temperature and @,, (Mz, 
) can take arbitrary values. In quantum theory the number operator nj, is a 
positive definite Hermitian operator, with eigenvalues 0, 1, 2, .... It can thus be 
written in terms of the non-Hermitian operators az, and a as 


ny, — a’ ay.. ( | 8) 


The operators az, and al obey the Boson commutation relations 
[az , a, ] = Sb 4.9, (1.19) 
laz,. az] = 0. (1.20) 


The noncommutativity of a and a’ adds a new dimension to the 
electromagnetic field. This is because all field operators are linear in a and a’, 
whereas the energy is quadratic in a and a‘. Thus the energy can be nonzero 
even if there are no quanta in the field. This can be seen explicitly by using 


Az > / 2xhe az, On the basis of (1.16). All quantum fields can be expressed as 
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Here H.c. stands for Hermitian conjugate because we are now dealing with 
quantum fields, which have to be Hermitian. The expression (1.4), after we 
replace energy U by the corresponding operator Hamiltonian H, becomes 
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The contribution Yr. hey /2 is called the zero point energy of the 


electromagnetic field. Furthermore, in quantum theory one writes all 
Hermitian field operators F — (4, FE. Byas 


Ft) =FY RD) + FORD), (1.26) 
where FO) is the adjoint of F™) and F) contains only the positive frequencies 
w,. FC) is called as the positive frequency part of F and consists of only the 
annihilation operators a;z,. The decomposition (1.26) is related to how the 
photon detectors respond to the electromagnetic field (see Section 8.1). Finally, 


note that in dealing with free space we would take the limit V — o at the end of 
the calculation, i.e. after we have calculated the physical observables. 


1.2 State space for the electromagnetic field — 
Fock space and Fock states 


In quantum theory all observables are represented by Hermitian operators. The 
expectation values of such operators in the state of the quantum system gives 
the measureable quantities. We thus need to specify the appropriate state space 
for the electromagnetic field. The quantization of a system of bosons with 
finite mass was done by Fock. The corresponding space is called the Fock 
space and the basis states are called Fock states. Since all the fields (Eqs. 
(1.21)-(1.23)) are written as superpositions of all the independent modes, we 
can construct states for each mode and from this obtain states for the 
multimode field. 


1.2.1 State space for a single mode of the 
radiation field 


For brevity we drop the subscript i and denote the single-mode operators as 
a, a’, and n, with 


[a,a'] =1. (1.27) 


The smallest eigenvalue of the number operator is zero. Let us denote the states 
of the number operator as |n) 


a'a\n) =n\n); n=0,1,2,..., Oo. (1.28) 


The states |n) are called Fock states. For n = 0, a‘a|0) = 0, therefore we can 
define the state |0) by 

a|O) = 0. (1.29) 
The state |0) is called the vacuum state as it contains no quanta of the radiation 
field. Now using the commutation relation between a and a’ and applying it to 


the vacuum state we get (aa’ - a‘a)|0) = |0)= a(a'|0)) = |0), which can be 
rewritten as 


a‘a(a'|0)) = a'|0), (1.30) 
and hence a’| 0) is an eigenstate of a‘a with eigenvalue 1, ice. 


[1) = a0). (1.31) 


The state is called a single-photon state. One can continue this process and 
obtain the n photon state |n) by repeated application of the operator a‘ on |0). 
The state |n) is found to be 
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The factor | /,/n! leads to the correct normalization of the state. The set of 
states |n) are orthogonal and complete 
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and further have the important property 
aln) = J/n|n—1), a! |n) = Jn + I|n + 1). (1.34) 


The property (1.34) is proved using (1.32) and by using the commutator (1.27). 
Note that the operators a and a! are respectively called the annihilation and 
creation operators. This is because the action of a [a] on the n photon state |n) 
yields the (n — 1) [(n + 1)] photon state. 

For a multimode field we would write the states as |{n; }), which means that 
the mode i has ”z, photons. These states are a product of the states for each 
mode 
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and have the properties 
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1.3 Quadratures of the field 


For a plane-wave field (1.1), the amplitude E, is a complex number. Thus Eo 
has a phase which can be measured by using an interferometer. One can thus 
obtain information on both the real and imaginary parts of E>. These are called 
the in-phase and out-of-phase quadratures of the field. The well-known 
homodyne measurement can directly yield these quadratures. In quantum 
theory Ep, gets replaced by the non-Hermitian annihilation operator a. We can 
then define the two Hermitian quadrature operators X and Y as 
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In view of (1.27) we now get 
ee) Sa. (1.38) 


Note that this commutation relation for the quadratures is similar to the 
commutation relation for the position and momentum operators of a particle 
with mass. The operator X should not be confused with the position of the 
photon. We can, however, introduce a quadrature space by representing Y as 
Y = —iz> which follows from the commutation relation (1.38). This enables 
us to write the Fock states in quadrature space as 


W(X) = (X|n) = (2"n! fr) 7, (X ye“ *7/2 (1.39) 


where H,(X) is the Hermite polynomial of degree n. Furthermore, the 
Heisenberg uncertainty relation would give 
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AX AY > (AX) = (X7)—(X)*, (AY) = (Y?) — (Y)?. (1.40) 
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For Fock states the relation (1.40) reduces to 
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Clearly the quadratures carry the phase-dependent information on the field and 
are important in the context of the characterization and detection of the 
squeezed states of the field. 


1.4 Coherent states 


In classical theory, one can have a very well-defined electromagnetic field, i.e. 
a field E) with well-defined amplitude and phase. We have seen that in quantum 


theory E, is replaced by the annihilation operator a. Thus one would clearly 
identify E, with the expectation value of the quantum field a in a given 


quantum-mechanical state of the field. However, for the Fock states |n) of the 
field the mean values of a and the quadrature operators vanish 


(nla|n) = (n|X |n) = (n|¥|n) = 0. (1.42) 


Thus Fock states could not represent fields with well-defined amplitudes and 
phase at a classical level. We know that a field produced by a single-mode laser 
is coherent, i.e. has a well-defined amplitude and phase. So the question is — 
what is the appropriate state of the radiation field that would represent such a 
coherent field? Glauber [13, 14] gave the answer to such a question and 
derived a new class of states that he called coherent states, which are usually 
denoted by the symbol |q). If the eigenvalue equation 


ala) =a|a@), a@ complex number, (1.43) 


has a normalizable solution |q), then the field and its quadratures would have 
nonzero values 
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Thus the state |a) would correspond to a classical field with well-defined 
amplitude and phase and hence the name coherent states is used for such states. 
The intensity, which is proportional to (a‘a), would be 
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(w|a'ala) = |a|* = |(alal@)| (1.45) 


This is again like a coherent classical field as then the intensity of the field is 
the modulus of the square of the mean amplitude of the field. 


1.4.1 Solution to the eigenvalue equation 
(1.43) 


We can expand |) in terms of the Fock states as these form a complete set 
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la) =} cnln), (1.46) 
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which on substituting in (1.43) yields the recursion relation 
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whose solution is 
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with cg fixed by the normalization condition (@|@) = | > cp = exp(—+ la? ).. 
Thus for all complex values of a we have the solution 


0° n 
2 a 
|) = eae ) Jue (1.49) 
Nn. 


n=) 


The coherent states are superpositions of Fock states. The probability p, of 
finding the system in the state |n) is then given by 


Pn = |enl? =e (1.50) 


The probability of finding n photons in a coherent state is given by the Poisson 


distribution (1.50) with mean |a|*. This distribution is shown in Figure 1.1 and 
has the property that its variance is equal to the mean 


(n°?) —(n)? = (n);— (n) = |e’, (1.51) 


where n is the number operator aa. 
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The photon distribution p, for a coherent state with different 
values of |a|*. (a) Ja|* = 0.1; (b) Ja|* = 1; and (c) Ja|* = 16. 


1.4.2 Properties of coherent states 


Next we present some important properties of coherent states. The states form 
a complete set 
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The proof proceeds as follows — we substitute (1.49) into (1.52), hence the 
LHS becomes 
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The integral is easily evaluated in polar coordinates, a = re™, 
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The @ integral gives 6 


nm and the r integral is evaluated in terms of the gamma 
function, yielding 


pa In)(n| = 1. O 


The coherent states are nonorthogonal 
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which follows in a straightforward manner by substituting (1.49) into (1.53). In 
view of (1.52) into (1.53), the function (1.53) is an example of a reproducing 
kernel K(a, fh) 


d? B K(a, B)K(B, y)=K(a,y), K(a,B) = (a|B)/z. (1.54) 


The nonorthogonality of coherent states leads to the unusual property that a 
given coherent state can be written in terms of the other coherent states 


ni | Keepy). (1.55) 
The coherent states can be generated by displacing the vacuum 


la) = D(a)|0), (1.56) 


where D(a), called the displacement operator, is defined by 


D(a) = exp(aa! — a*a). (1.57) 


The relation (1.56) is important as it shows how the coherent states can be 
generated. To prove (1.56) we use the Baker—Campbell—Hausdorff identity [15] 
to write (1.56) as 
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which leads to (1.49) by using the definition (1.32). The displacement 
Operators are quite important in many calculations with coherent states. We list 
in Table 1.1 many of their mathematical properties. 


Table 1.1 Important properties of the displacement 


operator D(a) = exp(aat — a*a). 


D(a) = e72A?? al wa — et le? .-a*a 04! (BCH relation). (1) 
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D(a)D(B) = D(a + B) exp[}(@p* — a*B)], [D(@), D(B)] #0. (4) 


TrD(a@) = 15 (aw) = 75 (Re{a})5(Im{a}). (5) 
Tr[D(a)D'(B)] = 75° (a — B). (6) 
D(a)|B) = |w + B) exp[4+(ap* — a*B)]. (7) 
(a|D(y)|B) = (a|B) exp (va* — y*B — Sly /?). (8) 
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where L“ (x) are the associated Laguerre polynomials [19] 
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The coherent states are known as the minimum uncertainty states as [16-18] 


AX? = AY? = AXAY = Va. (1.59) 
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These relations can be proved by writing, say, X in terms of a and a’ and using 
(ala*|a) = a? = (alat?|a)*; (alaTala) = |a|*. The coherent states, besides being 
minimum uncertainty states, also have the important characteristic that the 
uncertainties in the two quadratures are equal. The coherent states have the 
most important property that these do not spread in time unlike the 
wavepackets for a free particle. Schrédinger discovered coherent states from 
this very requirement. In order to see this we examine the time evolution of 
coherent states under the free Hamiltonian (1.25) for a single mode: 
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Hence a coherent state evolves into another coherent state with a different 
phase. Since the uncertainties AX and AY do not depend on the amplitude of the 
coherent state, and hence we have no spreading of coherent wavepackets [16, 
17], i.e. 
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AX? (t) = AY*(t) = =, Vt. (1.61) 


Finally, we examine the structure of coherent states in terms of the 
quadrature spaces 


WY) = (X|a), WY) = (¥ |e). (1.62) 
Using (1.49) and (1.39) we get 
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The sum in (1.63) can be carried out by using the generating function for the 
Hermite polynomials 
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leading to 
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The quadrature distribution would be 
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The quadrature distribution is Gaussian whose center is located at the value 
lo +a*)= (X). We can similarly work out the quadrature distribution for Y 


with the results 
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The quadrature distribution for Y is also Gaussian. We will see in Section 5.18 
that these quadrature distributions can be measured using a homodyne 
technique. 


1.5 Mixed states of the radiation field 


In the previous sections we introduced two different classes of states of the 
radiation field. The Fock states |n) and the coherent states |a~) have very 
different physical properties. One could construct a variety of other types of 
states using superpositions of either Fock states or coherent states. The black 
body case belongs to a newer class — this was the case that led to the birth of the 
quantum theory of radiation. A single mode of the black body radiation 
corresponds to a mixed state of the radiation field. This mixed state is 
described in terms of the density matrix p given by 


pr = exp(—Ahwa'a)/Trlexp(—Bhwa'a)], B= 1/(KpT), (1.69) 


which can be expressed in terms of Fock states as 
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The distribution p,, is called the Bose—Einstein (BE) distribution and depends 


on the mean number of photons (n), which in turn depends on the temperature T 
and the frequency @. This distribution is shown in Figure 1.2. Note that there 
are no off-diagonal terms in py, the state (1.70) is an incoherent state of the 


field. The mean amplitude (a) of the field is zero. This is in contrast to the case 
of coherent states, which have density matrix p, given by 


Pe = |a)(a| = ) eyc* |n) (ml, (1.71) 
where c,, is given by (1.48). The BE distribution has quite different fluctuation 
properties as compared with the Poisson distribution 


ey (n)? = (n)* + (n). (1.72) 


As (n) increases the fluctuations in photon numbers grow. Einstein [8, 9] 
interpreted (1.72) in terms of the fluctuations due to both the wave and particle 
characteristics of light. The term (n) on the RHS of (1.72) is due to the particle 
character whereas the term (n)? is due to the wave character. The contribution 
from the wave character can be understood by considering a classical light 
wave E, Gaussian fluctuations. The details are left as Exercise 1.3. The mean 


value of n is proportional to (|E,|°). 
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The Bose-Einstein distribution p, for different mean number 
of photons (n). (a) (n) = 0.2; (b) (n) = 1. 


Next we examine the quadrature distribution for the state (1.70) 
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The sum in (1.73) can be evaluated by using the Mehler formula for Hermite 
polynomials 
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Using (1.74) and (1.73) we get the final result 
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with (X) = 0, (X*) = (n) + (yy = 0, (¥2) = (n) + 4 The uncertainty product for 


these states is 
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1.6 Diagonal coherent state representation for 
electromagnetic fields — P-representation 


One of the most remarkable developments in quantum optics has been the 
possibility of expressing any state of the radiation field as a diagonal sum over 
coherent states even though such states are nonorthogonal 


p= [ Pearlay(a da, (1.77) 
with 
| Peay ea = |, (1.78) 


The representation (1.77) was introduced first in the context of thermal fields 
as in Section 1.5 by Glauber [13] who named it the P-representation. Sudarshan 
[20] realized the very general nature of the representation (1.77) and argued 
that it is valid for all radiation fields with the proviso that P(@) need not have 
the properties of a probability distribution. Sudarshan allowed P(a) to be 
singular and argued that it may not even exist. The mathematical complexities 
of P(a) are discussed extensively in the book by Klauder and Sudarshan [21]. 

A formal solution for P(a) can be written down if we use the properties of 
the delta function, such as x"6(x) = 0 and 
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We need the two-dimensional version of (1.79) 
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Note that 5)(a) = 6(x)8(y) since a = x + iy. Using (1.80) and the expansion of 
the coherent states in terms of Fock states we obtain 


(1.80) 
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This formal form shows the singular nature of the P-function in general. The 
structure (1.81) does not necessarily imply that P(a) is always singular. For a 
Fock state it is 
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For a coherent state it has the expected form 
p = |e) (ao| > Pela) = 8° (@ — a). (1.83) 
For a thermal state (Section 1.5) 


p = pr = exp(—Bhwa'a)/Trlexp(—Bhaa'a)] 
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which is like a classical probability distribution. Many methods can be used to 
derive (1.84). Using (1.70) in (1.81) we find 
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The expression (1.85) can be simplified by using the integral 


=f orl eete PB = —e Hh ly, (1.86) 
1 
On combining (1.85) and (1.86) we obtain (1.84). It is interesting to note that a 
singular-looking expression like (1.81) for a thermal field leads to a nice 
Gaussian function (1.84). 

A useful method to compute P(q) was given by Mehta [22] 


| 
y 


l 2 2 * * ? 
P(a) = — ce"! [(-sto1aye!* Pee era (1.87) 


IU< 


To prove (1.87) we use (1.77) and (1.53) in (1.87) 


: is seis ae 
af] = / d’'y Pye / (—Bly)(y [B)el#!— Fe" -F'o) PB 
’ Jt“ 
cht f PyPQe ht [ e-v-perr ae 
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It should be noted that the representation (1.77) also holds for any operator G 
and not just the density operator. Consider G written as an antinormally 
ordered monomial of the form 


G =a'a'". (1.89) 


We can easily write it in the form (1.77) by inserting the resolution (1.52) of 
the identity in the middle of a and a‘ 


l , 
G=a"— [ c?aja)(ala (1.90) 
JT a 


which on using the fact that |a) ((a|) is an eigenstate of a (a’) reduces to 


| ) 
G=— i dce(ae"ae*” ) ax) (x. (1.91) 
1 
Thus the P-representation can be easily obtained for those operators which are 


already in the antinormal ordered form — just replace a and a! by a and a* and 
divide the result by 7, ie. if 


l = 
G= a Gindia™, then Pe(a)=— ys Grmot an”, (1.92) 
1 


The expectation values of the normally ordered moments of the field can be 
expressed as 


(ai™q") = [ P(a)a* ada. (1.93) 


In Chapter 8 we will see that the measurements of the characteristics of the 
field by a photon detector, which works by the absorption of photons [23, 24], 


are related to the normally ordered moments (a'a"), Thus the measurable 
quantities can be directly obtained in an almost classical manner, i.e. by 
averaging over the distribution P(a). However, it must be borne in mind that 
unlike the classical case the function P(q@) can be singular and need not exist. 
This is the content of Sudarshan’s optical equivalence theorem [20]. In view of 
(1.93) P(a) is like a phase-space distribution for a quantum system. In the 
literature, functions like P(q) are also called quasiprobabilities. 

A closely related phase-space distribution Q(a, a*) is obtained [25-27] by 
taking the diagonal matrix elements of p 


O(a) = ~(alp|a). (1.94) 

It is easily seen that, unlike the P-function, the Q-function has all the properties 
of a classical probability distribution. These properties make the Q-function 
quite attractive for calculations and for the visualization of physical systems, 
particularly in situations where P(q) does not exist. To give a simple example, 
the vacuum state of the radiation field, O,(@) = + exp(—|a|*), which is a 
distribution with finite width. Thus it reflects in a sense the zero point 
fluctuations. We will see the utility of Q(@) in many applications in subsequent 
chapters. However, unlike the P-function, the Q-function is not directly related 
to the measurements in the sense of (1.93). The functions P(a) and Q(a@) can be 
related to each other by using (1.77) and (1.94). On taking the diagonal matrix 
element of (1.77) and using the expression for (a|8) we obtain 


| ee 
Oa) =— [ P(A) exp(—la— BP eB. (1.95) 
The relation (1.95) can be inverted in terms of the Widder transform [28] 
P(a) = exp (—- : ) O(a, a") (1.96) 
dada* 


For the thermal state (1.69), the Q-function is 


eae (n)" 
Or(a) = oe Lt yer le nl) 
0 


_ is (n)" joel" tar 
1 (1+ (n))et! nt! 


n=0 


la? | , 
= —————_ exp ] — : (1.97) 
m(1 + (n)) 1 + (n) 


which is Gaussian. Note the presence of the factor 1 in the width of the 
Gaussian. This is again a signature of the vacuum noise. 


1.7 The Wigner function for the 
electromagnetic field 


Wigner [29] in 1932 showed the interesting possibility of a phase-space 
distribution for a quantum system. He constructed a plausible distribution 
which yielded the correct marginal distributions for a quantum system and can 
be used to compute quantum-mechanical expectation values by using a 
prescription. However, Wigner also found that while constructing the possible 
phase-space distribution he had to give up the positivity property of the 
distribution. Thus the Wigner distribution W(a) could be _ negative. 
Nevertheless this function has proved to be very useful in a variety of fields as 
it always exists. The Wigner function has turned out to be remarkably useful in 
quantum optics, particularly in the characterization and visualization of 
nonclassical fields. We next introduce the Wigner function using the coherent 
state framework. A comprehensive discussion of the phase space in quantum 
optics is given by Schleich [30]. It is well known in probability theory that a 
distribution is the Fourier transform of the characteristic function. Using this 
we define the Wigner function 


] , + +. 
W(a) = — / d?B Tr[pD(B) je PF" PF , (1.98) 
Tt” v 
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as a two-dimensional Fourier transform of the quantum-mechanical 
characteristic function 


Tr[p exp(Bal — B*a)] = (exp(Bal — p*a)). (1.99) 
Clearly 
[ 0 \Pa = [xe Tr[ pD(p)]5°(B) = Trp = |. (1.100) 
Let us first evaluate the Wigner function for some standard states. For a 
coherent state |y), Tr[>D(B)] = (vy|D(B)|v) = e72!6P eBy*-#'y, which on using 
in (1.98) and the integral (1.86) gives 


exp(—2|a — yl). CLO.) 


A | m 


W(a) = 


i 


Thus the coherent state is represented by a Gaussian with a width |, which in 
fact is just the variance 

ata+aa' . 
(y|———-ly) - (vlaly)(vla'ly) = (vla'aly) — l(vlaly) |? + 


- 


(1.102) 


ee ie 


Clearly the Wigner function carries implicitly part of the vacuum fluctuation. 
We can in fact use (1.101) and (1.77) to obtain a relation between the P-function 
and the Wigner function 


7 
W(a) = — [ Porvexp(—2le ~y|*)d?y, (1.103) 
Ty 
which can also be inverted in terms of the Widder transform 
2 dada* 


| 2 
P(a@) = exp sso | W (a). (1.104) 


For a thermal state we can use (1.84) and the integral (1.86) in (1.103) to obtain 


| 2 
Wy (a) = ————— exp | — la me (1.105) 
m((n) + 5) (n) +5 


The evaluation of the Wigner function for a Fock state |n) is more complicated 
and is found to be 


? : . 
W,,(a@) = —(-1)"e 7", (4a). (1.106) 


Clearly the Wigner function can be negative. At, — 9. wo) = 2(-1)" = oif 
aT 


nis odd. For a single photon state n = 1 


W(a) = 7 2lel? (4 fax? tails [2 (1.107) 


|r 


and thus the Wigner function takes negative values in the region |a|* < 1/4. The 
function (1.107) is plotted in Figure 1.3 to exhibit the negativity of the Wigner 
function. 


W(a) 


Im(a) 


Re(a) 


The Wigner function W(a) as a function of Re(a) and Im(a). 


To derive (1.106) it should be noted that the density matrix for the thermal 
field has the structure (1.70) and thus the Wigner function (1.105) can be 
considered as the generating function for the Wigner function W,(q) of the 


Fock state, i.e. 


‘ 7 — en) 
Wr(a) =} °S"W,(a)(1 —S), ae (1.108) 


On substituting (1.105) in (1.108) we get 


" 2 , 4\a|7S — 2 : 


We recall the generating function for the Laguerre polynomials 


oO 
h l —xt . 
Dales = exp 4 (1.110) 
l—f 1—t 


a=0 


and hence (1.109) leads to 
= 2(-—1)" —zi 7 ) / \ 
W,, (a) = —e “™ L, (4la|*). Elok bls! 


The value of the Wigner function at the origin is important in many tests of 
nonclassicality. From (1.98) it is clear that 


W (0) 


l , 
=e Tr[pD(B)], 
- 


‘ 
>) Pas [ cp tem) mDiBy. (1.112) 
| x 
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All the off-diagonal terms in (1.112) vanish as, according to Eqs. (9) and (10) 
in Table 1.1, the off-diagonal terms would have nonzero phase and their 
integral over the phase vanishes. We can rewrite (1.112) as 


7 
W(0) = Y~ Pann (0) = =~ Pan (—1)", (1.113) 
IT 
n n 


which can also be written in terms of the parity operator exp(iz a‘a) 


2 
W (0) = —(exp(ima'a)). (1.114) 
Clearly a density matrix, for which p,, # 0 only for odd n, would have a 


negative Wigner function at the origin. The relations (1.113) and (1.98) can be 
used to obtain a bound on the Wigner function as |W(a)|< |W(0)| < 2. 


We next present the expectation values as phase-space averages. Let G be the 
operator corresponding to a physical observable. The displacement operators 
form a complete set and hence any operator can be expanded as 


If. | 
Bees [ eyti6D\y ID(y). (1.115) 
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Thus the expectation value of (G) is 


I 
(G) = Tr(pG) = — [ &y ToD" yyIT{oD07)} (1.116) 


On inverting (1.98) we have T;[pD(y)] = / PaW (a)e’"’—”'*, and hence 


(G) [ Pawo [ &yticd'qyje" 


| Pal (aoa), (1.117) 
where W,(q) is the Wigner function associated with the operator G defined by 
(1.98) with p = G. The relation (1.117) can be used to prove that W(a) is a 
square integrable function by replacing G by p 


Trp? =n | Paiva ae (1.118) 


The last inequality follows from the property of the density matrix, Trp? < Trp 
= 1. 


Table 1.2 Quantum phase-space distributions for 


some typical density operators. 


(1) Fock state: p = |m)(m|. 


P(a) = —e? ( ~ ) 3% (1) 
m! Jdada* 
Wa) = —— « Lm (4la|-). (2) 
l 2 
O(a) = ——e~" (jaf?)™. (3) 
arm! 
(2) Coherent state: p = |a,) (ap. 
P(a) = 58 (a — a). (4) 
A 2 
W (ce) = —e7718-eeh (5) 
1 
l —|la—ao|? 
O(a) = —e oie (6) 
1 


(3) Thermal state: p = e~Phwala yTy(g—Bhwala y. 


ee em (ey is a 
neh= 7 (n) exp | {n) sf) = efhw _ |" 7) 
W (ce) ial (8) 

Cid ee ere oe 5 
m((n)+ 4) \ (ny+e 
(w) ( bal ) (9) 
Ce ee =< : 
g x(n)+1) )\ Mm) +1 


The important properties of the Wigner function can be summarized as 
follows: 


1. It always exists but is not necessarily positive. 
2. It is square integrable (Eq. (1.118)). 

3. It is bounded |W(a)| < |W(0)| < 2/r. 

4. For a single photon state W(0) = —2/r. 


So far we have discussed three different types of phase-space distributions 
for quantum systems. We summarize these for later use in Table 1.2. There are 
a whole host of phase-space distributions that have been extensively discussed 
in the literature [31, 32]. However, P(a), Q(a@), and W(q) are the only ones that 


we use in this book. In all the coherent state representations we encounter 
Gaussian distributions all the time. Thus for the sake of convenience we list 
some important properties of Gaussians in Table 1.3. 


Table 1.3 Some important properties of Gaussians. 


(1) n-variable Gaussian distribution, A = n X n matrix: 


(detA)!? 1 = = 
P(X. +++ Xa) = “Qnyz %P|—3 De — Xi )Aij (Xj — Xj) | - 


x; is the mean value of the random variable x;. 


(2) (A7');; is called the covariance matrix defined by 


[P: + Xq) OG =H) Ory — Fey ++ dy = (A); 


(3) The Fourier transform of P: 


[Po ++ +X,_) exp (i> kx) dx, --- dx, 
= exp fixes ; Thc] 
(4) A two-dimensional Fourier transform in complex coordinates: 
= [ exr(—ne? — va — za + za* — |a|*)d?w 
= = expl— (uz + vz" 4 22*)/7?7], t= VJ/l—4uv, ptv <li. 


(5) s [ exp(—z*w + zw*) = 87(z). 


1.8 Bosonic systems with finite mass —- 
coherent states and phase-space 
representations 


So far we have discussed coherent states and various representations in the 
context of the electromagnetic fields. Our discussion applies to all types of 
harmonic oscillators satisfying Bosonic algebra. Consider a harmonic 
oscillator with mass m and frequency w 
p l 9 ; , 
H=—+-=marx,  [x, p] = ih, (1.119) 


2m 


- - 


where x and p are the coordinate and momentum operators. The Hamiltonian 
can be written as 


| X +1 . X-i1Y 
H = hw (<'a + 5] , , a= , 
2 if? iy 
oe . (1.120) 
yy ; : |/mo@ . Pp 
laaj=1, [X,YJ=i, Y¥=./—x Y= 
VaR Vmhw 


In view of (1.120), all that we have developed in Sections 1.2—1.4, 1.6, and 1.7, 
applies to the massive harmonic oscillator. This will also be the case for other 
states for Bosonic operators that we develop in subsequent chapters. Various 
quantum states for the massive oscillator would be useful, say, in connection 
with the quantum nature of a nano-mechanical oscillator. 

Since the Wigner function plays an important role in the description of 
physical systems, we also present how the Wigner function can be directly 
calculated by using the wavefunctions in coordinate space for a quantum 
system. We can define the Wigner function in analogy to (1.98) by writing the 
characteristic function using position and momentum operators x and p 


+00 +00 
W (u, v) = —— / ag [ dn Tr[p exp(ixé + ipn)] exp(—ivé —ivn). (1.121) 
(Gh) 20 = 


Here x and p are operators obeying the commutation relation [x, p] = if and u,v 
are numbers (phase-space variables). We require 


[| W (u, v)dudv = Trp. (1,122) 
Writing p in coordinate-space representation as 


p= [| dxdx’|x) x’ |p(x. x), p(x, x’) = (xl pla’), (1.123) 


and using the Baker—Campbell—Hausdorff identity 


E 
exp(ixé + ipn) = exp(ix€) exp(ipy) exp (=iné ) ; (1.124) 
we get 
| ixé 1 iAE ivé—iv - 
W(u,v) = so |e fon f av f evo Xx fet iP |x) @ 21M o— ind =m, (1.125) 
(27)? 
Noting that 
(x’[eb elpn lx) = eM F5(¢ —x+ hn), (1.126) 


the € integral gives In $(x/ + tin — y), then (1.125) can be simplified to 


| | I iv 
W(u,v) = Be [ ano (« + Shin; u— hn) ae (1.127) 


This is the celebrated form of the Wigner function [29]. If We is the Wigner 
function for any operator G obtained from (1.127) by replacing p by G, then 


l 
[au [ avi v)We(u, v) = = 5 it(e@). (1.128) 
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This is the standard formula for the expectation values in terms of the Wigner 
functions. For the nth excited state of the harmonic oscillator 


| mew 


: —_ 
exp(—37>u" YA 7 u) 


W,(u) = aa (1.129) 
202 / nl. /a 
the Wigner function is 
Fan = to ita ay| Le | ew 
V (u,v) = ——exp|—-—A(u, v oe eee ED | 
inh ? | ho ip 
v2 l > 4 
Hi(u,v) = + =m u, (1.130) 
2m 2 


which exhibits complete dependence on mass, frequency, and the Planck 
constant. For the first excited state the nonclassical region is given by 


fg vy <1. (1.131) 
hw 
In the literature there has been considerable amount of work [30, 33] on the 
limit of (1.130) as 4 = 0. Clearly we should also take the limit n = oo such that 
nf, > constant. 

The quantum states that we develop in this book would also be useful to 
describe a system of cold Bosons in connection with atom optics. Consider a 
system of N Bosons in a confining potential, which we take to be harmonic and 
interacting via two-body interaction, then the Hamiltonian can be written as 


H = ho ) ala; + ) ‘yalalaja;, (1.132) 


i 
where q is the trapping frequency. The term v;, corresponds to self-interaction. 
The operators a; satisfy Bosonic algebra 


[a;,a\]=4;;, [a a;] = [al, a'] =0. (1.133) 


In view of the algebra (1.133), we are allowed to use the states and 
representations developed in previous sections and in subsequent chapters. 


Exercises 


1.1 Follow the same procedure that we used in calculating the eigenstate of a, 
to show that the eigenvalue equation 


a'|) = B|¥) 


has no normalizable solutions. 
1.2 Using (1.46) prove (1.51). 


1.3 Consider a classical field with complex amplitude E, characterized by the 
probability distribution p(E)) = exp(—|Ep|?/07)/(m0). Then show that (|Eo|*) 
— (Eg?) = 04; 0? = ( |Eo|?). 
1.4 For a thermal field, using (1.93) and (1.84) show that 
(a'"a") = Tr(prala") = n'(a‘a)" = ni (n)", 


whereas for a coherent state (a'a") = (n)". 


1.5 If the state p has the P-function P(qa) then find the P-function P associated 
with the state 6 = Di(p)pD(p). The result should be 


P(a) = P(w + B). 
1.6 Repeat Exercise 1.5 for the Wigner function, i.e. show that 
W(a)=W(a+f), if p=DI'(B)pD(p). 


1.7 Find the effect of displacement on a coherent state |~) shown in the figure 


¥ 


i.e. 


D(-—ivy)D(—x)D(iy)D(x)|a), 


and show that the phase of |~) changes. Does the final result have anything 
to do with the area of the rectangle? This change in phase is related to the 
well-known Berry phase [34] and was calculated in the context of 
coherent states by Chaturvedi et al. [35]. 


1.8 Using the BCH relation (Table 1.1, Eq. (1)) show that 


7 
(«1D )1A) = (a8) exp ( va* = y*B WF] | 


1.9 The state D(a)|m) is called the displaced Fock state. We can clearly expand 


D(q@)|m) in terms of the Fock states 
D(a)|m) = > (n|D(@)|m)|n). 


Show that 


| m!_on—m 
[ay 7 
_ lel? /2] |n—m| 2 Van! ’ n m, 
nite )|m) — = m ( | |- )x ae 
V a ( yey" on < m, 


where | («) is the associated Laguerre polynormial defined by 


m 
Xx 


: n a 
L® x)= —1)" (’ ee 
Ma) = (1) vase) il 


m=0 


To find the result use the Baker-Campbell—Hausdorff (BCH) identity to 
write D(a) as .—l«|?/2,a'a,—ae*, then expand the action of the exponential on 
the Fock state, i.e. e @"|m) in a series of Fock states. Write the final result 


in terms of the associated Laguerre polynomials. 


1.10 Consider a harmonic oscillator under the influence of a time-dependent 


force. The Hamiltonian is then 
H(t) =hodla+hf(that+hf*(t)a'. 


Let the initial state of the oscillator be a vacuum |0), and find the state at 


time ¢. It is useful to work in the interaction picture. The unitary evolution 
operator in the interaction picture is 


T exp I; | Hit’ a ; 


H(t’) = hf (tae + H.c., 


U (t) 


where T is the time-ordering operator. Using the fact that the commutator 
LA(t,), A(t)] is a c number, show that 


t | t t’ . 7 
U(t) =exp }—-= / Ha ysct) — 5 | a f dt’[H(t'), H(t") |}. 
h Jo 2h 0 0 


Use this evolution to obtain the explicit form of the generated coherent 
state, ie. find U(t)|0). (Details can be found in Glauber [36].) 


1.11 In classical electrodynamics, Green’s functions or propagators are 
important as these determine the fields radiated by, say, dipoles [37]. An 
especially useful propagator is the dyadic Green’s function 


ee = ¥V) cit" o 
G(r, F',@) =| 1+——-)—— k=-. 


Re) FF C 


It turns out that the commutators of the quantized fields (1.21)-(1.23) are 
related to the propagators. Using, for example, (1.22), prove that 


a 


~y —~ —/ 
Gi, (r, r,o)= 


oo : 
[ dt e“" ([E;(F, t), E(F", 0))). 


hie? JO 


The evaluation of the commutator can be found in [38]. 
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Nonclassicality of radiation 


fields 


In the previous chapter we discussed two important classes of the states of the 
radiation field, viz coherent states and Fock states. The coherent states were 
like classical states with well-defined amplitudes and phase. In addition, the 
relative fluctuation in photon number in a coherent state, 


((n?) — (n)*)/(n)* = 1/(n), (2.1) 


becomes smaller and smaller as (n) increases. Furthermore, all measurements 
with photo-detectors could not differentiate between the results for a quantum 
field described by a coherent state and by a classical field. All this followed 
from the fact that the P-function for the coherent field was like a classical 
probability distribution. It should be borne in mind that classical probability 
theory allows for delta function distributions. 

The Fock states of the radiation field, which contain a precise number of 
photons, are quite different from coherent fields. The average field 
proportional to (a) is zero. The P-function for the n-photon state is highly 
singular. Even the Wigner function has regions of negativity. Thus the n- 
photon state can be considered as a state with properties far from classical 
fields. 

We thus consider a field to be nonclassical if the underlying P-function does 
not possess properties of a classical probability distribution — we adopt a 
characterization of nonclassicality in terms of the P-function as this is the 
relevant phase-space distribution as far as the measurements are made with 
photo detectors. Clearly thermal states are not nonclassical as the P-function 
for the thermal states has all the features of a classical probability distribution. 
The mean number of photons in the thermal state, however, depends on the 
Planck constant 7. Since for nonclassical fields the P-function can not be 
directly measured, we next formulate the experimentally accessible measures 
of nonclassicality [1-5]. 


2.1 The Mandel Qy parameter 


A very useful parameter to characterize nonclassicality was introduced by 
Mandel. He observed that the photon number distribution for a coherent field is 
Poissonian and therefore any distribution which is narrower than Poissonian 
must correspond to a nonclassical field. He introduced the parameter [5] 


((ala)*) — (ata)* — (ala) 


(2:2) 
(ata) 


| de he | 


Om = 


Clearly Q,,; = 0 for a coherent field. For a Fock state Q,,; = —1. The negativity 
of Qy, is a sufficient condition for the field to be nonclassical. If Qyy > 0, no 
conclusion can be drawn about nonclassicality. Note that for a thermal field Qy, 
= (ata) is always positive. We next prove how the negativity of Q,, implies 
nonclassicality. For these purpose we only need to consider the numerator in 
(2.2) 
f = ((ala)*) — (ala)? — (ala) 
= (a'?a@’) — (ala), (2.3) 


where we used the commutator [a, a'] = 1. In terms of the P-function 


(aa?) = [ Poa ate = (a**a*) p, 
(2.4) 
(a'a) = | Peajatad?a = (a*a)p, 


where ( )p denotes the average with respect to P(a). Thus (2.3) can be written as 


= 


f = ((a*a — (a*a)p)*)p. (2: 


a" 


) 


The quantity (2.5) would always be positive if P(a) were a classical probability 
distribution. Thus if one were to find that f < 0, then P(a) must be nonclassical. 
Therefore we have established that the negativity of Qy, is definitely a measure 


of the nonclassicality of the field. Note that the parameter Q,, is in terms of the 


photon number operator and thus does not carry any information on the phase 
characteristics of the field. Furthermore, Q,, does not exhaust the possible 


measures of nonclassicality. We also note in passing that the lowest value that 
Qy, can have is —1. This is because the smallest value for ((a‘a)?) — (ata) is 
zero. 


2.2 Phase-dependent measure of 
nonclassicality - squeezing parameter S 


As with fluctuations in the number of photons, we can also measure 
fluctuations in the quadratures X and Y of the field. We will show in Chapter 5 
how such fluctuations can be measured by homodyne schemes. We consider 
here a more general quadrature Xg, which is a linear combination of X and Y 


(cf. Eq.(1.37)) 
‘ ae” + aie'? on ; 
Xp = a; [Xo, Xo4n/2] = 1, (2.6) 
which for 8 = 0 [7/ 2] reduces to X [Y]. We next introduce the parameter [6, 7] 
So = (: (Xe)* :) — (X%)", (2.7) 


where : : stands for the normal ordering of operators defined by : aa! : = a‘a, 
whereas aa’ = aa + 1. Note further that for a coherent state |a) 


ae? 4 ate”? 


Se =0; (X) = Fa 
(: Bh ) = (a@2e77? 4 ye?” 4 2a*a)/2. (2.8) 
For a Fock state and for a thermal state 
Sop =n, Sot = (n). (2.9) 


We next prove that negative values of Sp imply the nonclassicality of the 


underlying field [1-4]. To prove this we write (2.7) in terms of the averages 
over the P-function 


,-i8 & 510 \ 2 id «510 » : 
So = | P(a) Ca ee da — P(a) pa Ee da 


ae? + ate? \? ae + tei? \" 
= a =o —_<_—_= a] 4 (2.10) 
vz) I, i /s 


which can be negative only if P(a) is nonclassical. Thus we have another 
sufficient condition for the nonclassicality of the field. Note that Sp, is closely 


related to the variance of X¢: 


2S a : 
So = ((X) — (Xe)") — = = (AX) — =. (2.11) 


an 


Since (AX,)? > 0, the parameter S, has a lower bound 


l l 
min[ Sg] = —— ie Se > >: (2.12) 


- _ 


The quadratures X and Y do not commute, hence AX and AY obey the 
uncertainty relation 


: | - « l 
Clearly if Ay < 1//2, then AY > 1/./2_ and vice versa, as shown in Figure 
2.1. For a coherent state AY = AY = 1/./2. We call the property AX < a the 


squeezing property of the field because the width of the quadrature distribution 
|W(X)|? is narrower than that for a coherent state (Eq. (1.66)). 

We note here that experimentalists give the amount of squeezing in terms of 
decibels (dB). The dB scale is obtained from —|() log, sQAXP) — dB. Thus 3 
dB squeezing corresponds to Aa = + Or 50% squeezing. 

We will discuss the squeezed states of the field in what follows and in later 
chapters. These states show that Sp < 0 for certain value of @. It may happen that 
the two experimental measures of nonclassicality Q,, and Sg fail to test the 
nonclassicality of a given field. In such cases one needs alternate measures as 
we discuss later. It should also be borne in mind that a nonclassical field may 
have both Qy, and Sg negative, only one negative, or even both positive. 


AX 


The uncertainty parabola; the shaded region shows the 
region where squeezing Occurs. 


2.3 Single-mode squeezed states —- squeezed 
vacuum 


In Section 1.4 we saw that the coherent states ja) can be generated from the 
vacuum state by the application of the displacement operator. Following Yuen 
[2, 6, 7], we now define the squeezed state |€) via the application of the unitary 
operator 


oe ae oe ” 
S(E) = exp( 58a" _ se), E=re*”, (2.14) 


on the vacuum state 
|&) = S(E)|O). (2.15) 


We can write |) as a superposition of Fock states by decomposing the unitary 
operator S(€) as 


72 | 
1 . 
S(é) = exp(e* tanhr =) exp [cin cosh r) (cia + 5) 


~ ~ 


x ex (—e" ant ‘<) 2 
xp{ —e"* tanhr — }. (2.16) 
The decomposition (2.16) is the BCH formula for the SU(1,1) group. The 
advantage of the form (2.16) is that the action of the last exponential on the 
vacuum would yield unity as a|0) = 0. The middle exponential on the vacuum 
would lead to exp[—(In cosh r) ! ]|O) and thus 


l ip a’ ’ 
l§) = exp|fe tanh r |Q). (17) 


Vv coshr 
Finally we can expand the exponential in (2.17) in infinite series to write the 
squeezed state |§) in terms of Fock states 


—_- Jn)! 


e'”? (tanhr)" 2n). (2.18) 


caves nian | 


n=O 


—_ 


|§) = 


Note that all the states with an odd number of photons are missing from (2.18). 
The state |€) is known as the squeezed vacuum. The photon number distribution 
is 


(tanhr)2" (2n)! 


————, Pons = O, (2.19 
coshr (n!)?22" pie . 


P2n = 


and is displayed in Figure 2.2. The mean number of photons and the Mandel 
Quy Parameter can be calculated from (2.19) with the results 


| a ee ee 
a'a) = sinh’ ys, 
aa) (2.20) 


Cg =2 sinh? r+ 1=1+4 2(a‘a). 

The number fluctuations are super-Poissonian and in the limit of a large 

photon number, Qy — 2(a‘ a). Such a result has been verified [8] for the twin 

beams produced by a downconverter by using two-photon counting in a 
semiconductor. 

The unitary operator (2.14) has some interesting transformation properties 


that enable us to understand the squeezing character of the state. To derive these 
we write S(€) as 


l 


S(é) =exp(rh),  h= <e'’a — Hc. (2.21) 


Let 
al(é) = S'(E)alS(E),  a(E) = S'(E)aS(E), (2.22) 


then it is easily seen by taking the derivatives with respect to r 


—a'=e *a, —a=e'a (2.23) 
di dr 

The solution to (2.23) is straightforward 
a(é) = acoshr + ale sinhr. (2.24) 


The a'(&) can be obtained by taking adjoint of (2.24). The transformation 
(2.24) is known as the Bogoliubov transformation. Relations like (2.24) are 
useful in the calculation of expectation values. We illustrate this with an 
example 


(ata) = (€lalalé) = (0|S'(&)alaS(&)|0) 
= (0|S!(E)al S(E)S" (E )aS(E)|0) 
= (0a! (€)a(E)I0). (2.2 


a 


) 


If we use (2.24), then the calculation of expectation values in the squeezed 
vacuum reduces to the calculation of vacuum expectation values. By 


substituting relations like (2.24) in (2.25) we immediately obtain (2.20). From 
the definition (2.22) it is also seen that the squeezed vacuum is the vacuum of 
the Bogoliubov transformed operator. More explicitly, the eigenvalue equation 
is 


a(—&)|&) = 0. (2.26) 
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The photon number distribution p, as a function of n for the 
squeezed vacuum state. (a) r = 0.5; (b) r= 1; and (c) r= 2. 


2.3.1 Nonclassicality of the squeezed vacuum 


We next consider what is nonclassical about the squeezed state. For this 
purpose we first consider the quadratures in the state (2.15). Using (2.24), a 
simple calculation leads to 


(a7) = coshrsinhr e'? = (a'*)*, (2.27) 
Using (2.27) the uncertainties in the quadratures can be evaluated 
7? ?, 79 l » 
(§ Xe) = e (O[XE|0) = se, 
: 1 = (2.28) 
(EXE, 216) = se 
and therefore 
, ; I —£Lf 
(AXp) ==e", (AXg,s) ==e7 
= | " (2.29) 


We therefore find a very interesting property of the Bogoliubov 
transformation: it stretches the quadrature XY» and at the same time squeezes the 
quadrature Y», =. The squeezed vacuum is a minimum uncertainty state with the 


property that one quadrature has an uncertainty which is lower than that for a 
coherent state. The squeezing parameter (2.11) for the squeezed vacuum is 


, 
Se,z =—r>(l—e”) <0, (2.30) 


which is a definite signature of the nonclassicality of the squeezed vacuum. It 
should be borne in mind that the quadratures are defined using the phase of €. 


We will now give the representation of |€) in the quadrature-X space. To do 
this we use (2.26) to obtain 


(acoshr — ale sinhr)|&) = 0. (2.31) 
Using (1.37) and Y¥ = -i, Eq. (2.31) becomes 


E 


X (coshr — e'? sinhr) We + 


aX 


(coshr + e” sinhr) = 0, W(X) = (XE), (2.32) 
1 _,coshr — e” sinhr 

W(X) = yp exp (-+ ae el, 
2 coshr+e”sinhr 

leading to a Gaussian wavefunction with r-dependent width and chirp. The 

constant ©) = (X = O|é) can be easily determined using (2.18). 

We next examine whether the squeezed state would spread under free-time 
evolution. From (2.15) we get 


~iHt/hje\ — ,—tiot ,—iotata ,. Lt le 8 \ 
e e"E) = € 3 ie e wale exp (580 — 58 a Jio 


> 


- 


-_ eo iet .—iwtata exp ( | Eql? _ sa] eis tenia 


| Ms Lon di a 
e7 2 exp (58 en | ‘@') |0), é' =te “™ 


|. : 
_ gat ee 2). (2.34) 


Thus a squeezed state transforms into another squeezed state; nevertheless, the 
phase of € evolves with time. Hence we conclude that the squeezing remains 
invariant under free-time evolution. However, the direction of the squeezing 
ellipse rotates as t changes. We recover the relations (2.29) but with 9 = (@ - 
2at). 


2.3.2 Quantum phase-space distributions 


The P-function for the squeezed state does not exist. The Q-function can be 
obtained by using (2.17) and noting that (alat = a*(al, 


Oz (a) 


D 
—|(al§)|° 
IT 


| tanhr . 4 a : 
= ——— exp | ———(e? a +e"? a*) —|a|* |. (2.35) 


mz coshr 


—_ 


The function is a Gaussian distribution in two-dimensional a space. The 
quadratic form in the exponent implies that Q; is a constant along the ellipse 
whose major and minor axes are proportional to (1 — tanh r)'”, (1 + tanh r) 
“1/2 with the major axis making an angle —@/2 with the x axis. To see this we 


—ig/2 iv 
ele = ue , hence the exponent becomes —![u?(1 — tanh r) + v*(1 + 


write we 
tanh r)]. 

Next we obtain the Wigner function. For the calculation of the Wigner 
function the Bogoliubov transformation (2.24) is quite useful. We use the 
definition (1.98) for the Wigner function 


l > 7 Oo (Boe* —B* ce) 2 
W.(a) = — [ee (O1St(E )D(B)S(E)|0)e FP -F*® (2.36) 
=, 


7 
/ 


and using (2.24) 
Si(é)D(B)S(E) = exp{(al coshr + ae~” sinhr)B — H.c.} = D(p’), 


; wie (2.37) 
p’ = Booshr — B*e"” sinhr, 
we can then change the integration variable in (2.36) to f’, leading to 
| ) fat peg 
V(a) = — | dp’ (O|D(p’)|0)e PF * FP, 
Wea) = =; | &B' OIDIB)IOS _— 


a’ = acoshr —a*e” sinhr. 

The relation (2.38) shows that the Wigner function for the squeezed vacuum 
can be obtained from the Wigner function for the vacuum state by changing a 
to a’ 


? — s 

We (a) = — exp(—2|a coshr — a*e” sinhr|-). (2.39) 
The Wigner function is Gaussian even though the state has nonclassical 
properties. It is constant along ellipses in a space with the major and minor 
axes proportional to ae, Be, and with the major axis making an angle —4 
with the x axis. This can be seen by expressing (2.39) in terms of the u and v 
variables as we did following Eg. (2.35). A plot of the Wigner function is 


shown in Figure 2.3. 
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2) The Wigner function W;(a) for the squeezed vacuum state 
for r= 0.6, @ = 7. The lower plot shows the contours along 


which the Wigner function is constant. 


2.4 Squeezed coherent state 


The squeezed coherent states are defined by [2, 6, 7] 
|§, B) = D(B)S(&)I0). (2.40) 


The properties of these states can be obtained since we have already studied the 
detailed properties of D(f) and S(é). For example, using (2.24) and Eq. (3) of 
Table 1.1, we obtain 


a(é, B) = S'()D' (B)aD(B)S(E) = acoshr +a'e™ sinhr + B. (2.41) 


It should be borne in mind that the operators D(6) and S(€) do not commute. 
Thus many expectation values can be obtained by using (2.41) and the results 
for expectation values in the vacuum as 


(€, B|G(a, a')|E, B) = (0|S1(E)D! (B)GD(B)S(E)|0) 
= (0|G(a(é, B), a' (€, B))|0). (2.42) 
Using (2.41) and (2.42) we obtain some important expectation values 


(a) =f, (a‘a) =|B\? +sinh’r, 


— 


) > l 8 iw Fy —i6 0 
(a) = Bo +z sinh2re?, (Xo) = (Be "+ Bre"), (2.43) 


f 2 l > p 2 re 4 = 

(Axe) = 50%, (AXsys) =5e%, AXgAXeys ==. 
As one would have expected, the squeezing properties of the squeezed coherent 
states are identical to the squeezing properties of the squeezed vacuum. The 
displacement of the state can not squeeze the state. However, one has the 
possibility that the Mandel Q,,; parameter can be negative. Thus there are 


regions of (r, 6) for which the photon number distribution can be sub- 
Poissonian. Using (2.42) we find for the special case g = 7, and real B, that 


a M9 gD 5 gig 7) 7 Dae 
sinh’ r+ 26° sinh’ r + sinh” rcosh* r — 26° sinhrcoshr 


; - (2.44) 
p- + sinh’ r 


Om = 
A plot of the parameter Q,, as a function of f is shown in Figure 2.4, which 


clearly shows the regions where the photon statistics become sub-Poissonian. 
The phase-space distributions Qgg and Weg can be obtained from those for 


the squeezed vacuum. Since the state (2.40) is obtained by displacing |é), 


Oz (a) = Os (a — B), 
Weg (a) = We(a — B), (2.45) 


where Q; and W; are given by (2.35) and (2.39), respectively. Thus both Qr, 
and Weg are Gaussians. A plot for Weg can be obtained from Figure 2.3 by 


displacing the origin of the coordinate system, and is shown in Figure 2.5. 

The photon number distribution for squeezed coherent states has attracted 
considerable attention. We give its derivation [6], although it has a complicated 
structure. Let c,, = (n|é, B), then using the definition of coherent states we find 


the relation 

oo «n 

> ee, = e8 *" (alg, 8). (2.46) 
a0 Jn! 


Clearly the function on the right-hand side is the generating function for the 
coefficients c,,. The right-hand side of (2.46) is evaluated by using the relation 


(2.17), Table 1.1 (Eq. (7)). The important steps are given 
(@|§, B) = (a@|D(B)S(§)|0) 
cl | 
(a — Bl exp (ela! tanh r) 10) exp [= 5006" _ 06) | 


l 
v¥coshr 


| wp (a* — B*)? | » | 
- exp e’ eer tanh r — —|a — B|" — ~(@B* — 0*6)| ; 


= 


and thus the function on the right-hand side of (2.46) becomes 


,ig 
esl! ( = = ( ae nde ) 
e2'*! (alé, B) = xp {—-x + B** — tanh? 
: nlp 
x exp jars tanhr + a*(B — e® tanhr p* ] (2.47) 


In order to obtain c, we need to expand the second exponential in (2.47) in 


terms of Hermite polynomials by using the generating function (1.64) for 
these. This leads to 


a 


| | ging/2 tanhr\"/? 
(nl&, B) = exp (-5l8F +B 7 tanhr) i V nt coshr — ( 2 


' | 3 
* H,. - gor | (B —e'? tanhr p* i} (2.48) 
V tanhr 

Note the appearance of Hermite polynomials with complex argument. We show 
the photon number distribution in Figure 2.6, which is oscillatory. These 
oscillations have been interpreted by Schleich and Wheeler [9] as due to 
interference in phase space. 
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The Mandel Q,, parameter as a function of B for the 
squeezed coherent state. r = 0.6 (Solid), 1 (dotted). 
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fi = The Wigner function W;,(a) for the squeezed coherent state 
g éB 
forr=0.6,@ =T, and B= 1. 


2.5 Other measures of nonclassicality 


If both the Mandel Q,, parameter and the squeezing parameter Sy are positive, 


then no conclusion can be drawn on the nonclassical nature of the radiation 
field. A negative Wigner function is surely a signature of nonclassicality. 
However, no conclusion can be drawn on the nonclassicality of the field if W is 
positive. A criterion has also been developed in terms of the Q-function, which 
states that the zeroes of the Q-function are signatures of nonclassicality [11]. 
On the other hand, if the Q-function has no zeroes then no conclusions on 
nonclassicality can be drawn. This follows by using the relation (1.95) between 
the Q-function and the P-function 


l 2.9 
O(a) = — [ Pcpye* dB. (2.49) 
Tv v 


If Q(a) = 0 for some a, then P(6) must be nonclassical, for if P(6) were like 
classical probability, then the right-hand side of (2.49) could not be zero. In 
Section 4.1, we will see that the “CAT” state leads to zeroes of Q(a). We have 
already seen that for squeezed states, which have nonclassical properties, the 
Q-function is Gaussian and has no zeroes in the complex a plane, |a| > 0%. 
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The photon number distribution p, as a function of n for the 


squeezed coherent state, B = |Ble"?*™/2, |B] = 4. The curves 
from bottom to top are for the squeezing parameter r = 0, 
0.5, 1, 1.5, 2, 2.5, respectively. For clarity, different curves 
are displaced, i.e. P= p, + 0.12r, after [10]. 


Phase-space distributions like Q(a) and W(a) can be extracted from 
tomographic data. We now show that there are other experimental measures of 
nonclassicality besides the parameters Q), and Sp. The parameter Sp [Qy] 


depends on second moments of the quadrature operator [number operator]. 
Clearly we need to introduce parameters which would depend on higher 
moments of either quadrature operators or number operators, or even 
combinations of both. Most subsequent developments consider the positivity of 
expectation values of the quadratic forms if P(a) were classical. The negativity 
of the quadratic form is then taken as a sufficient condition for nonclassicality. 
We now briefly describe some of these developments. 


2.5.1 Nonclassicality in terms of higher-order 
moments of quadrature operators — phase- 
sensitive criterion 


Consider the nth-order moments of the quadrature operators [12] 


v0) ( (— + al el? ) 
Ate) St? ip 
ae~8 4. qtel?\" , ‘ 
= [ Po (—— ) d-a@ (2.50) 


—jif ig fn 
ae 7 4. ytel? - 
= = ‘ (2.51) 
J/2 
,* P 


Consider the quadratic form 
n 


—ié «10 \ J- 
z 5 ae +a*e x2 
rime jr = ) ¢ (= 5 oS a (2.52) 


j=l 
Clearly, the positivity of P(a) would lead to 
(f(a, a*)|?)p > 0. (2.53) 


Using the well-known results for the quadratic forms, we then find that the 


classicality of P(«) would imply that the n x n matrix X80) whose jl element 
is 


Xi (8) = Xj41-2(6 ) (2.54) 


must be positive definite, which in turn requires that all its principal minors be 
positive 
dett¥(0)>0, 1<k<n. (2.55) 


A violation of (2.55) would be a signature of the nonclassicality of P(a). The 
negativity of the matrix 


(2) | X\(0) 
x) = ( : hae 
Xi(8) X>(@) 


is equivalent to the existence of squeezing, i.e. Sp < 0. 
For example, consider a Fock state |n), then 


2! i! z 
X= ( ; ) ( ; jae 6=0, (2.56) 


> 


a c n : . , 
detX¥? (0) =n; detX¥® (0) = —(n —3) <0, ifn < 3. (2:57) 
> 


-_ 


which leads to 


It is remarkable that the nonclassicality of the Fock state with two photons can 
be tested via higher-order phase-sensitive moments. 


2.5.2 Nonclassicality in terms of higher-order 
moments of the number operator 


We next follow a procedure similar to the one that led to (2.54) by using 
moments of the number operator 


M, = (: (a'a)" :) 


= | P(a)a*"a"d?a = ((a*a)")p. (2.58) 


We consider the quadratic form 
f(a, a*)/? = Yo ej(a*or hy (2.59) 


Clearly, the positivity of P(a) would imply (|f(a, a*)|*)p = 0, leading to the 
positivity of the n x n matrices M with elements 


Mj; = Mj4u. (2.60) 


Thus if any of the minors of M“) is negative, then we conclude that the 
underlying P-function is nonclassical [13]. The condition 


i. 
ya <0 


” | 
let’ = det 4 
~ (ates (ala) 


is equivalent to the existence of sub-Poissonian statistics, i.e. Qy; < 0. We have 
seen that Qy, = —1. Thus it is useful to define a normalized parameter using 


higher-order moments. Let pi” be the matrix obtained from M“) by replacing ( 
: (ata)" :) by ((ata)"). Note that p™ is positive definite since it involves 
moments of the number operator and further for Fock states det p”) = 0 . Thus 
a useful normalized parameter would be [13] 


A, = detM™ /(detu” — det). (2.61) 
For coherent states detM™) = 0. Clearly P(a) would be nonclassical if 
0 >A, >-—-—l. (2.62) 


The upper and lower bounds correspond respectively to coherent states and 
Fock states. The relation (2.62) will be applied to several non-Gaussian 
nonclassical states in Chapter 4. 


2.5.3 Anecessary and sufficient condition for 


nonclassicality 


A necessary and sufficient condition for nonclassicality [14] has been 
formulated by using the Bochner theorem from probability theory. This 
theorem states that a continuous function C(6) obeying the condition C(0) = 1 
is a classical characteristic function if and only if it is positive semidefinite. Let 
us introduce a characteristic function (cf. (1.98)) via 


Cp(B) = [ Pea) Pare g2 ay (2.63) 


thus P(a) has all the properties of a probability distribution if and only if Cp(f) 
satisfies the positivity condition 


a Cp(B; — B;)c*c; > 0, (2.64) 
ij=l 
for any complex numbers c’’ and set of points B, --- B, in complex number 
space. Thus the matrix C” with elements Cp(B; - B;) would be positive definite. 
The negativity of C™, ie. 
detC™ <0, (2.65) 
would imply nonclassicality of P(a) and vice versa. This is a powerful tool as 
it is both necessary and sufficient. An application of these conditions would be 


considered in the context of non-Gaussian states. 
In the special case of n = 2, we get 


C2) = ( | “7 
Cp(—B) | , 


and hence detC®) is nonpositive if 
ICe(B)| > I, (2.66) 


and this becomes a necessary and sufficient condition for nonclassicality. The 
characteristic function Cp (f) is related to the characteristic function Cy, (6) for 


the Wigner function via 


Cw (B) = Tr[pD(B)], Cw(B) = Tr(peht' eP*4 ye ZIBP 
Cp(p) = e2!FP Cy (B ). 


The characteristic function is bounded |Cy (f)| < 1; however, |Cp (B)| could be 


greater than 1. As a simple application of (2.67) we check the nonclassicality of 
the squeezed vacuum. The value of Cy is already evaluated in (2.37) 


(2.67) 


Cw(B) = (0|D(p')0), p’ = Bcoshr — Brel? sinhr, 


| oe ) 
= exp (-5!9 coshr — f*e' sinh rP), (2.68) 
and therefore 
. Bra _ —ee 
Cp(p) = exp = |BI _ =|B coshr — f*e'” sinhr|* }, (2.69) 
which for real 6, @ = 0 becomes 
l . > as 
Cp(B) = exp Pa l-e* ] 1, Tee. (2.70) 


Thus this criterion is the same as what we found earlier using Sp, except that it 
is both necessary and sufficient. 


2.6 Mixed nonclassical states — degradation in 
squeezing 


Physical systems, in general, are subject to a number of dissipative processes. 
For example, the field produced by a laser arises as a consequence of not only 
stimulated processes but also spontaneous processes. Similarly the output of a 
cavity containing a nonlinear crystal and pumped by lasers is determined by 
the quality factor of the cavity. Dissipative processes generally lead to the 
production of mixed states. Therefore we examine mixed nonclassical states. 
The simplest mixed state can be obtained by the action of the squeezing 
operator on the thermal state (1.69) 


p = S(E)prS'(€), (2.71) 


where S(é) is defined by (2.14). The number state representation for the state is 
complicated [10]. However, the Wigner function associated with (2.71) is 
relatively simple. This can be obtained from what we proved using (2.36). The 
function W,(q) is related to W7(a) via 


W,(a) = Wr(a coshr — a*e® sinhr), (2.72) 


which on using (1.105) becomes 


# ‘ 5) 
Xp 5 es |x coshr — a*e sinhr|” (2.73) 


W,, (a) = —______ e 
m(2{n) + 1) 2(n) + 


In order to understand the meaning of the Gaussian in (2.73), we examine the 
mean values of a* and a‘a. According to our discussion following (2.24), these 
mean values can be obtained by using the Bogoliubov transformations 


(a*) = Trpz[a(é)] 


where a(é) is defined by (2.24). Note that in the thermal state Tr(p;a?) = 0. 
Thus 


7 
. 


(aia) = Tri pra! (é)a(é)], (2.74) 


(a) = coshrsinhr e'?Trpr(aa' + ala) 


(1 + 2(n)) sinh 2re™”, (2.75) 


aa) = cosh? rTr(pra'a) + sinh? rTr(pyaa' ) 
f f 


> : > l 
(2(n) + 1)(cosh* r+ sinh* r) — my 


~ 


— 


| 
(2(n) + 1) cosh 2r — =. (2.76) 


- 


2 


The Wigner function for the mixed nonclassical state (2.71) can be written in 
standard two-dimensional Gaussian form as 


- (= ma 2.77) 


W,, — a Ca a X = 
"g(t? — 4p 2)!/2 . t? — 4] |? 


The parameters p and T are related to the second moments 


(a?) =—2y*, (ala) =t— uA (2.78) 
Such a Gaussian Wigner function was first introduced in [15] in connection 
with studies on the nonequilibrium dynamics of a chain of coupled harmonic 
oscillators. Its connection with squeezing was realized later. Such Wigner 
functions were also found to be useful in the theory of interferometers [16]. 
The states (2.71), for obvious reasons, are known as squeezed thermal states 
[17, 18]. 

It is now clear that if we are given a two-dimensional Gaussian Wigner 
function, then we can immediately relate to the form (2.71) by comparing 
(2.78) with (2.75) and (2.76). Most physical systems used for producing 
squeezed light, such as nonlinear crystals in cavities, produce a state of the 
form (2.77), where the parameters p and t depend on the physical system. 

It should be borne in mind that every two-dimensional Gaussian is not a 
Wigner function [19]. The Gaussian must be consistent with the uncertainty 
relation. Consider the mean value ((cfa! + cha)(cya+cpa' )) for arbitrary 
coefficients c,, Cy. Since the density matrix is positive definite, this mean value 


must be = 0, i.e. 
1° (ala) + Je2|?(aal) + c¥ep(al*) + cy ck(a*) > 0, (2.79) 
l 2 
for all values of c, and cy. Therefore 


(ata) (al?) 


: > 0), (2.80 
(a*) (aal) 


i.e. 
(ala) (aa!) > (a*){a!?). (2.81) 


Hence the parameters p and Tt in (2.77) are subject to [15] 


) > / 
vr —4lul 2 7. (2.82) 


The values given by (2.75) and (2.76) are clearly consistent with the 
requirement (2.81). Note that (2.77) is well defined as a Gaussian if t* — 4|y1|? = 
0, which is a much weaker condition than what follows (2.81) from the 
uncertainty principle or from the positivity of the density matrix. 

The mixed state (2.71) would be less nonclassical than the pure state |¢). This 
can, for example, be seen by calculating the squeezing parameter S. Using 
(2.75) and (2.76), we find that (2.29) is modified to 


\2 l a 
(AXeys) = <7 (1 +2(n)). (2.83) 


Clearly the amount of squeezing is reduced by the factor (1 + 2(n)), and the 
squeezing is lost if (1 + 2(n)) exceeds e?". 


Exercises 


2.1 Calculate the Mandel parameter Q,, for the displaced Fock state D(a )|n). 
Note that relations like D'(a,))aD(a)) = a + O) would simplify the 
calculations. 

2.2 Repeat the calculation of Exercise 2.1 for displaced thermal states with 
density matrix given by 


D(a) ptD' (ao 5 


where pr is defined by Eq. (1.69). 


2.3 Using the form of P(a) for both coherent state |a~j) and thermal state p-, 
evaluate the characteristic function Cp (8) defined by Tr(pe“'? e 7") and 
show that these are well behaved. 


2.4 Calculate the P-function for the displaced thermal state defined in Exercise 
2.2: 


2.5 Show by direct calculation that the squeezed vacuum is an eigenstate of (a 
cosh r - a’ e” sinh r) with zero eigenvalue. 


2.6 Diagonalize the Hamiltonian 
H = wala+ga’ + ¢*a", 


by using a=bcoshr +b! e sinhr so that H = Qb'b + n. Show that Q, r, 
0, n are given by 


Q= Jo? —4|g/?, r=-—In 


Note that a and b are Boson operators. 

2.7 The purpose of this exercise is to show how nonclassical states can be 
obtained from minimum uncertainty relations. Let the quadratures X and Y 
defined by Eq. (2.6) for 8 = O and 7/2 satisfy the minimum uncertainty 
relation 


AX AY = X,Y] =i. 


tl 


Show that the derivation of the uncertainty relation implies that the 
underlying state must satisfy the relation 


(XY — (X))|W) = —1A(¥ — (Y))|W), A = complex. 
Establish that the solution of this equation is identical to the solution of 
a(é, B)|¥) = 9, 


where the annihilation operator a(é, 6) is defined by (2.41). Find ¢, 6 in 
terms of (X), (Y), and A. Clearly the squeezed coherent state (2.40) can be 
obtained by the requirement that the uncertainty product be minimum. An 
elementary discussion of a minimum uncertainty wavepacket is given in 
[20]. A detailed review of minimum uncertainty states in quantum optical 
system is given in [21]. 


2.8 Solve the eigenvalue problem 


| . 
—_—a |V)=—Alv). 
ce ama 


Show that |) goes over to the squeezed vacuum if we further impose the 
condition him |) = |0) (for details see [22]). What would be the solution 


to the eigenvalue problem if we impose the condition dain |¥) =|1) 


2.9 Show that it is possible to represent the squeezed vacuum 


—_— 


] ) > 
l§) = exp [Sra —a } |(0)) 


in terms of superpositions involving coherent states on a line 


|] ca aze—" 
i¢) = (_—_—_ da, exp (-“— ) jax,), 
2m sinhr oe 2sinhr 


where a, is a coherent state on a line with real values of a,. A proof of this 


1/2 


is given in [23]. A general discussion of representations in terms of 
coherent states on a line can be found in [24]. Two-mode extensions are 
given in [25]. 


2.10 The purpose of this exercise is to demonstrate how squeezed states can be 


generated by a sudden change in the frequency of oscillator. Consider an 
harmonic oscillator with 


Let the oscillator be in its ground state 


1/2 
a ie lL 6% >, mw 
W «= (+) xp (—50°x"). a’ = —. 
9 ap or oe. hi 


Let the frequency of the oscillator be changed to w’ suddenly at t = 0. Find 
the wave function of the oscillator at t > O in terms of the eigenfunctions 
of H. Show that this ¥ is the same as the squeezed vacuum. The integral 
oe eH, (xn)dx = 8y.2m/70 cn (7-1)? would be useful. The 
production of squeezed states by changes in the frequency of the oscillator 
has been extensively treated [26-29], and has been experimentally realized 
[30]. 
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Two-mode squeezed states 
and quantum entanglement 


In Chapter 2, we introduced the idea of nonclassicality and discussed at length 
the single-mode squeezed state. In this chapter we start with two-mode 
squeezed states. This discussion would naturally take us to the idea of quantum 
entanglement between different modes of the field. Let us denote the two modes 
by a and b with commutators 


[a, a] = [ by = |, [a, b] = 0, etc. (3.1) 


The two modes can correspond to different frequencies, for example to signal 
and idler modes in type-I parametric down-conversion or to different 
polarizations in type-II parametric down-conversion discussed in Section 3.10. 
The two modes can also correspond to two different states of orbital angular 
momentum. 


3.1 The two-mode squeezed states 


We generate two-mode squeezed states by applying the two-mode squeezing 
operator [1] 


S(€) = exp(Ea'b! — E*ab), & = re”, (3.2) 
on the two-mode vacuum state |0, 0) 
[&) = S(&)|0, 0); a|0, 0) = b|0, 0) = 0. (3.3) 


Although we use the same notation as for the one-mode squeezed vacuum, the 
context would make it clear which squeezed state is implied. The relation 
analogous to (2.16) is 


S(é) = exp (e” tanh r ab") exp [—(n coshr)(ala + b'b + 1)] 
x exp(—e!” tanh r ab). (3.4) 


On using (3.4) in (3.3) and the properties of the vacuum, we have 


S(€)|0, 0) = exp (e” tanh a‘b') |0, 0), (3.5) 


coshr 


which on expanding the exponential gives the explicit result for the two-mode 
squeezed vacuum: 


|é) = ye” (tanh ry" 
coshr 
0 


— 


n,n). (3.6) 


We now have a very interesting result on the probability P 
photons in the mode a and m photons in the mode b 


nm Of finding n 


Pci 5, (tanh yy". (3.7) 
cosh’ r 
Thus if one knew that the mode a has n photons, then one can conclude that the 
mode b must also have n photons even if no experiment is carried out to detect 
the b mode. 
We next consider the two-mode Bogoliubov transformations and the 
computation of the mean values. Defining 


a(é) = S'(Eé)aS(E), b(E) = S'(E)DS(E), (3.8) 


and writing the squeezing operator as 
S(E) = exp(rh), h = e'¥ath' — H.c., (3.9) 
we can derive 


<a — epi. “> = el¥qi, (3.10) 
These can be integrated with the result 

a(€é) = acoshr + bre” sinhr, 

b(€) = bcoshr + ale” sinhy, (3.11) 


which is the two-mode Bogoliubov transformation. The expectation values can 
be computed using a formula analogous to (2.25) 


(E|G(a, b)|E) = (00|G(a(é), b(E))|00), (3.12) 


where G is a function of the operators a, b, a’, b'. For example, the mean 
number of photons in any mode is 


(a'a) = (b'b) = sinh’ r. (3.13) 
The correlation between two modes is given by 
(ab) = coshrsinhr e’”, (a'b) = 0. (3.14) 


Note also the properties ( a*)=( b*)=0,(a)=(b)=0. 


3.2 Nonclassicality of the two-mode squeezed 
vacuum 


The correlation (ab) between the two modes leads to nonclassical properties 
such as the squeezing of the two-mode state (3.3). In view of the fact that ( a*) = 
( b*) = 0, we can show that the squeezing parameters for the modes a and b as 
defined by (2.11) and (2.6) are positive. Thus the modes a and b themselves are 
not squeezed. The nonvanishing of (ab) suggests that we must consider 
quadratures of the operators which are linear combinations of a and b, for 
instance 


a+b 
Fa ; 


The second-order moments for d are found using (3.13) and (3.14), 


[d,dt]=1. (3.15) 


d= 


(d'd) = sinh’ r, (d7) = coshrsinhre’’. (3.16) 


Thus the operator d for the two-mode squeezed vacuum behaves like the 
operator a for the single-mode squeezed vacuum (Eq. (2.27)), and hence on 
defining 
de” + die” 
pS (3.17) 
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we would get the relations (2.29), (2.30) with Xp replaced by Xj, i.e. for the 
two-mode squeezed vacuum we have the key result 


g (4) = la ,—2r () . g 
Se,2 =—j7U-e%) <9. (3.18) 


All this suggests a possible relationship between the two-mode squeezed 
vacuum and the single-mode squeezed vacuum. To see this let us introduce the 
operator c, which commutes with d 


So = as [é, c] = l, [c, d"] =O. (3.19) 


2 


Thus starting with two modes (a, b) we construct two new ones (c, d). Now 
note 


Le gs 5 — 
aia —c’)=ab, (3.20) 


and hence the two-mode squeezed vacuum can be written as 
* * 
exp (Ea'b! — &*ab) = exp (54° _ =] exp Gus + =2), (3.21) 


Thus the squeezing operator for two modes can be written as a product of two- 
single mode squeezing operators. The transformations (3.15) and (3.19) can be 
realized by 50-50 beam splitters (see Section 5.1). 

Finally we note that we can also define two-mode squeezed coherent states 
by displacing the state (3.3) 


IE, @, Bo) = D(ao)D(Bo)S(E)I0, 0), (3.22) 


where D(Q9) LD(Bo)] is the displacement operator for the a-mode [b-mode]. We 


will not discuss this any further as its properties can be obtained by using the 
algebraic properties of both the displacement and squeezing operators. 


3.3 Quantum phase-space distributions and 
quadrature distributions 


The Q-function is easy to calculate by using (3.5) 


l l 
Oz (a, B) = —|(a, BlE)|? = ———— |(q, B|00) exp (e’? tanh r a*B*)|? 
1 mz cosh* r 
| . “ 
= ———— exp[(e’” tanh r a*B* + c.c) — Ja|? — |BI*], (3.23) 
mz cosh* r 


which is a Gaussian distribution in four-dimensional space (Re{a}, Re{B}, 
Im{a}, Im{B}). The Wigner function can be evaluated by following the same 
procedure as in the context of the single-mode squeezed vacuum (2.36). Let us 
consider two density matrices p and / related by the transformation (3.3) 


p = S(E)pS'(€), (3.24) 
then the Wigner functions are related by 
W,(a, B) = W3(a, B), (3.25) 


where 
a cosh r —sinhrel?\ (a (3.26) 
~ = = opi e aD eds ) 
p* —sinhre"’ — coshr p* 


Choosing £ as |00)( 00], then 
exp |—2 (lal? + 11?) | (3.27) 


and hence the Wigner function for the two-mode squeezed vacuum is 


/ 


4 
W5(@, p) =— 


A 


4 . 
W:(a, B) = — exp(—2|a cosh r — B* sinhr e!? |? 
2 
—2| — a* sinhr e'” + Bcoshr'’). (3.28) 


Finally we derive the quadrature distribution associated with (3.6). Let X, and 
X) be the two quadratures for the modes a and b. Then 


W(Xa, Xb) = y Xplé) 


l 2 
7 . Ee 3.29 
—— a, (tanhr "5 Frat etn eda X eo“ : (3 ) 


where we have used (1.39). The series in (3.29) can be summed up using 
Mehler’s formula for Hermite polynomials 


a . > 2NYn — (X?2 + Y?)1? 
Hy XK) Hy (Ya = (1 = 2)-Y/? exp| 2 OT | in) <1, (3.30) 
=i 2"n! L<= n2 
with the result 
l 2X,Xun = (X2+X2)n? 1 ‘ 
V(X, x,) =_—_——————— exp [ae _ a (X; + x2), 
\/ (1 — n?)x cosh? r _ - 


n = e? tanhr. (3.31) 


It, 
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The probability distribution |W(X,, X,)|* as a function of X, 
and X, forr= 1 and w = 0. 


The quadrature distribution is a two-dimensional Gaussian in (X,, X;). The 
behavior of the probability distribution |¥(X,,X,)|? is shown in Figure 3.1. This 


figure clearly shows the entangled character of Y(X,,X;,) discussed in Section 
3.0. 


3.4 Cauchy-Schwarz inequalities for 
nonclassicality in two-mode states 


The Cauchy—Schwarz inequalities have been important in the development of 
quantum mechanics. The derivation of uncertainty relations is based on these 
inequalities. We would now discuss how a version of these can be used in 
developing experimental measures of nonclassicality for two-mode states [2, 
3]. Let f and g be two well-defined functions, then the Cauchy—Schwarz 
inequality (CSI in short) states that 


(f*f)(g*g) = IUf*2)/, (3.32) 


where all the mean values are calculated using a positive probability 
distribution. We now consider a two-mode P-representation 


= [ Pea. Bolen p)(a, pleads, (3.33) 


and choose f = f* = a*a, g = g* = B*B. Assuming that P(a, B) is a probability 
distribution, then (3.32) becomes 


(al*a’)(b?b?) > [(atabib)?, — (G) = Tr(pG). (3.34) 


This is the CSI that should be obeyed if P(a, B) is classical. Any violation of 
(3.34) would be a sufficient condition of nonclassicality. The condition (3.34) 
is in terms of the moments of the photon number operator. Thus, in analogy to 
the Mandel Q), parameter, we can introduce a parameter [4] 


Pac (at2a2) (bi2b?) 
7 (ala bib) 


as a measure of the nonclassicality of the two-mode field. Note that I = 0 for 
coherent states. The negative values of I would imply nonclassicality. We can 
now apply this to the two-mode nonclassical state (3.6). Note that (3.6) has a 
structure such that 


(a'*a*) = (b'7b*) = ((a'a)*) — (ata), (a'ab'b) = ((a‘a)’), (3.36) 
and hence 


i= ag = —sech2r < 0. (3.37) 
((ata)*) 


The violation of the Cauchy—Schwarz inequality for different values of the 


squeezing parameter r is shown in Figure 3.2. Its smallest value is -1. We have 
given two distinct criteria for the nonclassicality of the state (3.6) — one based 
on the study of the phase-sensitive properties (3.18) and the other on the 
moments (3.37) of the photon number distributions. 
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The parameter / as a function of the squeezing parameter r. 


3.5 Conditional measurements on the two- 
mode squeezed vacuum 


The two-mode squeezed vacuum has important nonclassical properties like 
squeezing. A number of other important states can be generated by conditional 
measurements on it. Let us first consider the case when, say, the b mode is not 
measured at all. In this case the reduced state of the a mode can be obtained by 
tracing over the b mode, i.e. 


pe = Trlé) (él, (3.38) 
which on using (3.6) becomes 


l 


p” _ Tr; . el”? e—™? (tanh r)"*" In, n) (m, m| 
cosh r nvm 
i(n —m )p n+m 
= —— ) el (tanh r)"*"|n) (|S am 
cosh* r 
nvm 
| 2n — 
=——> ) (tanh) |n) (n|. (3.39) 
cosh* r ; 


The state (3.39) is just the thermal state (1.70) with (n) = sinh*r. Thus by doing 
measurements on just one mode we lose all the nonclassical properties of the 
field. The result (3.39) also implies that a mixed state (3.39) for one mode is a 
pure state (3.6) in higher-dimensional Hilbert space. This observation has been 
used to develop the thermal field representation of mixed states in terms of 
pure states [5]. 

Next we consider the conditional state of the mode a for certain specific 
measurements on the mode b. Let the measurements on the mode b be 
represented by the projection operator #,, then the conditional state p(* of the 


a mode would be 


(a,c) 


p = Tr, 95 Pp/ Tr Ppp Pp. (3.40) 


Suppose we measure precisely n photons in the b mode, then §», = |n)( nj, and 
hence 


p\*? = |n) (nl, (3.41) 


i.e. the conditional state of the a mode consists of just n photons. This gives us 
a practical method for the generation of the n-photon state of a radiation field. 
This method is extensively used for the generation of single-photon states 


[6-8]. This is the so-called heralded source of single photons. Many 
experiments, particularly on interference with single photons, have been 
performed using such a technique to generate single-photon Fock states 
(Chapter 5). The method has also been used to generate two-photon Fock states 


[9]. 


3.6 Quantum entanglement in the two-mode 
squeezed vacuum 


We have found that the state |€) in the quadrature space (Eq. (3.31)) has a 
Gaussian structure with the property 


W(Xa,X5) # f(Xa)g(X%), if r £0, (3.42) 


where f [g] is a function of X, [X,] alone. This is also the case in the Fock space 
representation (3.6), i.e. 


IE) A |Wa)|Y), (3.43) 


where |W) [|,)] is a state of the a mode [b mode] alone. We found a strong 


correlation between the modes a and b (Eq. (3.14)), which is nonzero if r # 0. 
Clearly the state of the two modes can not be written as a factorized product of 
the states for the individual modes. We rather have a form (3.6) which in 
literature has been called the Schmidt form [10]. Such a state is called an 
entangled state. The entanglement in the state depends on the parameter r. In 
order to characterize the amount of entanglement in the state, we have to 
introduce quantitative measures of entanglement. We next consider more 
important measures of entanglement. 


3.7 Peres—Horodecki separability criterion for 
continuous variable systems 


Consider a system of two particles. Let p be the density matrix for a composite 
system of two particles. Let p™ [p] be the density matrices for the particle a 
or mode a [b] alone. The state p is said to be separable if it has the structure 


p= > pip p™, Pi > 0. (3.44) 
i 


where p™!, p()! are the single-particle density matrices. All other states which 
do not have the structure (3.44) are entangled. Clearly the state (3.6) does not 
have the structure (3.44) and hence is entangled. Peres [11] developed an 
elegant criterion for separability for two particles. His condition is both 
necessary and sufficient in (2x2)- and (2x3)-dimensional cases. However, it is 
not sufficient in higher dimensions [12]. In Section 3.1 we considered two 
modes of the radiation field which is a system in Hilbert space of infinite 
dimensions. We have continuous variables, as quadratures X and Y are 
continuous. Simon and Duan et al. [13, 14] used the Peres criterion to obtain 
experimental measures to test the separability of continuous variable systems. 
The Peres—Horodecki separability criterion states that a separable density 
Operator under partial transpose operation goes into a genuine density 
operator. The partial transpose of p is obtained by taking the transpose of the 
operators associated with the particle b. Thus the Peres—Horodecki criterion 
for entanglement is that the partial transpose p’! of p is not a semi-positive 
definite matrix. This is a sufficient condition for entanglement. Thus, in 
principle, one can test the entanglement of the state by examining the 
eigenvalues of the partial transpose of p. Subsequent works have converted the 
Peres—Horodecki criterion to quantities which can be related directly to 
measurements. A very useful measure is the logarithmic negativity defined by 


Ex (p) = log,[1 + 2N (p)], (3.45) 


where ,\/ is the absolute value of the sum of the negative eigenvalues of p?! 


[15, 16]. 
We consider the calculation of the parameter /,;(p) for the state (3.6), 
which we write in the form 


p= y CnC, |nn) (mm|. (3.46) 
nm 


Clearly the partial transpose is 


pi= >. Cnc» |nm) (mn. (3.47) 


nm 


For a given n and m, let us consider the Hermitian combination 
Cnc, |nm){mn| + Cmcy|mn) (nm, 
which on using C,Cm* = |CaCmle@nm can be written as 


(Gute| (e! nm |nm)(mn| + enum |mn)(nm|) 


|nm) + e714 |mn) (nm| + el (mn| 
— inl — a 


nm — eam mn nm — el Pam mn : 
-(' ) = | “\( a Mh. (3.48) 


This gives the diagonal form of p’'. The negative eigenvalues are given by 


; (3.49) 


om | CnCm 


and therefore 


Ex(p) = logy {1+ D7 lencm| (3.50) 
nm 


2 
=log, | do lenl) (3.51) 
n 


where we used the condition ¥,,|c,|* = 1. Thus we have a compact formula for 
the log negativity of a class of entangled states defined by (3.46). In the special 
case of a two-mode squeezed vacuum |c,,| = (tanh r)"/cosh r, we get 


AN 


Ey(p) = log, (e*”), (3.52) 


showing the clear connection between the log negativity and the squeezing 
parameter. 
Let us consider another example of a two-mode state such that N photons can 


be found either in the mode a or in the mode b. Such a state is called the NOON 
state 


l r F T > £9 


For N = 2, this state was first discussed by Hong, Ou, and Mandel [17] in the 
context of the photons produced by a down-converter. Hong, Ou, and Mandel 
showed how such a state can be produced by two single photons on the two 
sides of a 50-50 beam splitter. This then led to the Hong—Ou—Mandel dip in 
two-photon interferometry, which is now extremely important in any tests of 
the single-photon nature of the source. The state for arbitrary N was introduced 
by [18] who discussed the importance of such states in the context of 
superresolution. The partial transpose for the state (3.53) is 


| 
p’? = ~(\N,0)(N, 0| + |0, N)(0, N| + |N, N) (0, 0 + 10, 0)(N, NI). (3.54) 
The last two terms in (3.54) are diagonalized as 


=(IN, N) +10, 0))((N, NI + (0, 01) — <(N, N) — 10, 0))((N, NI — (0, 01), 


showing that p’! has one negative eigenvalue -l The log negativity parameter 
for the NOON state is 


o>) 


En (ep) = log, (2) = 1. (3.55) 


We will present a more complete description of quantum entanglement as well 
as applications to mixed states in Section 3.13. 


3.8 Generation of two-mode nonclassical and 
entangled states - optical parametric down- 
conversion 


The squeezing operator introduced in Section 3.2 is unitary and bears a 
resemblance to the unitary evolution operator in quantum mechanics. In fact, 
(3.2) can be written in the form 


i : 
S(Eé) = exp(—=Hr) ‘ (3.56) 
h 
where 
H = ihg(e'’a'b' — e“ab), a=n G.57) 


From (3.56) it is clear that the squeezing operation is realized by the 
Hamiltonian (3.57). We now connect the Hamiltonian (3.57) to the well-known 
three-wave interaction in nonlinear crystals lacking inversion symmetry [19, 
20]. Such crystals are characterized by the nonlinear susceptibility Xin. Let us 


consider a three-wave interaction of the form 
H = h(Gca'b' + H.c.), (3.58) 


such that @, = @,+@,. The coupling constant G is related to y@) and the 


geometrical factors of the crystal. The mode c is converted into two modes and 
vice versa. The physical processes are represented by Figure 3.3. 


i 
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Down-conversion and its inverse. 


Thus a photon of frequency ow, is converted into two photons of lower 
frequencies w, and @, and vice versa. This process is called down-conversion. 
The photons @, and @, are generated from a vacuum of the modes a and b. 
This is the process of spontaneous generation. The reverse process @,+@, > 
@, is generally unimportant unless one is dealing with down-conversion in a 


doubly resonant cavity. If the pumping field is intense, then it is safe to replace 
its mode operator in (3.58) by a number and rewrite (3.58) in the form (3.57). 


The parameter g is proportional to the amplitude of the pump at w,. The factor 


@ in (3.57) is related to the phase of the pump. The modes a and b are typically 
referred to as the signal and idler modes. The directions £, and j; of the signal 


and idler fields are determined by the phase-matching conditions 
k= ka + ks, (3.59) 


which is also the condition for conservation of momentum. All the wave 
vectors in (3.59) are inside the nonlinear crystal. In the degenerate case k, = k,, 
Gq = @,, the Hamiltonian reduces to 


H = h(Gca™® + H.c.), (3.60) 


which under the assumption that the pump field remains constant would 
generate a unitary evolution operator identical to the squeezing operator (2.14) 
for a single-mode field. 

The Heisenberg operators associated with (3.57) can be written down using 
(3.11) 


a(t) = acosh gt + bre” sinh gt, 
b(t) = bcoshgt + a'e’® sinh gt. (3.61) 


We note that, for a steady-state traveling wave through the crystal, t is 
generally to be replaced by L/v,, where L is the length of the crystal and vg is 


the group velocity. 
The two equations in (3.61) can be decoupled by using the mode operators c 
and d defined by (3.19) and (3.15), with the result 


d(t) = dcoshgt + de® sinh gt, 

c(t) = ccosh gt — cle’ sinh gf, (3.62) 
which lead to very simple results for the quadratures if we set o = 0, 
d(t)tAd'(t) 4,d4+d' ceHAtclk® ct! 
a can: har an he 


The operator form of the relations (3.63) is noteworthy. The operators in 
(3.63) at time t are obtained by scaling the ones at time t = 0. No quantum noise 
terms are added. This property is extensively used in the construction of phase- 


(3.63) 


sensitive amplifiers. 


3.9 Parametric amplification of signals 


So far we have considered the case when the fields are generated, starting from 
no inputs at the frequencies of the modes a and b. We have concentrated on the 
spontaneous generation of signals. Using the solution (3.61) we can also study 
the amplification of the signals. Let us suppose that the mode a is initially in a 
coherent state |x) and that the mode b is in a vacuum state. Then using (3.61) we 
obtain 


(a'(t)a(t)) = cosh? r(a'a) + sinh? r(bb') + (coshr sinh re’ (ath") + c.c.) 
= cosh? r|a|* + sinh? r 
oP ge . 
= ae, for larger r. (3.64) 
The input signal at w@, grows, i.e. we have amplification. The factor e2” (more 
precisely ral ) essentially gives the gain of the amplifier. At the same time the 
idler mode also grows 


(b'(t)b(t)) = r> |. (3.65) 


We note that the spontaneous emission, for example the sinh r term in (3.64), 
always contributes to the signals. However, the quadratures Xj = (d+d')/,/2 b Ma 


= (d-d')/,/2 i at the output are related to the quadratures at the input (3.63) ina 
very simple way 


X(t) = e' Xa, Ya(t) =e "Y2. (3.66) 


This is a remarkable feature of parametric amplifiers: one quadrature is 
amplified whereas the other quadrature is deamplified. The process of 
parametric amplification is phase-sensitive in view of (3.66) and such 
amplifiers are called phase-sensitive amplifiers. In view of (3.66) the 
amplification is also called noise free as we have, for example, 


(Xa(t)) = e" (Xa), (Xj (t)) — (Xa(t))? =e” (Xz) — (Xa)”), (3.67) 
and hence the signal-to-noise ratio 
Xa (t X, : 
(Ka) — 


(XP) — (Xa)? (XP) — (Xa)? 


does not depend on the gain of the amplifier. We will discuss details of optical 
amplifiers in much more detail in Chapter 10. 


3.10 Type-ll optical parametric down- 
conversion — production of entangled photons 


We have seen in the previous section that in the process of down-conversion 
the conservation of energy and momentum gives 


Wc = Wa + Wp, k. = ka + kp. (3.69) 


These conservation laws allow the possibility of signal and idler modes to 
have large widths and large momentum spread. Typically a state containing 
two photons can be written as 


O- W- oe 
IW) ~ | D(v) Wy ee v)dv, (3.70) 


haw! 


which is clearly an example of an entangled state. The function ® (v) depends 
on the band width considerations, which in turn depend on phase-matching 
conditions. In practice one makes a selection by using narrow pinholes and by 
using frequency filters. In addition, typical nonlinear crystals like LiNbO; are 


uniaxial. Therefore one has the possibility of choosing signal or idler to be 
either an extraordinary wave or an ordinary wave. These two waves are 
orthogonally polarized. We could then choose, for example, signal and idler to 
have the same frequency but different polarization. A state containing one 
signal photon and one idler photon would have the structure |) ~ (|e, 0) + 
elo ,e))/ Jt , since the signal (or idler) could either be an e-wave or an O-wave. 
This is an example of a two-photon state which is entangled in polarization. 

In view of the foregoing, and the fact that one can produce a variety of 
entangled states using down-conversion, we present the general theory for 
down-conversion. We concentrate on type-II generation as these are the ones 
most used these days in studies on quantum entanglement. The process is of 
type I (ID if signal and idler photons have identical (orthogonal) polarizations. 
It is collinear (noncollinear) if signal and idler photons travel in the same 
(different) directions. The quantum theory of type-II downconverters is 
discussed extensively in [21, 22], which we follow closely. 

The interaction Hamiltonian in the interaction picture can be written down as 


H, = x | PrEP MEPHEOM + Huc.. (3.71) 
“ 


The mode c is the field of the pump laser E,,, which we treat classically and 
write Ee as 


elkp:7—iwpt ; ( Te ) 


(+) 
ED =€p 


The quantum fields corresponding to ordinary and extraordinary fields would 
have the form (1.22), ie. 


2 hw k = W jkN jk 

= a> ee ae 7 ‘ jens 

E‘' eae =) ‘i eik-F— ij, at j=b,e, |k| — —_ ee. (3.73) 
J 2 V 1 KS . - 
Nix c 


Here nj, is the refractive index at the frequency ,,. We assume that the 


coupling is small enough, which is the case unless the crystal is pumped by a 
high-power pulsed laser. Then the wave function of the field at the output can 
be evaluated to the lowest order in the interaction H,. For a spontaneous down- 


conversion the first-order correction to the wave function is 


pwd) = > 44" .Fpl0), (3.74) 
Kk’ 


5 
gate sy Disgaea ne . . TT ./WMof-Wek' 
= ‘ 3 r oe ike ik! —in )uttio wt ok k = 
Fez, _ erxi | ad relke? ik-F—ik' +r "| are io, ttio ~ttio,pt Vf“ € (3 75) 
Vv 


V nokNex : 


The form of the function Fez j depends on the phase-matching conditions. It also 
depends on whether we consider collinear or noncollinear signal and idler 
propagation. 

The case of collinear propagation is much simpler. Let us assume that the 
pump is propagating in the z direction k, = Zk, with large transverse 
dimensions (T) and area A of the crystal, where T stands for the transverse 
components. The integration over x and y in (3.75) would yield OF 4K. In the 
limit of large T, the time integration would give 2n6(@,—@,;,-@,,:). The 
integration over z is then the usual phase-matching integral 

sa + aoe 


h(x) =————, x= (kp —hkae — KL. (3.76) 
LY rs 


The function Fz j reduces to 


Fz = ATX Ep / Ook Der 5x 1p 5(Wp — Won — Wev IL (kp — hee —K,)L]. 3.77) 
NokNek! 1 
The structure of the function Fre leads to entanglement both in frequency and 
momentum. The delta function in (3.77) implies that both w,; and @,,: photons 
are entangled. The nonfactorizable form of the function h leads to 
entanglement in momentum. As mentioned earlier, the selection of transverse 
momentum and frequency is made by using pinholes and frequency filters. 
The down-conversion is optimized if 


Wp = Wok + Wek’, Kp = ke + K_.- (3.78) 


Note that the refractive index of the e wave depends on the angle wW of the optic 
axis with the z axis [23] 


; 20s? sin? 
1 = n2(@, W) Fon + | ; (3.79) 


2] 9 
N=(@e) NZ(@e) 


Many crystals such as BBO used for down-conversion are negative uniaxial so 
that n, > n, (for Y = 0). The phase-matching conditions [24] can be satisfied 


depending on the frequency dependence of the refractive indices and angle w. 


Crystal optics axis 


extraordinary 


Entangled-state 
emission directions 


ordinary 


Spontaneous down-conversion cones present with type-II 
phase matching. 


The phase-matching condition for the noncollinear propagation is much 


more complicated and a discussion of it would take us deep into crystal optics. 
We state some facts [25]: let w be the angle between the optics axis and the 
direction of propagation of the pump. Then for degenerate emission the down- 
converted photons are emitted on two cones. The polarizations of the two 
photons are orthogonal to each other since one cone is for the ordinary ray 
and the other cone is for the extraordinary ray as shown in Figure 3.4. The two 
cones intersect along two lines. Along each intersection the polarization of the 
photon could be either ordinary or extraordinary. This leads to a polarization 
entangled two-photon state 


IW) = (|, Va) + el* Vy, Hy) /V2, (3.80) 


where the phase factor y depends on the properties of the nonlinear crystal. 
Here H stands for the horizontal polarization of the extraordinary ray and V 
stands for the vertical polarization of the ordinary ray. By the use of 
waveplates, entangled states of the form 


|) = (|My, Hy) + el* |, V2))/V2 (3.81) 


can be generated. 


3.11 Four-photon entanglement using optical 
parametric down-conversion 


The parametric Hamiltonian (3.57) leads to the generation of photons in the 
modes a and b. For the noncollinear case of type-II phase matching we have to 
generalize (3.57) so that it has four annihilation and four creation operators. 
The reason is that we have two directions and in each direction we have two 
orthogonal polarizations. Let us then consider the Hamiltonian 


H = ihg(e''a),bi, + e'@al,bi, — H.c.), (3.82) 


where a and b refer to two directions, and H and V refer to two orthogonal 
polarizations in each direction. The elementary processes of photon generation 
are shown in Figure 3.5. 


Pump 


Four-photon entangled state. 


The state of the field at time t would be 
[W) = e#t/2 10) 
 iHt. Cees 
=n 1) = “i. (—) ITY Aevscur (3.83) 
h h/7 2 
The first-order contribution to |'P) is 


iHt : 
Ww) = ———10) = gr(e"1H,V) + eV, H)), (3.84) 
1 


which is the two-photon polarization entangled state considered in Section 
3.10. The next-order contribution to the wave function is 


9 2 t ig j T ig> 7 zt ; § 
Iw)? =- 4 (eal, b} + ea}, bl, ) |Q) 
+ contributions proportional to |0). (3.85) 


The first term in (3.85) is the four-photon entangled state 


“— (e"”!2|HHVV) + e@21VV HH) 


- 


+ elite) | HV HV) + e+”) |VHVH)). (3.86) 


The four terms clearly correspond to the four elementary processes shown in 
Figure 3.6. The factor 2 in (3.86) arises from the Bosonic nature of photons 
expressed mathematically as a‘*,,|0) = 2|HH). The existence of this factor 2 
makes the state (3.86) entangled. It can not be written as a product of, say, 
entangled two-photon states. Several groups have used four-photon 
entanglement in producing a variety of other types of entangled states which 
one can utilize in quantum information processing [26, 27]. 


3.12 Two-mode mixed nonclassical states 


We next introduce a class of mixed nonclassical states. As explained in Section 
2.6, dissipative effects are inherent to physical systems and hence any attempt 
to produce a nonclassical state would not produce a pure state but a mixed state. 
We can define a class of mixed states for the two-mode case by applying the 
squeezing operator S(€) (Eq. (3.2)) on a two-mode thermal state 


p = S(E)prS"(&), ada 
: F - a Ws 
pr = exp[—Bha(a'a + b'b)]/Tr{exp[—Bha(a'a + b'b))}. 


The Wigner function for the mixed state can be obtained by using (3.25) and 
(3.26) 


W,(a, B) = Wr(, B). (3.88) 
- ae _. eal@ 
a) _ cosh 7 : sinhre’?\ ( @ . (3.89) 
B* —sinhre“’ — coshr B* 
+ 2(\o|? ; 
Wr = oo _ 2 (lal + IBN) ; (3.90) 
w-(2(n) +1) 2(n) + 1 


The expectation values in the state (3.87) can be obtained by using the 
Bogoliubov transformations (3.11) 


(ab) = (a(&)b(E))7 = sinh 2re” ((n) + =) ’ 


(3.91) 


| | 
(ata) = (a! (E)a(E))7 = ((m 4 >) cosh 2r — = = (b'b). 


D) — 
We could also start with a class of Gaussian Wigner functions for two 
modes of the form [28] 
2 Fatt ae 2 2 
W — 2aB + 2pu*a*B* + r(lal’ + |B| |. (3.92) 


P72 (1? — |p|) o| t? — 4p? 


under the following condition, which follows from the positivity of the density 
matrix, 
l 


9 9 4 
t —4lnul* > —. (3.93) 
[| n 


The parameters t and p are given by 


] 
(ab) =—2p*, — (ata) = (b'b) = 1 — =. (3.94) 


_ 


On comparison of (3.91) and (3.94), we can obtain t and p in terms of r and ( n) 
. All the physical properties of the field in the mixed state (3.87) can be 
calculated either by using Bogoliubov transformations or via the Wigner 
function (3.92). 


3.13 Entanglement in two-mode mixed 
Gaussian states 


Gaussian states are used extensively in both quantum optics and quantum 
information science. The reason for their widespread use is the ease with 
which such states can be used. Entanglement criteria for Gaussian states have 
been extensively developed [13, 14, 29]. These are both necessary and 
sufficient. For Gaussian states the covariance matrix is the key quantity. For 
example, we already saw that the Gaussian state (3.92) is completely 
determined in terms of the second-order moments of a and b (Eq. (3.94)). Let 
us write the Gaussian two-mode state in terms of the quadratures x,, y,, X,, and 
yp defined as x; = (a;+a;")/,/2, yj = (a;-a;"\/(\/2i), j = a, b. Let X be the row 
vector with elements (X,, Yq, Xp Yp) and let o be the covariance matrix 


| 


= (XiXj + XX) — LX). (3.95) 


OF; = 


This is a real, positive symmetric matrix. A normalized two-mode Gaussian 
distribution has the form 


exp[—(X — (X))o !(X — (X))"/2] 
(27 )".,/det(c ) . 


In the two-mode case, the covariance matrix has the form 


a y : 
= ? (3.97) 
(\s 


Given the covariance matrix for a two-mode state p, the two symplectic 
eigenvalues of the covariance matrix associated with its “partial transpose” p 
are explicitly given by 


| A(o) + y A(o)? — 4det(o) 
i= | ——"_ 


where A(o) = det(a) + det(f) — 2det(y). If 5. is taken to denote the smaller 
of the two symplectic eigenvalues, then the necessary and sufficient conditions 
for p to be an entangled state can be expressed as 


W(X) = (3.96) 


(3.98) 


(3.99) 


The corresponding logarithmic negativity E,(p) is given by [29] 
Ey (pe) = max[0, —In(2v_)]. (3.100) 


Here a logarithm, in contrast to (3.45), to the base e is used. For the special 
case when o has the form 

42 0 B € 

QO A : 

B C A O 
C -—-B 0 A 


(3.101) 


the two symplectic eigenvalues j, turn out to be 


I / 7 -_ ~) : 
be =5[44+4)4VG-AP HIB +O). (3.102) 


For the two-mode squeezed vacuum 


p = S(E)|0, 0) (0, OJST(E), 


¥e. (3.103) 
S(E) = exp(Ea'b' — E*ab), E= re’, 


which belongs to the class of Gaussian entangled states, the two symplectic 
eignevalues are jp, = e+" /2 and thus the quantum entanglement in this state 
is directly linked to the squeezing parameter r as the logarithmic negativity 
Ey = 2r. Asr > 0, D. — 1/2 and the entanglement disappears. The 
result (3.99) is a very powerful criteria for entanglement in a two-mode 
Gaussian state which could even be a mixed state. We will use it in Section 10.4 
for the study of degradation in entanglement by the phase-sensitive amplifier. 


3.14 Application of entanglement to the 
teleportation of a quantum state 


As an interesting application of entangled state we describe the teleportation of 
an unknown quantum state by using an entangled pair of particles. The word 
teleportation implies the disappearance of an object from one place and its 
reappearance somewhere else. The scheme was discovered by Bennett et al. 
[30]. It has been extensively implemented using entangled photons produced by 
parametric down-converters [31] as well as entangled atomic pairs [32, 33]. In 
the first demonstration [31], a single photon in an arbitrary polarization state 
was teleported from Alice to Bob. The teleportation idea has been extended to 
systems with continuous variables, such as coherent states [34], and even to the 
teleportation of nonclassical states like cat states has been achieved [35]. 

Let us consider two-level systems such as spins, which are two polarization 
states of a single photon. Let |®), be the unknown state of a particle with Alice 


labeled as 1 and suppose that we need to teleport it to a different location, i.e. to 
Bob. We can write the state |®), as a superposition of two states 


|D); = a|+)1 + Bl—):. (3.104) 


The idea is to use an EPR pair of particles 2 and 3 prepared, say, in a singlet 
State 


l = 
| )2.3 = ag ltHal-)s — H)sl—)2), (3.105) 


and to send particle 2 to Alice and particle 3 to Bob. Alice and Bob together 
have particles in the state |®),|P), 3. Alice then carries out a measurement on 


the particles 1 and 2 in the Bell basis and communicates over a classical 
channel the result of the Bell measurement. We can rewrite the wave function | 
®),|P)> 3 in terms of the Bell states of particles 1 and 2 
+ 
IY" )i2= Flthi-n + |+)2l—)1), 


— 
M2 = allt £I-bI-)), (3.106) 


with the result 


_— 
|D)1|Y)2.3 = —S|W)1,21)s 


in 


l | 
+ =|¥")1,2(—a|+)3 + Bl—)s) 


l 
+=|® )1,2(a@|—)3 + B|+)3) 


2 
b eeult. er 
+510" )1;2(e|—)3 — 8]+)s). (3.107) 
Thus each Bell-state measurement by Alice with a success probability of ; 
reduces the state of particle 3 with Bob according to: 


(i) |[W~)12 > —|®)s. 
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Thus in 25% of the cases, corresponding to the Bell measurement |), 5, the 


state of particle 3 with Bob becomes, except for a sign, the state of particle 1 
with Alice. In other cases one needs to make a unitary transformation to 
recover |®),. Thus, as remarked by Bennett et al. [30], an accurate 


teleportation can be achieved in all cases by having Alice communicate over a 
classical channel to Bob the outcome of her measurement, after which Bob 
applies the required unitary operation to transform the state of his particle to 
the state of particle 1. Note that, in this protocol, one need not know the state 
that one is teleporting. In the first experimental confirmation of teleportation, 
Bouwmeester et al. [31] used for the EPR pair polarization-entangled photons 
from a down-converter for different settings of the polarization of the single 
photon. Teleportation of continuous variables has been studied by Kimble and 
collaborators [34]. Lee et al. [35] demonstrated teleportation of a cat state. The 
Wigner function of the teleported state exhibited negative values at the origin, 
though the negativity was reduced. For continuous variables we are limited by 
the amount of entanglement in the EPR state used for transportation. Thus the 


negativity [36] of the teleported Wigner function depends on the squeezing 
parameter of the two-mode entangled state (Eq. (3.52)). 


3.15 Nonclassical fields in optical fibers 


In Section 3.10 we showed how parametric processes arising from second- 
order nonlinearities lead to amplification of signals as well as the generation 
of nonclassical states of light. One also has the possibility of parametric 
processes using the third-order nonlinearities where two photons of the pump 
are converted into two new photons by the process of four-wave mixing 


oO, +@2 > 034+ 04. (3.108) 


The generation is subject to the phase-matching conditions in a nonlinear 
medium. Such four-wave mixing processes have been extensively studied in 
optical fibers [37] and are of a great deal of interest in connection with the 
generation of nonclassical fields at telecommunication wavelengths [38-40]. 
Let us consider the special case (as in fiber) that all four waves are propagating 
in the same direction z and let each wave be x-polarized. The nonlinear 
polarization has the form 


Pa. = x . EEE, (3.109) 


where y®) is a tensor of rank four and 


E=x >} E; jexp |i i (aj —— ') 0 | + c.c.. (3.110) 


j=! 


On substituting (3.110) in (3.109) we can find the components of PA at @3 and 
@,. The contribution at ws, for example, can arise from _ terms 
|E\ |E3, |E2|\7E3, EE, Ef, |E3| Ey, etc. We assume that the pump waves @, 
and @» are intense so that the effect of the generated fields w3 and w, on the 
pump fields is insignificant. The phase-matching condition would be 


Ak = n3@3 + n4@4 — Ny} @ — Now? = 0. (3.111) 


Assuming continuous wave operation, the field w; would propagate in the jth 
mode u, of the fiber. The mode would have some (x,y) dependence. Thus each 
F; in (3.110) can be written as 


E; = uj; (x, y)A;(Z). (3.1 12) 


We drop any (x,y) changes in EF; as it propagates. The wave equation at a 
frequency @ is 


(v3+ 0") E(@) = —4r Py. (@), (3.113) 
i 


where Py; (@) is the component of nonlinear polarization at w. The wave 
equation ca is simplified in the standard slowly varying envelope 
“ os . As indicated earlier, if the action back of w3 and 


@,4 On @, and ive is A rrrceens (i.e. the pump is undepleted), then the z dependence 
of the two pump fields is given by 


A;(z) = A; expfiy (P; + 2P))z], 
A>(z) = Ay exp[i1y (P) + 2P; )z], 
P, = |A,(0))’, (3.114) 


i.e. P; is the power of the ith pump at the input. In a lossless medium, the 
propagation of the pump field is affected by the self- and cross-phase 
modulation. The parameter y is the nonlinearity coefficient and is 
approximately equal to 

nw 


wv 


cA eff 


Where Ag is related to the overlap coefficient between the modes. For 
simplicity this can be considered to be mode independent. The corresponding 
equations for the generated fields are 


dA 3 


— = 2iy [(P, + P2)A3 + (P\P2)'” exp(id)Aa], 
ae (3.116) 


143 oo 
— —2iy [(Pi + P2)Aj + (PiP2)'”? exp(—i8)A3], 


where 
06 = [Ak + 3y(P, + P)|z + (G +). (3.117) 


Here q; is the phase of the ith pump at z = 0, and 4,(0) = JPjel®. In writing 
(3.116) we dropped third-order terms in A3, A,, etc. These are the key 


equations giving the generation of m3 and w,. These are similar to the 


equations (3.10) for the parametric process in a down-converter, though more 
complicated. Note that in fibers we consider propagation over long distances — 
which could be of the order of several hundred meters or more. Thus in fibers 
the y term in @ is very important. For a single pump, we set P; = P, = P/2 and 


replace 3y(P, + P,) by 2y P. This is because 3y(P, + P,) comes from both self- 


phase modulation and cross-phase modulation. 
So far we have treated all fields classically. We can now quantize the fields. 
We use the quantization rules for the single-mode fields 


[A;(z), A\(z)] = By [A;(z), A ;(z)] = 0), i. J = om 4. (3.1 18) 


The mean value (A‘,A;) represents the number of photons in the field w, with 
power defined as P; = fjw(A',A,)c (units 107” watts/cm*). Thus in quantum 


theory Eqs. (3.116) are to be considered as Heisenberg equations and are to be 
solved subject to the commutation relations (3.118). 
From now onwards, we treat A; and A, as operators and relabel these as a 


and b and the frequencies as w, and w), respectively. Equations (3.116) can be 
solved by matrix methods and we write the solutions as 


a(z) = pa(O) + vb'(0), b(z) = wb(O) + va'(0), (3.119) 


where for a single input pump the values of p and v are 


oes as | 


ee 
we = e2lAk+2yPle cosh) — —(Ak — 2yP) sinh(gz | 


P ITALLIDY oa P “Sa ] ¥ 
— je2lAk+2yPe YT 2ig sinh(gz), ul" —|vie = 1, (3.120) 
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where the parameter g is called the gain coefficient and is defined by 


l 
Pe eee ee 3.121 


We note that because of the phase modulation of the pump inside the fiber we 
have an effective phase-mismatch parameter Aj given by 


Ak = Ak —2yP (3.122) 


The parameter Ak can be simplified if we expand the refractive index at the 
frequencies @,(= @3) and @;(= @,) in terms of the index at the pump frequency 


(60) 


p 1 ~ Wy 


, 
* w, d*- 

Ak ® —B)(@a—@p), = by *¥ 7 
c dar, 


n(@,). (3.123) 


The solutions for the parametric processes in an optical fiber are just the 
Bogoliubov transformation discussed in detail in Sections 3.1—-3.7. For 


Ak — 0, g— yP and 
pu — e'4© cosh(y Pz), vp — e!4ie7” sinh(y Pz). (3.124) 


The solution (3.119) is almost identical to (3.11) and hence all the discussion in 
Chapter 3 on the generation of nonclassical and entangled states would apply 
to parametric processes in an optical fiber. 

The non-phase-matched case is somewhat different. However, all the 
calculations can be done using the Bogoliubov transformation (3.119). One 
can define four different quadratures, such as 

) [vii (3.125) 


»  f@ak at +b _ (ab a' + bi 
t= (Br Se) [ve n= (- v2 
(1+2|vf?+pvtp'*v’). (3.126) 


It is seen from (3.119) that 


i 
AX? = 


At the same time for coherent inputs, i.e. a and b in coherent states with equal 
amplitudes a, we get the gain 


, ~ (ala) 


G, = Tez = [ul? + |v]? + 2|] |v] cos(Oa + + A. — Oy), (3.127) 
where 6, and 6, are the phases of p and v. The vacuum fluctuation term is 
dropped in (3.127). The variance AX? will be minimum if cos(@,, + 0,) = 1. 
We can thus study the variance and gain as a function of the phase of the pump. 
Since gain and fluctuation depend in different ways on 6, and @,, we can have 
minimum quadrature variance and significant gain at the same time by a 
judicious choice of parameters. An example is shown in Figure 3.7 for the 


non-phase-matched case. This shows that at the point of perfect squeezing, the 
gain is about 7 dB. We have presented the basic equations for nonclassical and 
entangled fields in fibers. The main results are the Bogoliubov transformations 
(3.119) which can be used to calculate all the relevant physical quantities. Even 
the entanglement in the two modes can be calculated using the results of 
Section 3.13. The covariance matrix (3.95) can be calculated using Eq. (3.119). 
We remind the reader that since the input modes a and b are in coherent states 
the generated fields a(z) and b(z) would have a Gaussian Wigner function. 


(a) 
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ry) 


(a) The normalized variances AX? /AX2 and the gain (dB) 
as a function of 29, where AX, is the variance of the 
vacuum state and the gain (dB) is defined as 10 logi9 Gaz. 
The dashed curve represents the normalized variance 
ANX?/AXZ,,, the solid curve represents the normalized 
variance A\*/AX2.,, and the dot-dashed curve gives the 
gain (dB). (b) The plot zooms the squeezed variance A X2, 
and the corresponding gain (dB). Parameters: 0, + 0, = 0, 
AB = 1.8/km, z = 1km, y = 2.5/W.km, and P = 0.5 W. 


Exercises 


3.1 Find the scalar product (€,|€,) of two different two-mode squeezed states 
(3.6), where & = rje', i = 1, 2. 

3.2 Show that the correlation (q@'ah'h) — (aia) (b'b) between the modes a and 
b for modes in the state (3.6) is sinh*r + sinh*r. 


3.3 Show that the operators S_, S,, and S3 defined by 


— 


S_ =ab', S, =a'b, S3 = ~(ala — b'b), 
satisfy SU(2) algebra 
[S_, 8] = —253, [S$3, S_] = —S_, [S3, 5, ] = S,. 


Show also that the operator (a'a + b'b) commutes with all S;. This 


representation would be useful in the context of polarization of light 
(Chapter 6), and is called the Schwinger boson representation of angular 
momentum algebra [41]. 


3.4 Show that the operators 
K_,K. and K3, K_ = ab, K, =a'b', k3 = $(alat+bib+ 1), 
constructed out of two-mode Bosonic operators satisfy SU(1,1) algebra 
[41]: 


[K_, Ky] = 2K, [K3, Ky] = Ky, [K3, K_] = —K_. 
3.5 Prove the relation (3.25) for the transformation (3.24). 


3.6 Use the Bogoliubov transformation for two modes 


—id 


a=ccoshr+d'e ” sinhr, 


b = dcoshr+cle~" sinhr, 
to diagonalize the Hamiltonian 
H = wa'at ob'b + ga'h' + g*ab 


to Acre + d'd) + a. Then find Q, r, 0, a. 


(Solution: 2 = fo? = |gP, r= 4 In a fe va 6 =iln /£,0 = fo? = |g? -@] 
@+.4/ |g|- 


3.7 Obtain a 2 x 2 matrix representation of the squeezing operator S(é) 


coshr — sinhre'? 
sinhre'’? coshr 


by using the nonunitary realization of SU(1,1) algebra 


tat — Q | b= 0 O ada+bib+1 | 7 ‘i 
a= bo op Ola ae a a © af 


This nonunitary representation is useful in calculations, for example it can 
easily yield the decomposition (3.4) [42, 43]. 


3.8 Using the 2 x 2 matrix form of S(é) from Exercise 3.7, prove the product 
theorem for two squeezing operators 


i AE 
S(E,)S(&) = S(&) exp |= PE:, &)(atat+ bib +1 ) . 


| at 
O(&, &) = — In| ———=> 
(51, 52) i (Ss 


(tanhr3)e' = tf 
l bof 


¢; = (tanhr;)e™, é; = rel. 


Such a product theorem is useful in analyzing the effect of several down- 


converters in a cascade arrangement as in the context of SU(1,1) 
interferometers. 


3.9 Solve the eigenvalue problem 


l 


J/(1 + ata)(1 + bth) 


(ala — b'b)|Wyg) = q|WVag), 


ab| V3.4) = A|Wag), 


where q is an integer. Show that, in the limit, q — 0, |'¥),) is identical to 
the two-mode squeezed vacuum (for details see [44]). 
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Non-Gaussian nonclassical 
states 


Most nonclassical states that we discussed in Chapters 2 and 3 are Gaussian in 
the sense that the Wigner function for such states was Gaussian. The only 
exception to the Gaussian states is the n photon Fock state for which the 
Wigner function is non-Gaussian and negative for certain domains in the phase 
space. In this chapter we introduce many other classes of nonclassical states 
which typically are non-Gaussian. 


4.1 Schrodinger cat state and the cat paradox 


Schrédinger, in 1935, proposed a thought experiment which shows how 
quantum-mechanical description can be in contradiction to our everyday 
experience [1]. He considered a closed box containing a cat, which is a 
macroscopic object, and a radioactive atom. The box is also supposed to 
contain a vial of cyanide. When the radioactive atom has decayed, the cyanide 
is released and the cat dies. Let |e) and |g) be the excited and ground states of the 
radioactive atom and let t be the life time of the excited state |e). A consistent 
quantum-mechanical description of what happens in the box would require us 
to treat a macroscopic object like the cat as a quantum system. Clearly, after a 
time t/2 the combined state of atom and cat would be 


l 
atom—cat) = —~(|e)|live cat) + |g)|dead cat) ), (4.1) 


2 


which is an entangled state of a microscopic and a macroscopic system. Thus 
when we look there is a 50% probability of finding the cat dead or alive. This 
is clearly in contradiction to our everyday experience. This is called the cat 
paradox and has led to a lively debate over the years about the completeness of 
quantum mechanics in the description of reality [2]. 

The quantum optics community has taken a great interest in these issues 
because the coherent states describe naturally the states of macroscopic 
systems if the excitation amplitude is large. We need to consider the possibility 
of superpositions of such states. Mathematically speaking, we are dealing with 
superpositions of Gaussian wavepackets and hence such superpositions are 
examples of non-Gaussian states. Generally in quantum mechanics we use the 
states of a Hamiltonian to construct the superposition of states. The coherent 
states and squeezed states are superpositions of harmonic oscillator states. 
However, the cat states are formed from a superposition [3—5] of two different 
coherent states 


jo). = N~'(|ao) + | — ao)), (4.2) 
where \/ is the normalization constant 


e{@olao)- = 1 = N~ ((avo| + e'? (—ao| )(|ao) + e?| —a)) 
N~ (2 + (aol — aoe"? +e? (—aolao)), (4.3) 


and therefore 


N= (2 + Qe 2laol? cos ¢ ) (4.4) 


The two parts of (4.2) are nonorthogonal ( @| — a) # 0. In order to understand 
the meaning of (4.2), we examine it in the quadrature space 


W(x) = (xlao). = NV! ((xlao) + e'? (x| — ao)), (4.5) 
which on using (1.65) and writing a = a becomes 


- ory 


W(x) = Net a4 [ew-tay + ele bore ate J (4.6) 
cy ae . . 
The quadrature distribution is then 

> Dc APT = -—xp)* —(x xo)? —( x2 : 
\Wo(x))? = Nw? le Oxo" 4 e@ OPO)” 4 2e—& 0) cos(y — 2vox)] (4.7) 


This is a superposition of two Gaussian wavepackets located at +x) and an 


interference term whose oscillatory character depends on the imaginary part of 
Q . The magnitude of the interference term depends on the real part of a. We 


display the behavior of the quadrature distribution (4.7) in Figure 4.1 for @ = 0. 
There is no interference for yy = 0. However, in this case a well-defined 


interference appears in a complementary space, i.e. in the quadrature space y. 
Following the procedure that led to (4.7), it can be shown that for yp = 0 


mele = IN eI + cos(g + 2xgy)]. (4.8) 


The quadrature distribution |¥.(y)|? shows modulations as a function of y if xp 
# 0. This is shown in Figure 4.2. 
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The quadrature distribution |W,(x)|* as a function of x for @ 
= 0, Xp = 1.5, and yp = O (dashed), 10 (solid). 
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The quadrature distribution |Y.(y)|? as a function of y for @ 
= 0, Xp = 3, and yo = O. 


This simple exercise suggests that if interferences are lost in one space, then 
they can be seen in the complementary space [6]. This is a consequence of the 
Heisenberg uncertainty relation for the quadratures x and y. This also suggests 
that we need a formulation where the totality of the interference effects can be 
seen. This is where the Wigner function is useful because it displays the totality 
of interferences (Eq. (4.15)). Interferences in complementary spaces were first 
seen in neutron interferometry [7], where the neutron flux after the 
interferometer can be measured either in coordinate space or in momentum 
space. In Chapter 8, we will give another example of interferences in 
complementary spaces involving the time domain and spectral measurements. 

We next examine the nonclassical properties of (4.1). The P-function for the 
state (4.2) does not exist. The Q-function is easily calculated to be 


O(a) = |(«lao).|? = 4N~2e—lel’—le0P | cosh (a*ay — iy, (4.9) 
2 


The Q-function has zeroes in the complex a plane. In order to see this, let us set 
Q, real, a* = —ilm{qa}. Then the zeroes are given by 


cos (colm{ar} + =) = 0, (4.10) 


which lie on the imaginary a axis. Hence the state (4.2) has nonclassical 
properties since the zeroes in the Q-function signify the nonclassical nature of 
the underlying state [8]. 

The Wigner function for the state (4.2) can take negative values. The 
calculation of the Wigner function is complicated as the density matrix 
associated with (4.2) is 


Pe = N-*( |org) (exo | 2 | — a) (—avo| oa |x) {—ap|e~” = | = ao) {agle'”). (4.11) 


The Wigner function for the first two terms is simple and is obtained from 
(1.101). Using (1.98) the contribution ;? of |a9) ( —a | to the Wigner function can 


be obtained as follows: 
l 4. f * + 
= = | © A(—aolD (Blade meee 
| > * 2 * * 
= az | PB(-aolet"*e lary) 2IBP Bat + Bee (4.12) 
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where we used the normally ordered form of the displacement operator (see 
Table 1.1, Eq. (1)). The evaluation of the matrix element in (4.12) is 
straightforward if we use aly) = ala), (ala! = a (ao|; leading to 


| y y 2 * * 
i= — [ a? pe tet Ee. (4.13) 
| Sala 


The integral can be done using (1.86) with the result 


' —2lae|* 2aoa*—2agfor (4.14) 


Using now (1.101) and (4.14), the Wigner function for the cat state is 


yA r—2 


W(a) = {exp(—2|a — ao|”) + exp(—2|a + ao") 


+ 2e2lel’ cos[y + 4I[m{aja}]}. (4.15) 


We show the behavior of the Wigner function in Figures 4.3 and 4.4 for 9 = 0, 
mt. We also show the contours of the Wigner functions. The noteworthy features 
are (i) the negativity of the Wigner function, and (ii) the oscillatory character 
arising from the interference due to the superposition of two coherent states. 
The oscillations occur in the region around |a| ~ 0 as then the coefficient of the 
cosine term in (4.15) is close to unity. 

We can now characterize the nonclassicality of the cat state in terms of sub- 
Poissonian statistics and squeezing. We note the unusual property of the cat 
state 


a” |ay). = lao), (4.16) 


and therefore 


(aa*) =|ao\*, (a*) = a@. (4.17) 
The mean number of photons is 
(ata) = 2\ao|2(1 — e 2!" cos p)N~. (4.18) 
The Mandel Q,, parameter is found to be 
Om = ne = 4lao|? cos g e271 — cos? pe 4l") 
< 0 if cosy < 0. (4.19) 


The cat states have sub-Poissonian statistics if the relative phase in the coherent 
superposition lies between = and 3m 

The squeezing parameter is more complex due to the number of phase 
angles. The mean amplitude of a is 


(a) 


N~ao( {ao| + e?(—ao| )(jag) — el? | — a@)) 


= —2N~apie2%F sin pg #0 if gy #7. (4.20) 


All the quantities needed for the evaluation of the squeezing parameter are 
given by (4.17), (4.18), and (4.20). For real a, a simple algebraic calculation 


yields 


, |ar|? 
8 3) 


= [cos 26(1+e7Zll" cos y)*+ | —eAleol” 4 cos? 6 sin? y ew leol” | 
( | teZleol cos gp \- 


(4.21) 


For fixed |ao|, the behavior of Sg is shown in Figure 4.5. This figure shows the 
regions where the cat state has squeezing. 
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The Wigner function W,(a) for the cat state for a) = 2, @ = 
0. 
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The Wigner function W,(a) for the cat state for ag = 2, @ = 


The cat states have been realized experimentally for several Bosonic 
systems, using (a) Rydberg atoms in high-quality dispersive cavities [9], and 
(b) ion traps where motional degrees of freedom are prepared in cat states 
[10]. The observation of the cat states is rather indirect as one studies 
experimentally the population of the atomic states or electronic states of the 
ion. Here the observed quantity is directly the norm of the cat state. Consider a 
slightly more general state (4.2) 


lao). = N—!(lage'”) + el? |ape")), (4.22) 
then the norm of the state is 
N? = 24 2¢77laol sit? Cos(jao|” sin 26 — 9). (4.23) 


One has interference fringes as a function of . The visibility of these fringes 
is given by the factor e *|@)|* sin?0, which goes down as 6 increases. Note that 
the visibility is just the distance |( a e'|a,e')| between the two coherent states | 
ae") and |a e) in the superposition. The interference effects go down as the 
distance between the two coherent states increases. 
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The squeezing parameter S(8) as a function of @ for |a| = 


0.3 and @ = 0. 


A direct observation [11-13] of cat-like states has also been made by the 
technique of photon subtraction using the states produced by a down-converter 
— this is discussed in Section 4.6. Finally, an important question is: what is the 
life time of the coherent superposition as the systems generally interact with 
the environment? This subject is treated in Section 10.7. 


4.2 Photon-added and -subtracted states 


A number of new states can be produced by the process of addition or 
subtraction of photons. This is also the route to non-Gaussian states from 
Gaussian states. Furthermore, the process of addition/subtraction changes the 
quantum statistics of the fields. We could then inquire if it is possible to 
produce nonclassical fields starting from classical fields. We will show that the 
process of subtraction can not make a classical field nonclassical. Let p be the 
density matrix of a given field. If we subtract one photon, then the state 
becomes 


p= apa' /Tr(apa' ) —— apa' /(a‘a), (4.24) 


where all averages with respect to original p are denoted by ( ). Furthermore, 
we denote all averages w.r. p‘) by ( ),. Let us find the P-function for the state 
p‘), Using (4.24) and the property of coherent states a|a) = ala) we obtain 


p® = | Prla}*la) (a\ePa/ (aa) _ [ P.(a)ja) (ere? (4.25) 


where 
P.(a) = |a|?P(a)/{a‘a). (4.26) 


From (4.26) we conclude that if P(a) is classical, then P,(a) can not be 
nonclassical. Thus P,(a) can exhibit nonclassical properties only if the original 
P(q) is nonclassical. 

Let us now consider the process of addition of photons [14]. This is expected 
to produce nonclassical states out of classical states. Consider the vacuum state. 
Addition of one photon produces the state |1), which is highly nonclassical. 
More generally, we examine the properties of the photon-added state 


p? = a' pa/Tr(a' pa) = a' pa/(aa'). (4.27) 
The Q-function associated with (4.27) is 
QO (a) = (ala! pala) /{aa') = |a|’O(@)/ (aa). (4.28) 


The function Q™(a) can have a zero even if Q(a) did not have any zero, which 
leads to the conclusion that p can be nonclassical even if p were classical. Let 
us then evaluate the P-function for the state p 


p= | Pr@)a'\a)(alada/ (aa) (4.29) 


To simplify (4.29) we use the expansion of coherent states in terms of Fock 
States 


an =m 
ite) (ala = Ye? ain) (m| 
a'la\lala e a'|n){mla 
2 vn! m! 
—jaj2 "(a + 1) ln + 1) (m+ ll cies 
= e —___—. —$__—. 
= J/(n +1)! J/(m+1)! 
qt! m+ 
(a*) 
— ol n+1)(m+1 
Jdada* eae L)!Qm+ nil” A | 
a? 2 
— mae la) {]. va 


On substituting (4.30) in (4.29) and on integration by parts we get 


PO (a) = ela? Seda" P(a)e—F /(aaly. (4.31) 


This is an important relation and shows how the state p) can be nonclassical 
even if p were classical. 


4.3 Single-photon-added coherent and 
thermal states 


Consider two important cases where nonclassical states can be obtained from 
well-known classical states. We examine the photon-added coherent state 
defined by [14] 


p\ =a! |ao)(aola/(1 + aol”) (4.32) 
and the photon-added thermal state defined by [15] 
ie = ate Bhodag /Typ(e—Bhoala gat), (4.33) 


Note that in the limit a — 0, (4.32) goes over to the highly nonclassical 
single-photon state. For large a@, the addition of a single photon is expected to 


be insignificant. The state (4.32) is thus remarkable in the sense that it can 
allow us to study quantum to classical transition by changing the value of a. 


The nonclassical properties are reflected in the P-function for the states (4.32) 
and (4.33). Using (4.31) and 


7 | 2 yz 
P.(a) = 56“ (a — ao), Pr(a) = ge, (4.34) 
aT] 
we get the P-function for the single-photon-added states 


prer(a) = eb 9 50)(a — ao /(1 + la?) (4.35) 
tC if 


PX? (ae = c al? — a Pro (4.36) 


showing that 


ns ' n 
Px? (a) < 0), if la|~ < (n) 


* . (4.37) 
1 + (n) ae 


The P-function associated with the single-photon-added thermal state a can 
be negative. The negative region depends on the average number of photons in 
the thermal field. Here we perhaps have the unique case where Pe ” exists but is 
negative. Most known cases of nonclassical P involve P- ne which do 
not even exist. 

Since the P-function for the photon-added coherent state is singular, it is 
advantageous to study its nonclassical properties in terms of the Wigner 
function. To do this it is useful to find the relationship between the Wigner 


functions for p™ and p. Using the definition (1.98), the Wigner function for 
p will be 


W (a) = dB Tr[ paD(B)a']e—P""-F™ / (aal), (4.38) 


To simplify (4.38) we write D(G6) in antinormally ordered form 


(aD(p ya‘) — ex lBP (ae— Bra bal a‘) 


— otleP__2 _(g-Pragpaty 
ae 
—eslFF 3° D zIBP 439 
e2 aBO(—B*) —__ —{ Dp ))e 2", (4.39) 
Substituting in (4.38) and integration by parts leads to 
é ] 1 2 ie | 2 
7 (a) aay 2 —+|B| AB —pat+Bta py t 7 
VW (q@) = = | B(D(B )je - apa(—B*) - /(aa ts (4.40) 
which is easily shown to be equivalent to 
l a) l a 
Ww ( a ( _ 530) W 4.4] 
7. (aa‘) (« 2 =) ary. io). 


This is the desired relation between the Wigner functions of p™ and p. After 
carrying out the necessary differentiations we can obtain W® for both single- 
photon-added coherents and thermal states. The final results are: 


| 1 d l a 9 . 
I. W® (a) = —— ( a =) ( ni ) F a 2le—atol? 
e () (aa) _ 2 da ia re Pe 


§ 
= ———___ [4Ja? — 2(a* =] 2] ela-ael* (4.42 
(1 + |ao|?) a seiaallhins + leo) Je 

which is negative for 


4|a|? — 2(a*ay + aa) — 1 + Jal? < 0. (4.43) 


II. Wy (a) = G —_ a3) (« — 550) — ea leP/(n)+3) 
(aa') 2da/ \ 2 da* } m((n) +5) 


= | lel’ Ge =| a. (4.44) 
7 2 m((n) + 5)? ‘ 


which is also negative for 


> . 2(n)+1 


a 4.45 
"= A4({n) + 1) ' 


|x| 
This analysis has shown that both single-photon-added coherent and thermal 
states are nonclassical. The negative regions can be explored by tomographic 
reconstruction of the Wigner function. The quadrature distribution for the 
single-photon-added coherent state can be evaluated as follows: 


————— ae a — 
Yeo (x) = (xlalla)/V1 + Jal? = = (x “ —) W.(x)/V1 + la, (4.46) 


where we have used the representation of a’ in terms of the quadrature x. Using 
(1.65) the expression (4.46) reduces to 


enaglilin 


l 
W(x) = Baa (x); (4.47) 


and hence 


i¢4 


xX- =: 


2 
[WO Pr = - exp -|x-e +e") | (4.48) 


“T+ le) V2 
This has a zero at * = Wy if a is real. The behavior of |W‘) (x)|* is shown in 
Figure 4.6 and the distribution is non-Gaussian. 
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The non-Gaussian quadrature distribution |W, (x)|? as a 
function of x for real a = 1. 


4.4 Squeezing and sub-Poissonian properties 
of single-photon-added states 


So far we have considered the nonclassicality of the state obtained by the 
addition of a photon using various phase-space distributions P(a), Q(a@), and 
W(q). In order to have direct access to nonclassicality one can evaluate the 
Mandel Qn, and the squeezing parameter Sp. 


The photon-added thermal state has a P-function that depends on the 
modulus of |a| and hence Sg can not be negative. For the photon-added coherent 


state, the relevant expectation values can be computed by the repeated use of [a, 
a']=1 
(a) = (aolaaa' |e) /(1 + lool?) 
= ay (2 + |ao|”)/(1 + Jeol"), (4.49) 
(a*) = (aplaa*a' lao) /(1 + lao?) 
= 015 (3 + Joro|?)/(1 + leol?), (4.50) 
(ala) = (aolaa' aa‘ |ao) /(1 + lao |") 


(lao|* + 3Jao|? + 1)/(1 + Jao]’). (4.51) 


Hence the parameter Sp defined by (2.7) becomes 


| 


Sa = a 4. ie “eee 
. (1 + |aol|-)- 


e”, (4.52) 


[1 — aol? cos(20+29)]; ao = lao 
The single-photon-added coherent state has squeezing if |a | and phases are 
such that 

|ao|? cos(26 + 2g) > |. (4.53) 


Next we calculate the Mandel Q),, parameter to check if the photon-added 


states can possess sub-Poissonian statistics. A useful relation obtained again by 
the use of the commutation relations is 


aa a?al = aa + Sala? + 4ala, (4.54) 
which leads to 
(a'?a*)™ = (aplaa'*a*a' |ag) /(1 + |aol*) 
= |aol? (lao? + Sjaol? +.4)/(1 + laol?). (4.55) 
Using (4.51) and (4.55), calculation of Qy, (defined by (2.2)) is 


straightforward 
Om = —(2|ao|* + 2|ao|* + 1)/[C. + lao|*) (Jeol? + 3]aol? + 1)). (4.56) 


Hence there is a range of |a | where the single-photon-added coherent state can 


have sub-Poissonian statistics. Figure 4.7 shows the squeezing and sub- 
Poissonian properties of the single-photon-added coherent state. 
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The squeezing parameter Sg, (dotted) for 8 + @ = 0 and 
Mandel Q,, parameter (solid) as a function of |ao|. 


The single-photon-added thermal state is found to have sub-Poissonian 
Statistics. From (4.54) and using the property of the thermal state 


(aa") = nin", (4.57) 
we obtain 
(al??a*)) = (aa + Sala + 4ala)/(aa') 
= (6n° + 10m + 4n)/(1 +2), (4.58) 
(a'a)\? = (aa‘aa')/(1 +i) 
= (2n* +37 +1)/(1 +2), (4.59) 


and therefore the single-photon-added thermal state is sub-Poissonian if 


2n* —1 | 


Om = ——— < 9, 1.e. if n< (4.60) 
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Heralded generation of single-photon states of the signal. 
At the input port both signal and idler are in the vacuum 
state. 
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The single-photon-added coherent state is generated by 
replacing the vacuum port of the signal by a coherent state. 


4.5 Experimental realization of photon-added 
nonclassical non-Gaussian states 


In Section 3.5 we discussed the production of single-photon states by using the 
process of parametric down-conversion. Furthermore, we have the standard 
methods of generating coherent and thermal states. A combination of these two 
techniques would yield the single-photon-added coherent and thermal states 
[16-18]. We depict this diagramatically in Figures 4.8—4.10. 

In order to justify the generation of single-photon-added states, consider the 
unitary evolution operator (3.56), which to first order in the interaction can be 
written as 


: if. — - 
Sé)=1- zihgle'ta'' —e ab). (4.61) 
L 
The joint state of signal and idler can be written if their initial state is |W, 0) 


Wo (t), Ya(t)) = |W, 0) + gtel’al|W,)|1,). (4.62) 


Here we keep the input state of the signal as arbitrary whereas the idler port is 
taken in the vacuum state. The detection of one photon at the idler port would 
lead to a conditional state of the signal as 


|Wo(t)) ~ ete’ a'|W,), (4.63) 
which on normalization can be written as 
p= a' pa/Tr(a' pa), p =|V,)(,I. (4.64) 


Choosing |¥,) as a coherent (thermal) state results in the production of the 


single-photon-added coherent (thermal) state. It should be borne in mind that 
for a thermal state, p in (4.64) is to be replaced by the mixed state. 


Coherent beam 
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The single-photon-added thermal state is generated by 
replacing the vacuum of the signal by a thermal state. A 
thermal state is usually generated from a coherent beam by 
the use of a ground glass plate marked as G. 


4.6 Single-photon-subtracted states 


We saw earlier that the process of subtraction on a classical state can not 
produce nonclassical states. However, the process of subtraction on a 
nonclassical state can produce a very interesting nonclassical state [11—13, 
19-21]. Consider the squeezed state defined by the equation 


,* 


|&) = S(E)|0) = exp (S2" ns @) (0). (4.65) 


Let us define the single-photon-subtracted state by 


[E) = al&)/\/ (Elaialé) = al&)/ sinhr. (4.66) 


The state (4.66) can be rewritten by using the properties (2.24) of the unitary 
squeezing transformation 


al&) = aS(&)|0) = S(E)S"(§ )aS(§)|0) 
S(E \la coshr + al sinhr elv )|0) 
= S(&)e'?|1) sinhr, Ah 


and hence 
J&) = e'” S(E)|1), (4.68) 


where the overall phase factor is unimportant. The state |€)) involves only 
Fock states with odd numbers of photons. This is clear from the expansion (Eq. 
(2.18)) of the squeezed vacuum 


oO 
. 9 ' 
(s) a l ing 4. An V (Zn): - 
ley’ = — e-* (tanhr) |2n) 

sinhr ./coshr . ni2" 
r= 

Le, ©] 

= ) C2n41|2n + 1), (4.69) 


n=0 
where 


e+)? (tanh r)"./Qn + 1)! 


ID) 
(cosh r)3/2n!2”" 


(4.70) 


C2n41 = 


The photon-number distribution clearly is 


(tanhr)?"(2n + 1)! 
Pm m2n+] (coshr)2 (n!)222" 
The photon-subtracted squeezed state has sub-Poissonian statistics for 
Squeezing parameter r less than an upper bound. An elementary calculation 
using (4.71) shows that 
42 3 tanh? (3 + 2 tanh? r) (ata) | + 2tanh?r 
a) SS a‘a) = ———— 


—— (4.72) 
(1 — tanh r)- 


| — tanh? r | 
We show a plot of the Mandel Q,, parameter in Figure 4.11 which also shows 
that Q,, becomes positive if r => 0.46. One thus finds that the single-photon- 


subtracted squeezed vacuum can exhibit sub-Poissonian statistics even though 
the original state does not have sub-Poissonian statistics [21]. 
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The Mandel Q,, parameter as a function of the squeezing 
parameter r, after [21]. 


We next demonstrate that the Wigner function for the state |€)) becomes 
negative in certain regions of the phase space. For this purpose it is useful to 
work with (4.68), which shows the connection to the Fock state |1). From this 
connection one would expect the Wigner function to be negative as the Fock 
state has a negative Wigner function. The density matrix for |£) is 


p = S(E)|I) (ISTE). (4.73) 


In Section 2.3.2 we proved the relation between the Wigner functions for the 
two density matrices related by the transformation (4.73). Using this relation 
and the Wigner function (1.107) for the single-photon Fock state we find 


2 ~ 12 
W (a) = —(4]a|* — 1)e 74 (4.74) 
TU 


@ = acoshr — e’aq* sinhr. (4.75) 


We show in Figure 4.12 the Wigner function for the state |é)). The new 
property is the negativity in the region given by 


C= 4la/* -—1 <0. (4.76) 


The regions of negativity are separately displayed in Figure 4.13. The 
squeezing property is clearly evident from the plots in Figures 4.12 and 4.13. 
The single-photon-subtracted squeezed vacuum has some similarities to the cat 
state (4.2) for small a [11-13, 19-21]. In order to see this we compare the 
Wigner function of the state |¢)) with the Wigner function of the state (|a) - | - 
a)). The similarities of the two can be seen. Finally, we note that the negativity 
of the Wigner function of the state |€)) survives on phase averaging, i.e. the 
State 


p= ae | EVO (E|d@ (4.77) 


fad 


has a negative Wigner function (Exercise 4.2). 


4.6.1 Realization of photon subtraction bya 
beam splitter 


Consider the scheme shown in Figure 4.14. The state |W) from which the 
photon is to be subtracted is incident on a beam splitter with very low 
reflectivity. The vacuum enters from the other part. We prove below that the 
detection of |1) photon at the port where |0) would be transmitted in the absence 
of the beam splitter would produce a photon-subtracted stat e a|?). To show this 
we recall that the action of a symmetric beam splitter on the input states is 


described by the unitary operator 


U = elf(alb+ab! ) (4.78) 
where sin? @ is the reflectivity of the beam splitter. The outgoing state would be 


|Was)our = ela!) Wy 0) 
|W)|0) + iO(alb + ab')|W)I0) 
= |W)|0) + i@a|W)I1), (4.79) 


Ile 


if the reflectivity is very small. The state of the a mode after detection of one 
photon at the b-port leads to the single-photon-subtracted state 


[Waour ~ al¥) = |W). (4.80) 


Ourjoumtsev et al. [11] (and also others [12, 13, 19]) produced the single- 
photon-subtracted squeezed vacuum by the down-conversion of frequency 
doubled laser pulses. They employed a beam splitter with about 10% 
reflectivity (9 ~ 5°) and the single photon was detected by APD (avlanche 
photo diode). Since the beam splitter reflectivity is small, the probability that 
two photons strike APD is very small. The detection at the APD heralds the 
generation of the state |¢)). The homodyne measurements on |é)) allowed one 
to do tomography and thereby obtain the Wigner function of |é). 
Ourjoumtsev et al. confirmed the generation of |€)) for several values of |€|. 
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TheWigner function W(a) for the single-photon-subtracted 
state with r= 0.6 and g = 0. 
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The parameter C as a function of the real and imaginary 
parts of aforr=0.6 and g = 0. 
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The scheme for realization of photon subtraction by a beam 
splitter. 


4.7 Single-photon-subtracted two-mode 
states with vortex structure 


Next we consider the generalization of the results of Section 4.6 to two modes. 
We can add or subtract a photon to the two-mode state. Let us start with the two- 
mode state of Section 3.1 and subtract a photon, say, from the idler mode. The 
resulting state would be 


|g) = Nbexp (Ea'b! — E*ab) |0, 0), N = (€|b'b|g) 7”? = 1/sinhr. (4.81) 


This state can be produced by starting from a nondegenerate down-conversion 
process and then subtracting a photon from the idler mode using the beam 
splitter method as outlined in Section 4.6.1. The process is displayed in Figure 
4.15. Using the Bogoliubov transformation (3.11), (4.81) simplifies to 


|) = N exp (Ea'b! — é*ab) (bcoshr +a sinh re’ )|0, 0) 
= exp (Ea'b! — —*ab) |1, Oe”. (4.82) 


The state has many nonclassical properties which arise from the presence of 
both Fock state |1) and the squeezing operator. Using (3.4), the expression 
(4.82) can be simplified to 


|é) = e” exp[—2(Incoshr)] exp (e” tanh ra’ b') |1, 0) 


eS nig 2 
= . yo e™? (tanh ry"J/n+ 1|n+1,n), (4.83) 
cosh* r oer 
= eal lE)/(coshr). (4.84) 


The state (4.83) has the property that the difference between the number of 
photons in the signal and idler modes is unity. The Wigner function for the 
state |€)) has negative values. The Wigner function can be obtained by using 
(3.25) and the Wigner function for the Fock state |1,0) 


4 sad aD a, | a | oa 
— (Alal" — 1) exp[—2(a@|° + |B|")], (4.85) 


a coshr —sinhr e? ( a ) = 
~ = p a 1.86 
e. —sinhr ew” coshr / \p* 


The negative region of the Wigner function is given by 


W (a, B) = 


where 


4|a cosh r — f* sinh rel? |? < 1. (4.87) 


The state (4.83) has an unusual property. It has the possibility of a vortex 
structure. The quadrature distribution ©(x,,x,) can be calculated using (4.84) 


and the representation of a‘ in terms of x, 


l d 
al = — (x. = —) (4.88) 


a Xa / 


e'? a 
WS) (x,,x,) = —— (x. _ a W(x... Xp), (4.89) 
/2 coshr OX, 


where Y(x,, X,) is the quadrature distribution (3.31) for the two-mode squeezed 
vacuum. On simplification (4.89) becomes 


1-0 2 | ? > 
ts) J/2e? (x, — nxp) 2xaxXen — (X +xZ)N7 I 
Ww (x,,2,) = a 


Pe ae )). 


”) wr F > 
cosh’ r(1 — 9?)3/22 1/2 Lif 


(4.90) 


For 7 = i|n| this has the structure of a vortex. The contours of constant |¥ “)(x,, 
x,)|* are shown in Figures 4.16 and 4.17. The vortex structure is clear. Details 


of a variety of states with vortex structure are given in [22]. For real n, the state 
is entangled and has the structure shown in Figure 4.18. Thus a variety of 
entangled states can be engineered by changing the parameter 7 or by changing 
the phase of the pump field driving the down-converter. 
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The scheme for production of single-photon-subtracted two- 
mode states. 


We next consider quantitatively the entanglement in the vortex state by 
computing the log negativity parameter defined by [23, 24] 


E = log, (1 +2N), (4.91) 


where Vv is the modulus of the sum of all the negative eigenvalues associated 
with the partial transpose [25, 26] p?" of the density matrix |€) € |. From Eq. 
(4.83), the partial transpose is 


p= Y= nmin +1,m)(m+ 1, njel—-™?, (4.92) 
nym 
c, = (tanhr)"V/1 +n/ cosh? r: (4.93) 


The diagonal elements in (4.92) are all positive. The terms n # m in (4.92) have 
the form 


al(m—n)p 
e am 


ln + 1,m)(m + 1, njel"—™? + [m+ 1, n)(n +1, m 


which can be written in diagonal form as 


] aes — 
=(e"|n + 1, m) +e"? |m + 1, n)) 


~ 


x (eM? (n + 1,m| +e"? (m + 1, |) 


= — 
_ = (er? |n +1,m)—e”"?|m+ 1,n)) 


x (e'"?(n + 1, m| — 2"? (m + 1, n]). (4.94) 
Thus all the negative eigenvalues are —c,c,, and hence the log negativity 
parameter (4.19) becomes 


log, 1+ ) ClG- 


nm 


2 
. ? - 
= log, (x ) , since > =I. (4.95) 


or . n 


The sum in (4.95) can be evaluated numerically. A similar calculation for the 


two-mode squeezed vacuum (where the corresponding c’’ are given by (tanh 


r)"/cosh r) gives the result log,(e?"). Thus entanglement in the vortex state can 


be compared with that in the state |¢) by studying the ratio 


f= (Sse) | (4.96) 


This ratio is shown in Figure 4.19 over a range of values of the parameter r. It 
is to be noted that & . | and hence in a sense the vortex state |€)) is more 
entangled than the two-mode squeezed vacuum |€). 
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(a) The intensity | )(x,, x,)|? and (b) the phase of W )(x,, 
Xp) for r= 1 and n=itanhr, after [22]. 


=) The contour of |W ©)(x,, x,)|* as a function of x, and x, for r 
= 1 andn =itanhr, after [22]. 


|W S)qx,, x,)|? as a function of x, and x, for r= 1 and n= 
tanh r. 


4.8 Pair-coherent states 


A different class of two-mode nonclassical non-Gaussian states are the pair- 
coherent states. The non-Gaussian states in the previous sections were obtained 
by addition and subtraction of photons on Gaussian states. The pair-coherent 
states (PCS in short) are produced by a different mechanism. These states are 
defined by the eigenvalue problem [27—29 ] 


ab|f) = ¢|¢), (4.97) 
(ala —b'b)|c) = gC). (4.98) 


Thus simultaneous eigenstates of the annihilation operators a and b are subject 
to the condition (4.98). The condition (4.98) says that the difference in the 
number of photons in the two modes is fixed. The symmetric case would 
correspond to q = 0. In most situations this would be most relevant and hence 
we concentrate on this case. The possible physical mechanisms leading to the 
production of such states are discussed in [27, 30, 31]. Because of the 
constraint (4.98), the PCS are not products of the coherent states that we 
discussed in Chapter 1). In view of (4.98), the PCS can be written in terms of 
the Fock states as 


oo 


Ye 3. C,|n, n). (4.99) 


n=U 


The coefficients can be obtained by using (4.97): 


oo 
ab|t) = Yo enn|n —I,n-—l)=¢ Yo enln, n), (4.100) 


a0 
and hence 
a 
CCy = Capi (+ Ly eal (4.101) 


The coefficient cy is determined by the normalization condition 


; ra 2n 
Me len? = I, 1.e. leo” > S a y2 : (4.102) 
nn 


which can be written in terms of the modified Bessel function 


oO y 
(z*/4)" —1/2 4 
In(z) = >> ane co = [fo Q2|¢|) 7". (4.103) 


nO 


The final expression for PCS is 


Le, 3) n 


lc) =e Yn (4.104) 


n=U 


The structure of (4.104) is similar to that of the two-mode squeezed vacuum 
(Eq. (3.6)). However, the presence of the factor 1/n! gives the state |¢) some 
nonclassical properties, such as sub-Poissonian statistics. The probability of 
finding n photons in either a or b mode is 


1g)?" 
(n! a 


Pn = ce (4.105) 


The mean number of photons is 


nie? a 
(ata) =ni= oy > = % 2a aii) (4.106) 


ni(n— 1)! 


The second-order moment can be obtained using (4.97) and (4.98): 
(a!?a’*) = (alaa‘a) — (a‘a) 
= ((a'a— b'b)ala) + (blatba) — (ala), (4.107) 
= |g) —a. (4.108) 


The very first term in (4.107) is zero due to (4.98), the second term gives ||? 
due to (4.97). On combining (4.106) and (4.108) we obtain the Mandel Qn, 


parameter 
Om = |¢\?/n —1—7. (4.109) 


A plot of Qy as a function of |¢] is shown in Figure 4.20. We can prove 
analytically that Q,,; < 0. We use the operator inequality 


|(AB)|* < (AAT) (BTB). (4.110) 
Choosing A =a, B= b, 


|(ab)|? < (aa')(b'b), (4.111) 
and hence 
(a+ 1)a > le, (4.112) 
which leads to the sub-Poissonian property of the PCS, i.e. Qy, < 0. 
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The ratio ¢, which gives the entanglement in the vortex 
state relative to the entanglement in the two-mode squeezed 
vacuum, as a function of r, after [22]. 


In Section 3.4 we introduced the violation of the Cauchy-Schwarz inequality 
as a measure of nonclassicality. The negative values of I (Eq. (3.35)) imply 
nonclassicality. In view of the eigenvalue problem (4.97), (4.98) it is seen that 


T= -—n/\c’. (4.113) 


The violation of the CS inequality is shown in Figure 4.20. The violation of the 
CS inequality can be seen in the two-photon interference experiment as 
explained in Chapter 5. 
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The Mandel Q,, parameter (solid) and the parameter / 
(dotted) as a function of | ¢ |. 
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The entanglement in the pair coherent state as given by the 
logarithmic negativity parameter E ,- (¢) as a function of | ¢ |. 


The PCS has strong entanglement between the two modes. This should be 
evident from the form (4.104) as this is the Schmidt form. We derived a 
general formula characterizing entanglement in Section 3.7. This is given by 
(3.51), ie. the logarithmic negativity parameter is 


| fa n 
En (¢ )= 2 log, (« oF gr 


n 


= 2 log, co + 2 log, el. (4.114) 


The behavior of (4.114) is shown in Figure 4.21. The increase with | ¢ | is 
expected in view of (4.104), as then more and more states in (4.104) become 
important. 


Exercises 


4.1 Show that the single-photon-added squeezed vacuum state is identical to the 
single-photon-subtracted squeezed state, i.e. show that a‘ | €) and a | €) 
differ only by trivial scaling factors. 


4.2 Show that the Wigner function of the state (4.77) is given by 


exp[—2]a@|? cosh 2r][ (4|a@|* cosh 27 — 1)Jp(2|a|? sinh 2) 


a) 


W (a) = 


— 4a)? sinh 2r J) (2|a|? sinh 2r)], 


where J, and I,(z) are the modified Bessel functions 
. zcos 0 \P 
I, (z) = — e (cos8)? dé. 
wT Jo 


Confirm the negativity by plotting #7 (a) [21]. 

4.3 Conditional generation of the state f|0) + g\1) with | f | ~ | g |. The method 
used for the generation of the single-photon-added coherent state can be 
used to generate the superposition f|0) + g|1). One should now use the 
initial state where the idler is in a weak coherent state |), |b] < 1, and the 
signal is in a vacuum State. Prove this using Eq. (3.2). Display the two 
processes that lead to one photon at the idler port. Such a generation was 
successfully demonstrated in [32] (see also for an alternate procedure 


[33]). 


4.4 Show that the solution to the eigenvalue problem (4.97) and (4.98) for 
nonzero q is given by 


- it 


4 
GC) =c, ————|n +.g,7), 
| ) Ls Tai | 
eg = (Ie 2D, 
where I,(z) is the modified Bessel function of order q. 


4.5 Show that the pair-coherent states can also have quadrature squeezing. 
Construct the quadrature (cf. Eq. (3.17)) d = (be? + ate? + H.c.)/2, then 
obtain Sp =(: d* :)- ( d)*. Find the range of 6, ¢ for which Sp < 0. 


4.6 The purpose of this exercise is to test nonclassicality using the parameter 


Az (Eq. (2.61)) when the parameters Qy and Sg fail. Calculate the 
nonclassicality parameter A; for the photon-added thermal state (Eq. 
(4.32)) as a function of 7. Show that there is a region where A; continues 
to be negative even when Q,, becomes positive. 


4.7 Repeat Exercise 4.6 for a cat state ~|ae'’*) + |ae) with a = 3. Find A, and 
Qy as a function of 6. Show that there are regions where Qj, is positive 
and A; is negative. 


4.8 Find the evolution of the coherent state under a nonlinear Hamiltonian 
H = gha'a’, i.e. find e~'#*"* |w). Show that at a time given by gt = 1/2, 
the evolved coherent state is a cat state of the form 


7 4 


C4 lac?) 4 ¢_ lage"? a 


Find c, and c_ [3]. 
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Optical interferometry with 


single photons and 
nonclassical light 


Having discussed in the previous chapters many different aspects of single 
photons and nonclassical light, we are now ready to discuss interferometry 
with single photons. We first discuss traditional interferometers and their 
performance if classical light beams are replaced by quantum fields. 

The earliest interferometer is the Young’s double slit interferometer. 
Young’s work on interference confirmed the wave nature of light and was a 
turning point in optics. A complete description of Young’s double slit is more 
complicated as it involves the propagation of wavefronts through the slits and 
hence we will take it up in Chapter 8. Michelson designed an interferometer 
which he very successfully used in measurements of spectral lines and the 
diameter of stars. However, in this chapter we focus on the Mach—Zehnder and 
Sagnac interferometers which are currently used extensively. We note that all 
interferometers use the interference between light beams arising from at least 
two paths. In what follows we assume that the beams arising from the two paths 
are coherent with respect to each other. This would be the case if the path 
difference was short compared to the coherence length of the light sources at 
the input ports of the interferometer. In Chapter 8, we will consider more 
general cases, which will allow us to relax this assumption somewhat. 

All optical interferometers use optical devices such as beam splitters, 
mirrors, and phase shifters. The action of all such optical devices is very well 
understood for classical beams of light. Therefore, before we discuss 
interferometers, we must first understand how nonclassical beams of light 
behave with different types of optical devices [1—4]; in particular, how the 
optical devices transform the photon statistics of the incoming beams of light. 


5.1 Transformation of quantized light fields at 
beam splitters 


Consider first a classical beam of light with amplitude E. Upon incidence on a 
beam splitter the transmitted and reflected beams are clearly given by 


E,= hE, By = PL, (5:1) 


where r, and t, are, respectively, the reflection and transmission amplitudes, as 


shown in Figure 5.1. In quantum theory the field amplitudes are replaced by 
Heisenberg operators E = a, E, = c, E, — d, then 


a) 


d= 7, a; c=f,a. (5.2) 
Clearly (5.2) does not satisfy the commutation relation [a, a'] = [d, d‘] = 1. 
Hence we need to modify this simple description. In quantum theory vacuum 
fields are always present. Hence even if no field is sent from the other port of 
the beam splitter, the vacuum field enters from this port. Thus in quantum 
theory we need to have the description shown in Figure 5.2, where r,, t; are the 


reflection and transmission amplitudes from the two sides of the beam splitter. 


The beam splitter’s action on a classical field. 


The beam splitter in quantum theory. 


The Heisenberg operators c and d of the output fields are related to the 
Heisenberg operators of the input fields by 


) _ ( tr 9 (*) _u a | (5.3) 
d Nr hb b b 


The transformation matrix U has to be unitary to ensure the validity of the 
commutation relations 


le, oT] = td, d"] ee [c, d"] =, legit | =A), 


“os ; _e (5.4) 
if [a;.a']:— [6,6'] =, [a,b] = 6. 

The unitary requirement is equivalent to 

InP + Ini? = lb? + Irnl? = 1, tia +1} = 0. (3.2) 


These requirements are also equivalent to the conservation of energy at a 
lossless beam splitter. Assuming |t,| = |t5|, |r| = |ro|, the unitary matrix can be 


written as 


cos é@ el? | - 
: (5.6) 


U = 7 
—sinéde cos 6 


Clearly cos* @ (sin? 0) gives the transmissivity (reflectivity) of the beam 
splitter. For a symmetric beam splitter, t; = t), r; =1r2, we choose g = m1 / 2, then 


cos@ ising 7 
a (5:7) 
isin@ cosé 


Lvl 4 ; paeees ; _ 
—> =. for a 50-50 beam splitter. (5.8) 


Note that other forms of U corresponding to g = 0 or 7 are also used in the 
literature. For a 100% mirror, we say that the phase of the field changes by 7. 
In this case the outgoing field d is —a. Using the transformation property (5.3), 
all the quantum statistical properties of the output fields can be calculated in 


terms of the properties of the input fields. 


5.2 Beam splitter transformation equivalent to 
evolution under a Hamiltonian 


Since the beam splitter transformation (5.3) is unitary, we expect that there 
must be an effective Hamiltonian description for it. In order to see this, we 
write (5.3) and (5.7) as 


c=a(@é)=acosé+ibsinég, 


— (5.9) 
d= h(@) = hcosé@ +iasiné. 
These equations are equivalent to the differential equations 
d d a 
—a(@) = ib(@), —h(@) = ia(@); a(O) =a, b(0) = b, (5.10) 
dé dé 


which are like Heisenberg equations for a and b with the evolution given by the 
effective Hamiltonian 


H = —h(a'h + ab"), (5.11) 
and the operators defined by 
a(@) = u'(@)au(@), b(@) = u'(0)bu(@), 
; (5.12) 
i d 1 
0) = exp|——6H), —a(@) = ——[a(@), H]. 
u(@) exp ( 7 ) hh ) rac ), 7] 


The effective Hamiltonian (5.11) is like a mode-mixing Hamiltonian, where the 
parameter 0 (the equivalent of time) is related to the reflectivity of the beam 
splitter. 


5.3 Transformation of states by the beam 
splitter 


Given the effective Hamiltonian description, it is easy to transform the state. 
Let p be the density operator of the input fields. It would be a function of a, b, 


a’, and b’. The output density operator can be obtained by using the standard 
rules of quantum mechanics 


Pout = U(A) pul (A) = p(uau', ubu') = p(a(—6), b(—8@)). (5.13) 


As an application of (5.13) we find how the coherent states are transformed by 
the beam splitters: 
lor, B)our = u(O)|a, B) = u(O)e™*— 2% +B 48" 1) 0) 

= exp [a'(—@)a — a(—6)a* + bi! (—0)B — b(—6) *] u()|0, 0) 

= exp|a'a(@) — aw*(@) + b' B(@) — bp*(@)] |0, 0) 

= |a(@), B(O)). (5.14) 
Here we used the property u(8)|0, 0) = |0, 0), and a(@), and B(8) are given by 


co - u(%). (5.15) 
B(@) B 


Thus the fields at the output ports are coherent. This is an important property 
of the beam splitter where coherent fields are transformed into coherent fields. 
The transformation of coherent amplitudes (5.15) is the same as in the classical 
case. Coherent fields at a beam splitter behave like classical fields. 


5.4 Transformation of photon number states 
by a beam splitter 


Consider next how fields in states with a fixed number of photons behave at a 
beam splitter. Let the input state be |n, m). The transformation laws for the state 
|n, m) can be obtained from (5.13) or more directly. We expect that the total 
number of photons would be conserved. This is clearly seen from (5.11), 
which yields 


aia + b'b = constant. (5.16) 


Hence we expect that the state |n, m) would go over to 


n+m 


|n, m) > pe, |[p,pn+m-— p). (5.17) 
p=0 


To derive the explicit form of f,, we proceed as in (5.14): 
7A jim 
Jnim! 
j —@)]" hi —@))™ 
_ Lah OTTO" 4 9 


J nim! 


(al cos6 + isin 6 b')"(b' cos@ + isin@ al)” 


Jnim! 


0, 0) 


[n, m)out = u(O)|n, m) = u(@) 


10, 0). (5.18) 


A binomial expansion yields 
n\ (m (q+q)!(n+m—q-—q')! 
[n, M) out = > ( yC) ——e— 
“\qa/ \q nim! 
4.4 
x (cos9)"*4-4 (i sin@)"-7*7 |g +. q',n+m— q—q), (5.19) 
which has precisely the form (5.17) with 


n m , R 
n\(m\ |(q+q)!u+m—q-q)! 
fo = DD pate (") ( ) ———— i 


nae! 
¢ 
q=0 q’=0 / 


x (cos 0)"*9-4 (isin@)" 7° . (5.20) 


The formula (5.19) can be used to understand the behavior of single photons at 
a beam splitter. As mentioned earlier, all interferometers with single photons 


use beam splitters and thus it is important to understand how single photons 
behave at beam splitters. 
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The two paths when single photons enter the port a, and no 
light enters from the port b. 


5.5 Single photons at beam splitters 


Let us consider the simplest case when no light enters from the port b and 
single photons enter the port a. The input state is |1, 0). The output state is then 
(cf. Eq. (5.18)) 


11, O)our = cos @]1,0) + isin @|0, 1). (5.21) 


A) 


The production of the output state (5.21) can be thought of as due to the two 
paths as displayed in Figure 5.3. The single photon can take two paths — it 
either gets transmitted or is reflected. The transmission (reflection) amplitude 
is cos @ (i sin 8). It should be borne in mind that the photon is an indivisible 
particle. The state (5.21) produced by a single photon on a beam splitter has the 
form of an entangled state; more precisely it is a path-entangled state. The 
entanglement is maximal for a 50-50 beam splitter (@ = 7/4). 


|0) |2) 


|1) 


|1) 
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Four elementary paths for two single photons with one 
photon incident from each side of the beam splitter. 


5.6 Pairs of single photons at beam splitters 


We next consider two single photons with one photon incident from each side 
of the beam splitter, ie. the input state is |1, 1). The output state is easily 
evaluated from (5.18): 


I], 1)out = (cos? @ — sin? @)|1, 1) + /2i sin @ cos @(|2, 0) + |0, 2)). (5.22) 


The state (5.22) results from the four elementary paths shown in Figure 5.4. 
The path (iii) involves two transmissions whereas the path (iv) involves two 
reflections. This leads to an amplitude (—sin* 0) for the path (iv). The minus 
sign comes from two reflections as each reflection gives a factor i. Hence 
there is a possibility of quantum interference between the paths (iii) and (iv). 
This interference is complete at a 50-50 beam splitter (0 = 7/4) when the state 
(5.22) reduces to 


. | — 
[, Vout = a 0) + |0, 2)). (5.23) 


The possibility of complete cancellation of the contribution from the paths (iii) 
and (iv) was first discovered by Hong, Ou, and Mandel [1] and is now known 
as Hong—Ou—Mandel interference. The state (5.23) is a maximally entangled 
state of two photons. The consequences and applications of this will be 
discussed later in this chapter. 
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The two pathways for the output state |N, N) that can lead 
to one photon at any of the output ports. 


5.7 Generalization of the Hong—Ou-Mandel 
interference to N photons from both ports of 
the beam splitter 


Let us now consider a more general case involving larger number of photons, 
ie. the input state |N, N). This is of interest in quantum metrology. For 
simplicity we first consider the case of a 50-50 beam splitter. Then from (5.18) 
the output state will be 
—_ (ai +ibty\ (bi +iatyY 
INV, Nout = vw 0) 
-N 


NIQN 


(ai? + bi?) 10, 0) 


-N N = 
r N - ; 
ww 2 (") ¥C2NEN 2p) AN ~2PI: (5.24) 


p= 0 


The result (5.24) has the very interesting property that one never finds an odd 
number of photons on any port. This is again due to quantum interference 
between different pathways. To illustrate this point, consider the possibility of 
finding one photon at one of the output ports and the remaining (2N — 1) 
photons at the other port. Two elementary paths as shown in Figure 5.5 
contribute to this possibility. 

The number of reflections involved in the path (i) is (N — 1) whereas in the 
path (ii) it is (N + 1). The relative phase would be (i)**! /(i)% 1 = i? = -1. 
Therefore the paths (i) and (ii) interfere destructively at a 50-50 beam splitter, 
leading to the nonappearance of one photon on one side and (2N — 1) photons 
on the other side. 


5.8 Transformation of a two-mode squeezed 
state by a 50-50 beam splitter 


We next consider the transformation of a two-mode squeezed state by a beam 
splitter. Such states are employed in interferometry and metrology. Consider 
the state (3.3) incident on a beam splitter. The output state will be 


lE) out = u(O) exp(Eatht — E*ab)|0, 0) 
= exp[éa'(—@)b' (—@) — &*a(—0@)b(—6)]|0, 0). (5,25) 
For 0=7/4, 
a'(—0)b'(—0) = (a' cos@ +isin@ b')(b' cos@ +isin@ a’) 
- x(a" + pl?), (5.26) 
and hence (5.25) reduces to 


| , 49 4 ' l : 14 > 2 
ee exp| (Ea + &*a° ] |0) exp) 5 (Eb + ev)| 10). (5.27) 


The output state is a product of two identical single-mode squeezed states. The 
beam splitter works like a disentangler for the two-mode squeezed state. One 
can similarly consider the transformation of single-mode squeezed states or 
even thermal squeezed states, although the results are more complicated [4]. 


5.9 Generation of two-mode entangled states 
by the interference of coherent fields and 
single photons 


As a final example we consider the possibility of generating more general 
entangled states. We have already seen how a single photon can produce a path- 
entangled state (5.21). Let us replace the vacuum on the port b by a coherent 
state |B) (Figure 5.6). Then the output state would be 


[1, B)our = u(A)I|1, B) 

u(@)a' D(B)\0, 0) 

a'(—0)u(@ \D(p ul (0 )|0, 0) 

a' (—@) exp[Bb'(—@) — B*b(A)]|0, 0) 

(a' cos@ +isin@ b') exp[B(b' cos@ + isin@ a‘) — c.c.]|0, 0) 


= (a' cos@ + isin@ b')|iB sin@, B cosé@) 
= cos@a'lif sin@, Bcos@) +isin@ b' lif sin@, B cosé@). (5.28) 


Thus at the output port we have a combination of photon-added coherent states 
where a photon is added either on the port a or on the port b. 

Beam splitters can be used to generate new types of heralded quantum states. 
Consider, for example, the state that can be produced after a single photon is 
detected at the output port c as shown in Figure 5.6. This can be obtained by 
taking the projection of (5.28) (1/1, B) 4. The generated state up to a 


normalization factor will be 
|W) ~ cos6|B cos@) — B sin? 6 b'|B cos). (5.29) 


If we now assume that the coherent state amplitude f and the transmission cos 0 
are small, then to lowest order in small quantities we get 


|W.) ~ (cos@|0) — BI1)). (5.30) 
We can obviously make 6 ~ cos @. In this case we have generated a coherent 


superposition of vacuum and one photon states. This was experimentally 
implemented by Lvovsky and Mlynek [5]. 
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Generation of the superposition of vacuum and one photon 
state by the interference of a field in a coherent state with 
single photons. 


5.10 Beam splitter as an attenuator 


The beam splitter can be considered as a model for the attenuation of light 
beams. For classical light beams the transmitted field is tE, where |¢| < 1. Thus 
if observation is made only on the transmitted beam, then the beam splitter is 
just an attenuator of the light beam. For the quantum case, we have seen that 
(3,15) 


a(@) cos @ e¥ sind \ (a 
—> — ° 5 3 
la, B) la(@), B(A)), (te) (os me  SauE ) (*): (5.31) 


More generally, if the input state is given by 

p= | P(a, B)\a, B)(a, B\d7ad’B, (5.32) 
then the output state will be 
Pout = | P(e, B)|a(@), B(A)) (w(9), B(A)|d° ad? B. (5.33) 


If there is no input from the port b, then 
P(a, B) = P(a)d (B), (5.34) 
and then (5.33) reduces to 


Pout = | P(a)| cos@ a, —sin@ e—¥a)(cos@ a, — sind e"ald7a. (5.35) 


The reduced state p™ of mode a is obtained by tracing over mode b leading to 


Ban = | P(a)|a cos 6) (a cos @|d7a, (5.36) 
and therefore the P-function of the field at the transmitted port is 
a I 7 . 
PX) (@) = —>—P(a/ cos). (5.37) 
cos* 6 


From (5.36) the normally ordered correlations are related to the input via 


(a a") out —_ (cos A ya (av"a"). (3. 


to 
(oa) 
~~ 


Thus all the normally ordered moments of order (m, n) are attenuated by the 
factor (cos 0)™"". The beam splitter becomes a model of an attenuator if no 
observations are made on the reflected port. Mathematically this is the process 
of taking a trace over mode b. For an n-photon input state, the density matrix of 
the transmitted field can be obtained from (5.17) by setting m = 0 


pP® =) IAI Ip). (5.39) 


p=0 


where f,, can be obtained from (5.20) by setting m= 0, q' = 0, q =p, 


lf? = (") (cos? 4)" (sin? a)". (5.40) 
P, 

The transmitted field has a binomial distribution. Generally the transmitted 
field would be a mixed state even if the input state was a pure state. This is due 
to the loss of the reflected beam. In deriving (5.36)-(5.40) we assumed no 
input from the port b. A more general description of the attenuator can be 
obtained by replacing (5.34) by P(a) exp(-|B|*/n)/(mn) if some incoherent 
noise enters from the port b. 


5.11 Transformation of quantized light fields 
by phase shifters 


Consider next the action of a phase shifter. For classical light beams, the 
amplitude of the field changes by 
za (5.41) 


E — Ee 


For quantized fields, we can characterize the action of a phase shifter by the 
unitary operator 


Uy(Y) = exp(—ia'a@). (5.42) 
Clearly the operator a would transform as 
a— ul (y)aup(9) = ae”, (5.43) 
Any state of the field would transform as 
|Y) > up(e)|¥). (5.44) 
For example, a phase shifter would transform the coherent state as follows 
la) + u,(¢g)D(a@)|0) 
— up(y)D(a)ul,(~)up()|0) 
= exp (a'e~’a — ae'“a*) |0) 
= D(ae'”)|0) 
= |ae"”). (5.45) 


Thus the coherent state with amplitude a goes over to a coherent state with 
amplitude ae”. 
For a Fock state, the transformation is rather simple 


In) > up(~)|n) = eM? In). (5.46) 


Thus the n-photon state picks up the phase factor nq rather than @. This is very 
significant in quantum metrology and points to a definite advantage of using 
Fock states in quantum metrology. 

Finally, for a squeezed vacuum the phase shifter changes the direction of 
squeezing. For a single-mode squeezed vacuum 
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|§) = exp (= ql? — e ) (0) —> 
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Upy(P)|§) = exp (5 2 oa?) |0) = |e). (5.47) 
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Similarly for a two-mode squeezed vacuum, we obtain 
JE) > |e), (5.48) 


where @,, @ are respectively the phase shifts for modes a and b. 


5.12 The Mach-Zehnder interferometer 


One of the most versatile interferometers is the Mach—Zehnder interferometer 
shown in Figure 5.7. Here BS1 and BS2 are two 50-50 beam splitters, and M1 
and M2 are two 100% mirrors. We can detect an interference pattern either at 
the port 1 or at the port 2, i.e. we can detect the intensities with the detectors 1 
and 2. The detectors typically are avalanche photodiodes. Ideally one would 
need photon number resolving detectors and such detectors are beginning to 
become available and experiments have started appearing [6, 7]. We assume 
that, in one of the paths, there is an object which shifts the phase of the field in 
that arm. We can assume for simplicity that the path lengths of the two arms are 
same. Even if the path lengths are different, the difference can be absorbed in 
the phase q. If the interferometer is operated with classical light, then there is 
no input from the side b. In quantum interferometry, there could be an input 
from the side b as well. In any case we have to account for the vacuum entering 
from the port b. We will assume symmetric beam splitters. 


D, 


The Mach—Zehnder interferometer. 


It is simplest to discuss the working of the interferometer in terms of the 
transformations of the field operators. We would use the results obtained in 
Section 5.1. The operators immediately after BS1, i.e. at the points A and A’, are 
given by rie ee The mirrors M1 and M2 impart a phase shift of 7 so that 


b+ia peat a+ib 
{7 


' — ) h i ih 
the operators at B and B’ are — Ig seal G10 
Vv / 


—=, which become —e€ fs 
pa v2 


< Ve 
at the points C and C’. The beam splitter BS2 transforms these so that the output 
fields at D, and D, are given by 


Di) = 1 ( at+ib . ig) + 1a 
out ( 5 — Wp ie Wa | ; 


: l =" b+ia .at+ib 
bout(D2) = Wa (-: a = i). 


We have adopted the convention so that in the absence of beam splitters and o = 
0; Dout = —5, Agu = —a. It is easy to write these in terms of matrices 


Aout ] ] i l 0 e l 0 ] ( i ad - - 
a . =a (5.50) 
dout. J2Z\i lf \0 €*F Oo -l\i lyW 


~ 


(5.49) 


Given the output fields (5.49), one can calculate all the features in terms of the 
input fields. If the field b is in the vacuum state, then from output fields (5.49) it 
can be shown that 


(a) Gout) = sin? (a‘a), 


4 


(a‘a). 


(bbutPout) = is 


ro| Se M[S 


Thus the intensity patterns at both D, and D, show fringes as a function of @. 


The maxima at one detector coincide with the minima at another detector. The 
result (5.51) is the same as one finds in classical fields. Thus for no field from 
the port b, the results for intensities coincide for classical and quantum fields. 
The interferometer is said to be balanced if o = 0. 
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The interference pattern shows the Sagnac effect with 
visibility up to (99.2 + 0.4)%. Each point corresponds to the 
photon number count N, for a 300 ms integration, after [10]. 


Long before the advent of the theory of quantized fields, the question of 
whether interference could be obtained with very weak beams of light was 
being investigated. According to (5.51) interference will occur even if the 
average number (a‘a) is much smaller than unity. The earliest experiment was 
performed by Taylor [8] following a suggestion of Sir J. J. Thompson. Taylor 
observed the interference, although the exposure time was 2000 hours. A 
series of interference experiments at single-photon level were performed by 
Hariharan and coworkers [9]. 

In recent times several experiments with single photons have been carried 
out. For example, reference [10] uses the Sagnac interferometer [11, 12] in 
measurements. In these experiments one uses a heralded source of single 
photons — we have described such a source in Section 3.5. It is clear from 
(5.51) that one would get an interference pattern with single photons (a‘a) = 1. 
The experimental output would be as shown in Figure 5.8. Physically one 


would expect that if a click was registered by detector 1, then no click would be 
registered by detector 2 at the same time, i.e. the detectors 1 and 2 can not click 
simultaneously. This is confirmed by examining the quantity (a" j44 bY ouFouout 
). From (5.49), a simple algebra shows that 


49 4 
f= — 


T pI : ss 
(4 5utP ourTout? out) Xx (a a ) = 0, (5.52) 


if the input state of the field is a single-photon Fock state. Dirac [13] noted that 
a single photon at a beam splitter would follow either the path ABC or A'B'C’. 
The experiments have shown that in order to build up the interference pattern 
one has to count for a sufficient amount of time otherwise one would be 
recording just a small number of clicks arising from individual photons hitting 
the detector. For example, in the experimental data shown in Figure 5.8 the 
integration time was 300 ms for each point. 
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The Sagnac interferometer. 


The theory of the Sagnac interferometer is very similar to that of the Mach— 
Zehnder interferometer. We note that the Sagnac interferometer (Figure 5.9) is 
easily realized by using optical fibers. It works in a way that is very similar to 
the Mach—Zehnder interferometer as shown in Figure 5.7. The interferometer 


rotates with an angular velocity Q in the counterclockwise direction. The light 
going clockwise (counterclockwise) takes a longer (smaller) time through the 
interferometer: 


27R 27R ote 
= ; a ==; ty <b, (9.53) 
c+RQ c— RQ 
where R is the radius of the interferometer. Using the transformation laws for 
the beam splitter, we can now write the output fields in terms of the input fields 
as 


Qout 1 fl i a () | fL a\ife _. 
ne i 2: aa be 4 (5.54) 
bout Sz \i | 0) Spgs? J bh 


where the middle matrix in (5.54) corresponds to the phase shifts for light 
going clockwise/counterclockwise through the interferometer. The 
transformation (5.54) is almost the same as (5.50). If the input field b is the 
vacuum, then clearly 
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99,4 
(a’ Aout) = Sin > (2 a), 
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{ 9 — - - ce 
(b) Pout) = cos* 72 a), ~ = w(tr —t). (5.55) 
In view of the similarity of (5.54) and (5.50), all the results for the Mach— 
Zehnder interferometer would also apply to the Sagnac interferometer. In 
particular, this would also be the case if nonclassical fields were used as inputs 
to the interferometer. 


5.13 Wheeler’s delayed choice gedanken 
experiment 


Let us consider the case if the beam splitter 2 in Figure 5.7 were removed after 
a single photon had entered the interferometer. In (5.50), we drop the very first 
matrix and obtain 


a+ ib = b+ ia 


out = —e j2 ’ 


Gout = J 


which for no light from the port b leads to 


(5.56) 
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{ i c & 
(out out) = (bourPout) = (5.57) 
The interference pattern disappears. On the one hand, if the photon is 
transmitted, then it continues on the path A’B'C’ and appears at detector D,. On 


the other hand, if the photon at the beam splitter BS1 is reflected, then it 
appears at detector Dj. The photon has an equal probability of appearing either 


on D, or Ds, although in a single shot it would appear either on D, or D5. The 


existence of the interference pattern given by (5.51) implies that the photon has 
arrived by both routes [14]. One has here a realization of Bohr’s 
complementarity principle since the two experimental setups, with and without 
BS2, are mutually exclusive. In one setup (with BS2 present) one observes the 
wave character of light, whereas with BS2 removed one has a realization of the 
particle characteristic of light. In Wheeler’s gedanken experiment, the choice 
of wave or particle characteristic is made after the photon has entered the 
interferometer via BS1. In order to verify Wheeler’s gedanken delayed choice 
experiments one needs a source of single photons, and these are now available. 
Furthermore, one has to build up an interferometer in which both BS2 and BS1 
have relativistic space-like separation. That is, one should be able to quickly 
move BS2 back and forth so that the information about the presence or absence 
of BS2 does not reach the photon that has already entered the interferometer. 
All these conditions were realized by Jacques et al. [15]. In their experiment 
with a single photon source the time taken for the photon to travel from BS1 to 
BS2 was larger than the time taken to move BS2 in and out. Their data 
unambiguously verified (I) the result (5.51) (BS2 in) when the photon traveled 
by both paths, (II) the result (5.57) (BS2 out) when the photon traveled by one 
path or the other. 


5.14 Interaction-free measurements 


Let us consider the situation when the phase shifter @ in Figure 5.7 is replaced 
by a strong scatterer. We first discuss the case that the scatterer completely 
scatters the photon if it travels along path AB. In that case, no field arrives at the 
beam splitter BS2 from the path ABC. The situation then becomes as shown in 
Figure 5.10. In quantum theory, we now have to include the vacuum mode Db’. 
The output field would be 


l a+ ib elf 
Gout = 5 as Wp + ib }, 


| , ,a+ib 
bout = — [0 -1 . 
/2 /2 


Noting that both b and b’ represent vacuum fields, the detected signals would be 
lL 4 EF 3 


(a) out) _ g(a), (bourPout) a 4 (a4). (5.59) 
If the strong scatterer were absent, then the detected signals were (Eq. (5.51), 
= 0) 


(5.58) 


(a) out) = 0, (Bh Pout) = (a‘a). (5.60) 


The port a,,, becomes bright when the scatterer is present, due to a photon 


out 
traveling on the path A’B'C’. Furthermore, none of the detectors would click if 
the photon were to travel by the path ABC. One thus has a remarkable result that 
the presence of the scatterer can be sensed even when the photon did not 
interact with the scatterer. These situations are known as interaction-free 
measurements [16]. Penrose discussed the possibility of using quantum 
mechanics to detect a bomb without actually exploding it [17]. 
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The fields at BS2 in a Mach—Zehnder interferometer in 
which the phase shifter @ is replaced by a strong scatterer; b’ 


is the vacuum field. 


Instead of a strong scatterer which completely removes the photon if the 
photon goes on the path AB, we can consider a more general situation which 
can easily be implemented in the laboratory [18]. We replace the scatterer by 
another beam splitter BS3 with transmission coefficient cos 6’ (0 < 6’ < 5 ). 
This is sketched in Figure 5.11. The fields at the points C and C’ are now equal 


to 


b+ 1a 


cos 6’ + ib’ siné’, Fa 


_ _ 


and hence the output field say at the port a,,, will be 


out 


l at+ib.. b+ 1a a a 
“ot = ~ jet — Wp) cos @ + jb sing ; 


The detected signal at D, will be 


— 


D 


(ah out) = sin* @ (a‘a), 


a+b 


(5.61) 


(5.62) 


which for 6’ = 7/2 reduces to the previous result (5.59). An auxiliary detector D 
‘would detect the photon reflected by BS3. The signal at D' will be 


l 


Pe | , + - 
5 sin’ 6'(a‘a), (5.63) 


(ayyap) = 


aol! 


the factor | in (5.63) arises as the field at B is 


et al. [18], the single photon was from a heared source of photons using a 
downconverter. They used a Michelson interferometer instead of a Mach— 
Zehnder interferometer. Furthermore, they measured and compared signals 
like (5.62) and (5.63) for different reflectivities of the beam splitter BS3. 
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The Mach—Zehnder interferometer in which the phase 
shifter @ is replaced by another beam splitter BS3 with b’ 
representing the vacuum at the open port. 


5.15 Two-photon Mach-Zehnder 
interferometer 


So far we have described various aspects of the single-photon Mach—Zehnder 
interferometers. Let us now consider a two-photon interferometer in which a 
pair of photons is incident at BS1 (Figure 5.7) such that from each side we 
have one photon. The state of the input field is |1, 1), ie. each of the modes a 
and b contains exactly one photon. As discussed in Chapter 3, such a pair can 
be obtained from a parametric downconverter. The relations (5.49) for the 
field operators at the output of the interferometer hold for all states of the 
input. Using (5.49) we evaluate the probability p(1, 1) of simultaneously 
detecting one photon at the detector D, and one photon at the detector D,. This 
probability is equal to (a? j1b' ou FouW? 


out) Where 


] ; 
= ae —e ?) + idb(1 + a?) ] : 

1 (5.64) 
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Gout = 
[ia(] br 2 BE BE )]. 


L out = 


From (5.64) it is seen that 


Aga? ctl; 1) = =i + e~7¥)10, 0), (5.65) 

and hence 
PUT) = sll +e")? =cos’Q, (5.66) 
+> 0 for p= 3/2. (5.67) 


The result (5.67) is a consequence of the Hong—Ou—Mandel interference that 
we discussed in Section 5.6. ie equation (5.23) shows that for a 50-50 beam 


splitter the output after BS1 is rAl2, 0) + |O, 2)). The phase shifter for g = m/2 
changes this symmetric state into an antisymmetric state rAl2, 0) —|0, 2)). The 


second beam ae in the Mach—Zehnder interferometer has no effect on the 
antisymmetric state ~ (2, 0) — 0, 2)). This can be verified using (5.18): 


| Mm) LF on 
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[(a' cos@ +isin@b')? — (b' cosé + isin @a! )7110, 0) 
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In the output one sees either two photons at the detector 1 or at the detector 2. 
For 9 # 1/2, the input state at BS2 is a linear combination of both symmetric 


and antisymmetric states t.(|2, 0)+|0, 2)). The symmetric part is transformed 
Va 


to |1, 1) leading to nonzero p(1, 1). In the landmark experiment of Hong, Ou, 
and Mandel, pairs of photons from a downconverter were used. The 
downconverter produces pairs over a finite bandwidth, where one can select 
the bandwidth using appropriate filters. Their filters had a bandwidth Aw of 
about 10! Hz. Their interferometeric setup is shown in Figure 5.12. 

The beam splitter is translated up and down so that the time of arrival of the 
signal and idler photons at the beam splitter is somewhat different. The 
simultaneous clicking of the detectors D, and D, was studied as a function of 


the time difference t in the arrival times. One needs to generalize our 
discussion of the beam splitter in Section 5.17 to many modes. The final result 
for the coincidence probability is proportional to 


p(l, 1) « 1 —exp(—Aw*r?), (5.69) 


which leads to the famous Hong—Ou—Mandel dip at t = 0. We reproduce their 
experimental result in Figure 5.13. With this technique they could measure 
correlation times in the sub-picosecond regime. The Hong—Ou—Mandel 
interference is now at the heart of quantum optics and quantum information 
science. It is used as a tool to test the single photon nature of the source. 


he D 


Pump 
BS 
- D» 


The Hong—Ou—Mandel interferometer; the BS can be 
translated up or down. 
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The coincidence probability p(1, 1) as a function of the delay 
between the arrival of the signal and idler photons at the 
beam splitter. 


5.16 Multiphoton interference and 
engineering of quantum states 


We have seen in the previous section that the Hong—Ou—Mandel interference 
can be used to produce an entangled state rAl2, 0) + |0, 2)) starting from a 
separable state |1, 1). These ideas can be extended to multiphoton interference 
and towards the production of a variety of entangled states. We have seen in 
Chapter 3 that the down-conversion can produce a two-mode squeezed vacuum 
(Eq. (3.6)), which shows the production of paired states of the form |n, n). Thus 
at higher pump powers we can produce not only |1, 1) but also |2, 2), etc. In the 
following we specifically consider launching of the field in the state |2, 2) 
through a Mach-Zehnder interferometer. It is instructive to examine the 
behavior of the state |2, 2) in the interferometer, although we can study the 
properties at the output by using the relation (5.50). The state of the field at AA’ 
(denoted by |),,:) immediately after the beam splitter 1 can be obtained from 


(5.24) by setting N = 2: 
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4,0) + |0, 4) | ' (5.70) 


The mirrors M1 and M2 do not change it. The phase shifter changes it to 


ls . «| 
IV)co = - Fas 2,2) + [esis 0) + |0, “| GAT) 


We next transform the state (5.71) by the beam splitter BS2. The state |2, 2) 
would be transformed to a superposition of |2, 2), |4, 0), and |0, 4) (as in 
(5.70)). To transform |4, 0) and |0, 4) we use the formula (5.17), (5.20) with @ = 
m/4. 


+ ae oe 
14,0) > ( \(=) - (i)*” |p, 4 — p), 
2 P} \J2 
(5.72) 
=, [pyr 1 ¥ 
10,4) > ( )(S) - (i)’|p, 4 — p). 
2 P} \V2, 


The output state of the Mach—Zehnder interferometer when fed with the state |2, 
2) can be obtained by combining (5.70) and (5.72). We focus on the probability 
of detecting three photons at one port and one photon at the other output port 


[19, 20]. The state |2, 2) in (5.71) would not contribute to such a probability. 
The state |4, 0), |0, 4) would give contributions (coefficients of the state |3, 1) 
in (5.72)) 


I l 
|4, 0) = sil3, 1), |0, 4) => — il3, 1), (S373) 


and the probability p(3, 1) will be 


> 
=) 


p3,1I) = 3 sin? 2¢. (5.74) 


This can be compared with the probability cos? @ (Eq. (5.66)) of detecting one 
photon at each of the output ports when the interferometer is fed with light in 
the state |1, 1). Ina given interval the signal (5.74) shows twice as many fringes 
than the signal (5.66). 

The multiphoton interference has been discussed by several authors using 
beam splitters with variable reflectivities [21, 22]. Wang and Kobayashi [21] 
discuss the interferometer with the input state |2, 1) and for each BS with 
reflectivity 2/3. They show (see Exercise 5.10) that the fringes would occur 
three times as often than with classical light, provided the detected signal 
corresponds to the detection of two photons at one port and one photon at the 
other port. 
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Mach-Zehnder interferometer with two-mode squeezed 
vacuum as input, after [23]. 


5.17 Mach-Zehnder interferometer with two- 


mode squeezed vacuum as input 


We have discussed the behavior of the Mach-Zehnder interferometer using 
pairs of photons produced by a downconverter. The natural question is now 
what happens if the downconverter is working in the region of high gain. What 
is the nature of the interference pattern? Let us then consider the setup [23] 
shown in Figure 5.14. The output operators (a3, b3) can be written in terms of 


the input operators (a,, b,) as 


a3 1 fl i l 0 1 /] ) ay — 
bh; SZ f @ | 0 erm. re i | 3 by ) 


where we have dropped the matrix —1 for the two 100% mirrors. This is really 
redundant for photon detectors. The fields a, and b, are produced by the 


parametric amplifier (Eq. (3.61)) 


a, = aj coshr+ bie 2” sinh r, 


(5.76) 
hb, = by coshr + aj el? sinhr, 
where dy and bo are the modes in the vacuum state. From (5.75) we have 
l i, 
a3 = ~[a(l—e"*) +ib\(1 +e )], 
2 . 
1 (5.77) 
b; = > [ia (1 4+ e!X) — by (1 — e'X)] ; 
leading to 
| _9j : 
asb3 = 5 [af(l —e77*)i — BFA — ee 7*)i — 2ayb, (1 +e 7"*)]. (5.78) 


Furthermore, from (5.76) on using the properties of the vacuum state we get 
a?|0, 0) = J/2e*'” sinh? r|0, 2), 
be 10,0) = aid ? sinh? r|2, 0), 

a,b,|0, 0) = e?'” sinh? r}1, 1) + e'? sinh cosh r|0, 0), (5.79) 


which on using in (5.78) gives 
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“al — e~7iX)e7!? sinh -(|0, 2) — |2, 0)) 


a3b3|0, 0) = 


From (5.80) we derive the coincidence signal 
c(a,b) = (alb\azb3) = sinh? r [cos? x+ sinh? r(1 + cos? x)]. (5.81) 


In the limit of small r, c(a, b) « cos? y and the visibility of the fringes would 
be 100%. The visibility drops as r increases. For arbitrary r the visibility is 


v = (1 +sinh*r)/(1 + 3 sinh’). (5.82) 


The behavior of the visibility as a function of r (which is also called the single- 
pass gain) is given in Figure 5.15. For large gain of the amplifier the visibility 
saturates to 1/3. 
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The behavior of the visibility v as a function of r, after [23]. 


We note that on the experimental side we have several options. We could 
study (i) the coincidence detection of one photon on each side of BS2, or (ii) 


the detection of two photons on one side of BS2. Such experiments have been 
performed by Sciarrino et al. [24] with results in agreement with theoretical 
predictions [23, 25, 26]. One also has the possibility of detecting more than 
two photons. For example, we could detect three photons on one side and one 
photon on the other side. We have presented such a calculation in the previous 
section for the low-gain case. The results for the high-gain case are given in 
[27], which show that one can design detection schemes depending on the 
number of photons detected on each side so that 100% visibility can be 
obtained. 
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Balanced homodyne interferometer. 


5.18 Balanced homodyne interferometers for 
measuring the squeezing of light 


The phase of an unknown signal is measured by mixing it with a field called 
the local oscillator with well-defined amplitude and phase using a beam splitter 
(see Figure 5.16). Thus if €, is the signal and ¢€; is the local oscillator, then the 


intensity at the port a behind the beam splitter would be 


legtice? lel? lax 1, . — 
l= +t ps lieref + ec.), (5.83) 
which under the condition |e, |? >> |e,|* reduces to 
ler le « ie 
l= 5 + 5 UELEs + c.c.). (5.84) 


Clearly the measurement of I, yields the phase of ¢,. It is desirable to remove 
the |e,|? term from (5.84). This can be done using the arrangement shown in 
Figure 5.17. This is called balanced homodyne detection [28]. Here the outputs 
on the ports a and b are subtracted electronically and one measures the signal 
S. More generally, for fields with temporal fluctuations, which arise from 
interactions with other systems, the environment, etc., one measures the 
spectrum with a spectrum analyzer (SA). In analogy to (5.84), we obtain 


le, + ies |? 
a 
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lLwite» _ 
I, — aw leit” — 5 MIELE, +c¢.c.), (5.85) 


and therefore 
S=I[,—I, © ieLey +c.c.. (5.86) 


So far we have taken all the fields to be classical. The field to be measured ¢, 


could be a quantum field or it could be a nonclassical field. Let a and a‘ be the 
annihilation and creation operators for such a field, then the signal at the SA 
will be proportional to 


S + iecal — iefa. (5.87) 


The local oscillator is treated classically. Note that (5.87) does not depend on 
the optical frequency as ¢,, x, e @L4, at, ox eli, The equation (5.87) shows that 
the two quadratures of the field X and Y can be measured as the signal that is 
being fed to the SA becomes proportional to X or Y, depending on the phase of 


the local oscillator. Recalling the definition (1.37) @ = A+ and writing €, = | 


V2 


eye 9, Eq. (5.87) becomes 
S = V2\e.|(X sing, + Y cos gr). (5.88) 
A study of (S) and (S*) would yield the squeezing properties of the field. The 


homodyne method has been very successfully used in studies of the spectrum 
of squeezing. 


5.19 Manipulation of quantum states by 
homodyning and feed-forward 


Many of the ideas from classical control theory have been extended to control 
of quantum states of light. One possibility is, of course, the conditional 
detection on one part of the system to control the quantum state of the other 
part, which we have already discussed in Section 3.5. The other possibility is to 
precisely monitor certain quantum variables and use the values so obtained to 
feedback and control another part of the system. A very popular and successful 
scheme to do this is schematically shown in Figure 5.18. The input at the port 2 
is an auxiliary state. We use this state, a homodyne measurement, and feed- 
forward to control the state at the output port 1. A detailed review of the theory 
and the range of experiments is given in [29]. Here we describe the key 
elements of the theory. We have already discussed the transformation laws for 
a beam splitter (Section 5.1). The input field operators a and b are transformed 
into 


a(?) = acosé + ibsiné, b(@) = bcosé + 1asiné, (5.89) 


where cos* @ is the transmissivity of the mirror. Using these we can obtain 
equations for the quadratures X,(0), Y,(@); i =a, b: 


X,(@) = X, cos@ — ¥, sind, 
Y,(9) = Y,cos@ +X; siné, 
X,(0) = X, cosé — Y, sin8, 
Y,(9) = ¥, cosé +X, siné. (5.90) 


Now suppose that the quadrature Y, is measured precisely and is scaled by a 
factor g and then fed to the output of the port 1. In that case the quadrature X,(8) 
and Y,(@) become 


X, (6) = X,(cos@ + gsin@) + ¥4(gcos@ — sind), (5.91) 
Y,(0) = Y,cos@ +X, siné. (5.92) 
Clearly if g is chosen such that 
gcosé = siné, (5.93) 
then 
X,(0) = X,/ cosd, (5.94) 


Y,(0) = Y, cos@ + X sind. (5.95) 


Note that if the input on the port 2 is a perfect squeezed state in the X- 
quadrature, then X, — 0 and then 


X,(0) = X,/cos@, Fe) = 7, cosd. (5.96) 


which is a perfect squeezing transformation. This was experimentally verified 
by Yoshikawa et al. [30] where the input coherent states on the port 1 were 
converted into squeezed states. We also note from (5.94) and (5.95) that a 
measurement of the output X-quadrature would imply that it is amplified 
without addition of noise even if the input at the port 2 were a vacuum State. 
Noiseless amplification of a quadrature was demonstrated in this manner [31]. 


-Linear gain 
Processing -Post-selection 
Detector 
-Homodyne 
-Heterodyne 


-Photon counting 


input —— Outputi 
-Signal state 
-Linear displacement 
Input 2 -Heralding 
-Vac. state 
-Sqz. state 


Schematic of the simple feed-forward setup [29], with many 
different possibilities of detection followed by feed-forward. 


In the foregoing we have not explicitly written down the states at the output 
ports. These can always be obtained by using the transformation laws (5.91) 
and (5.92). Using the result of Exercise 5.1, the Wigner function immediately 
after the beam splitter is 


Won (a@, B) = Win(ax cos @ — iB sin@, B cos — ia sin@) 
= Win[Xa(0), Ya(0), X4(9), Y5(9)]. (9.97) 


which after the homodyne measurement of the quadrature Y,, becomes 
| Win [Xu(@), Ya(8), Xo(0), ¥4(0)] Xs, (5.98) 


where Y, means the measured value. This value is used to displace X,, then the 
final Wigner function for the field at the port 1 is 


W (Xa, Ya) = [om f axinalXa00) + G%0), Ya(0); X50), ¥4(0)]. (5.99) 


Note that if the input fields have a Gaussian Wigner function, then the W(X,, 
Y,) would also be Gaussian. The covariance matrix for the output at the port 1 
is easily computed from (5.91) and (5.92): 


AX?(@) = AX? (cos @ _ gsin6)? + AY; (gcos@ — sin @)?, 
AY? (6) = Ay? cos? 6 + AX; sin? 0, (5.100) 


if a and b modes at the input are uncorrelated. 


5.20 Quantum state tomography 


In this section we give a method to recover the quantum state of a system by 
homodyne measurements. Vogel and Risken [32] showed how the data on the 
quadrature measurements of the field can be used to reconstruct the Wigner 
function. Once the Wigner function is known, then we can construct the density 
matrix of the system. Let us consider a single-mode field and let us assume that 
the quadrature Xy defined by Eq. (2.6), ie. Xp = (ae? + ave!) /,/2, has been 
measured via homodyne measurements. Let us then assume that the homodyne 
measurements yield the probability distribution P(X, @) defined by 


| ane ae iP + gid 
P(X,@)= _— i e* dn Tr [ exp (in) ; (5.101) 


On inverting (5.101) we have 


: : a +00 — 
(exp Be (ae~” tale) ]} = [- P(X, @)e'™ dX, (5.102) 


Now from the definition (1.98) of the Wigner function 


l « Q* at 
W(a) = — | dP pe?" ¥™ (exp(Bal — B*a)), 


 ) ae 
= — | dv (exp(iva! + iv*a)) exp[—i(va* + v*a)], (5.103) 
zs 
where we changed B — iv. We can rewrite Eq. (5.103) by first changing the 
integration to polar coordinates and then reducing the @ integral from 0 to 27 
to 0 tom 
] +00 4 : ae ' a 
W (a) = =/ aril | dé (expfir(a'e” +ae— )]) exp[—ir(a*e” +ae—”)], (5.104) 
| See fees 0 
which on using (5.102) becomes 


1 ft a ee 
W (a) = =| arin [ do | PX, Diet ga gy (5.105) 
I~ J—oo 0 —0o 


On writing 


O+iP 

hk 
W (a) Pa = W(O, P) dOdP. 
W (a) 


a= 


7(Q P\ — 
Wt. P) = 5 
Eq. (5.105) leads to 
l +00 T 
W(Q, P) = - | | deP(X, 6) K[(Qcosé + Psiné) — X] dX, (5.106) 
4” Jo JO 
where 
. Oe a P _ 
K(n) = Al dr |r| e”’” = ——. (5.107) 
& J—co - 


The result (5.106) is the main result obtained by Vogel and Risken for the 
reconstruction of the Wigner function from the homodyne measurements of 
the probability distribution for the quadratures. The kernel K is well known in 
the theory of Radon transforms [33] and is infinite at 7 = 0. In practical 
implementation one puts a cut-off such that no unusual artifacts of the cut-off 
appear. The first implementation of the Vogel—Risken construction was done 
by Smithey et al. [34], who reconstructed the Wigner functions for the vacuum 
and squeezed vacuum states of a single mode of the electromagnetic field. 
There are many refinements to the above scheme and a detailed review is given 
by Lvovsky and Raymer [35]. The quantum state tomography is now a fairly 
standard tool for reconstructing density matrix elements from tomographic 
data. 


5.21 Sensitivity of an optical interferometer 


We now discuss the question of how precisely the phase @ can be measured by 
an optical interferometer. This question has been thoroughly investigated and 
the answer depends on (a) the input states to the interferometer, (b) the 
detection scheme, and (c) quantitative measures used to characterize the 
sensitivity of the interferometer. 

We first consider the simplest possible situation when the Mach—Zehnder 
interferometer in Figure 5.7 is fed by a coherent beam of light, i.e. the input 
state for the mode a is a coherent state |v). From (5.51), the measured signal, 
i.e. the number of photons N, at the output port D,, is 


N; = sin? Fal’. (5.108) 


We have seen in Eq. (5.15) that a beam splitter transforms a coherent state into 
coherent states at the output. Thus the fields at the output ports D, and D, would 


be in coherent states as the interferometer is a combination of two beam 
splitters. We also learnt in Chapter 1 that the photon number fluctuations in a 
coherent state are Poissonian. Hence the fluctuation in the signal would be 


AN, =—v Ny ° ( . l 09) 
Following [36] we define the phase sensitivity by 
Ag = AS/|dS/d¢], (5.110) 


where S is the detected signal and AS is the fluctuation in the signal. For Eq. 
(5.108), S & N, and hence on using (5.108) and (5.109), (5.110) becomes 


~~ —, (5.911) 


if g is close to zero. The phase sensitivity of the interferometer is proportional 
to the square root of the number of photons fed into the interferometer. This 
result is also consistent with the number phase uncertainty relation for any 
coherent signal 


ANAg > 1. (5.112) 
The uncertainty relation (5.112) suggests that one should be able to get a phase 


sensitivity better than (5.111), since AN could be of the order of N or even 
larger: 


l 
Ag >—. (5.113) 
N 
This limit is called the Heisenberg limit and a lot of effort has been devoted to 


achieving this limit (see Section 12.9). 
Another popular measure for studying phase sensitivity is the Cramer—Rao 
bound (CRB), which is based on the Fisher information [37]. Let p(n,, n5) be 


the joint probability of detecting n, (nj) photons at the port 1 (2). This 
probability is a function of the phase g. The Fisher information F(@) is defined 
by 


. l 0 p(y, Nz) 2 
i = _—_—__—_—_, |, oF 5.114 
i », p(n, Nz) ( dp ? , 


ny M2 


According to CRB, the largest phase sensitivity is given by 


(Ag)cra = 1/V pF (¢), (5.115) 


where p is the number of measurements done to estimate the phase 9. 


|B) 


|a) 


A strong laser beam pumps the first OPA. The beam (which 
is assumed to be undepleted) undergoes a 71-phase shift and 
then pumps the second OPA. The input modes of the first 
OPA are fed with coherent light. After the first OPA, one of 
the outputs interacts with the phase to be probed. Both 
outputs are then brought back together as the inputs for the 
second OPA. Measurements are taken on the second OPA’s 
outputs [39]. 


Let us check (5.115) for the single-photon interferometer for which 
according to (5.51) 
(5.116) 


pai, 0) = sin? p(0, 1) = cos” 


yr 
Is 


This yields (A~)crp = |/,/p, which is the expected outcome. For a coherent 


input, the joint distribution will be 


P(ny, N2) = p(n) p(n), p(n) = — , io (3,177) 


where 


- 9 - 7? 3 ce 110 
ny=— sin —lal’, nz = cos” —|a|*. (5.118) 
2 z 
The Fisher information and (A@)cpp can be computed and studied as a function 


of the input photon number. 

The sensitivity depends on the type of signal that one measures. For 
example, one can think of a setup [36, 38] where the signal is the difference of 
the number of photons at the ports 1 and 2, ie. S = (n, — ny), AS = ((n, — ny)?) — 


(n, —Nn»)*. Clearly Ag is dependent on the setup. 


5.22 Heisenberg limited sensitivity of 
interferometers based on parametric amplifiers 
or four-wave mixers 


Yurke et al. [36] introduced a new class of interferometers where the two beam 
splitters of the Mach-Zehnder interferometer are replaced by parametric 
amplifiers or four-wave mixers. The great advantage of such interferometers 
is the possibility of achieving Heisenberg limited measurements of phase. We 
consider the interferometric setup shown in Figure 5.19. Here we also consider 
both signal and idler ports to be pumped by coherent fields — in contrast to 
Yurke et al. who considered signal and idler fields in the vacuum state. The 
second OPA is pumped by a pump which is phase-shifted by m from the laser 
pumping the first OPA. This arrangement would make the output fields 
identical to the input fields if there was no object in the interferometer. Thus 
any change in the output fields would be a signature of the presence of the 
object. We can write down the output fields a, and by in terms of the input fields 


by following the action of each element in the setup. The first OPA does a 
Bogoliubov transformation (Eq. (3.11)) 


a, =pag+vb), 6, = who + va}, 
w=coshr, v=e”sinhr. (5.119) 
The object transforms the operators as 


Xa,, bo =dy. (5.120) 


dz =e 
The second OPA transforms a, and b, as 
ay = faz — vb}, 
by = pb, — vay. (5,121) 


The sign of v is different because the field pumping the second OPA has been 
shifted by 7. The fields aj and bg are in coherent states |q) and |8), respectively. 


If we think of a measurement where we measure the total photon number at the 
output, then the signal S would be 


S = (aay + b\.by), (5.122) 
and the fluctuation would be 


AS? = ((a,ar + bby)”) — S. (5.123) 


The calculations of S and AS can be done by using the transformation 
equations (5.119)-(5.121). The expressions for the final field operators are 
simple 


ar= e'X (Aay + Bb}), 
by = Abo + a\ B, 
A=p*—|vPe*, B=pv(l—e%). (5.124) 


Clearly for x + 0, a¢ + dg, by > bo as p? -\v/* = 1. Furthermore, |A|? — |B? = 1 
so that the expected commutation relations for a, and b; hold. We have thus 


obtained a very interesting result: the output fields are related to the input fields 
via a Bogoliubov transformation. The parameters of the Bogoliubov 
transformation depend on the object x. 

We first discuss the case originally considered by Yurke et al. [36]. The 
fields dy and bp are in a vacuum state, then 


(aay) = |Bi?, (bb) = |BI’, (5.125) 
and the signal is 
S = 8|u[2|v/? sin (=) (5.126) 
To simplify (5.123) we use the property of the Bogoliubov transformation 
at jap— bt by = constant = 0, 
AS? = A(a'?a") + 4(a\a,) ee 
= §|B\* + 4|B/? — 4|B)4, 
= 4|B/? + 4|B/. (5.127) 
Using (5.126) and (5.127) we find the sensitivity for x = 0 


/(Asy? l 

ae a ow | (5.128) 
y jaf 2a 
aX 


which clearly scales as the inverse of the photon number. Each OPA produces | 
v|* photons and for large |v\, |p||v| ¥ |v|*. Thus the interferometer of Figure 5.19 
with a = B = 0 can yield Heisenberg limited measurements of phase. 
Calculations for the case when a and f are nonzero get algebraically more 
complicated. We cite the result of Plick et al. [39] for the sensitivity near y ~ 0, 
a=B=|ale™, 
: l ee 
ee (5.129) 
(2|a@|?)(4 sinh r cosh‘ r) 


Thus when the OPAs are seeded we have the advantage of both coherent 
pumping and parametric interactions. The interferometers of the type discussed 
above have been realized using parametric amplifiers [40] and phase-sensitive 
fiber amplifiers. 


5.23 The quantum statistics of fields at the 
output ports 


In the previous section we saw that the characterization of the phase sensitivity 
of the interferometer in terms of CRB requires knowledge of the photon 
Statistics of the output fields. For this purpose, and in view of the very special 
place that the Wigner function has in the context of nonclassical fields, we can 
calculate the Wigner functions of the fields at the output in terms of the Wigner 
function of the input fields. We note that the transformation (5.50) for the 
Mach-Zehnder interferometer is linear 


ad a + 7 ‘i 
( a = m( ), ge 1. (5.130) 
bout b 


This linearity enables us to write the Wigner function of the fields at the output 
ports (see Exercise 5.1) as 


Woula, B) = Win ((m7' ira + (m=!) 2B; (m@)210@ + (m7! )22B). (5.131) 


Given the explicit form of the Wigner function we can calculate the photon 
statistics of the fields at the output port. Note that if W,,(a, 6) is Gaussian, then 


Wour(@, B) is also Gaussian. This covers coherent states, single and two-mode 


squeezed vacuums, thermal states, etc. The Wigner function (5.131) would 
have information on joint correlations between the fields at the ports D, and 


D,. In particular, the counting distribution can be obtained using (1.117) and 
(1.111) 


p(n, m) = fe fp dee, Ala Lm(4IBP 1" Wo eB), (5.132) 


which, though involved, can be computed numerically. 


Exercises 


5.1 Show that under the transformations (5.3) and (5.6), the P, Q, and W 
functions transform as follows: 


_ 5 malitt alk a” «fe 
Four(a@, B) = Fin(a@’, B’); (*.) =f se 


where F stands for any of the functions P, Q, and W. 
5.2 Show that under the transformation (5.43), the P, Q, and W functions 
transform as 
Fout(@) = Fin(awe'”), 
where F stands for any of the functions P, Q, and W. 


5.3 Prove the conservation law (5.16) directly by showing that [a'a+b'b, H] = 
0, where H is defined by (5.11). 


5.4 Use (5.18) to find the state |2, 0),,, for @ = m/4. Then calculate the 
quadrature function (x, y) = ( x, yl2, 0),.4;- Sketch the phase and modulus 


of V(x, y). Is this a vortex? Find the relation of (x, y) to Laguerre— 
Gaussian functions defined by 


2 (—1)?p! _, /2r —_  (2r? 2% 
Umi, Q) = = — a —— La : e/a 
zw? m!n! w a? 


where r* = x?+y’, @ = arctan (=), p=min(n, m),o@ = as and Li) is 
V2 


generalized Laguerre polynomial. (For details see [41].) 
5.9 Consider an array of identical beam splitters, each with a transmission 
amplitude of cos 0. The fields b,, bo, ..., b, are in the vacuum state. Find 


the reduced density matrix of the output field c if a single photon is 
incident as shown in the figure. 


|1) 


Show that the probability of finding one photon at the output c is cos” 0. 
What is the limiting value if 8 = m/2n and n is large? This system is 
relevant to purely optical realizations of quantum zeno effect [42-44]. 


5.6 Consider a field in the state |1, 3) incident on a 50-50 beam splitter as 
shown in the figure. Show that the quantum interference leads to 


nonappearance of the output field in the state |2, 2). Display the two paths 
which lead to such a destructive interference. 


a 


| 1) bout 
BS 
i |3) Aout 


5.7 Because of the Pauli exclusion principle a Fermionic interferometer 
behaves differently. We characterize the input state of an electron as |1;_), 


where j is the direction of propagation and s is the spin direction. Find 
the possible output states for the configuration shown in the figure. 


| 1pt) + | 1x1) 


50-50 BS 


Br\1gr) + Bil1qu) 


The electrons from two sides of the beam splitter come in superposition 
States. 


5.8 For the Mach-Zehnder interferometer fed with the two-mode squeezed 


vacuum, calculate, following the procedure of Section 5.17, the 
probability of detecting two photons at one port, i.e. (a\" a2). Find the 
visibility of the signal and its asymptotic value. (For detail see [25].) 


5.9 Consider the beam splitter with arbitrary reflection coefficient cos 8. Let a 


pair |2, 2) be launched at the input. Using the formula (5.18) find the wave 
function of the field at the output, find the condition on the reflectivity of 
the beam splitter so that at the output the state |2, 2) is absent [22]. Sketch 
the basic processes in terms of transmission and reflection of the 
individual photons that contribute to |2, 2) and how these processes 
interfere leading to null amplitude for the state |2, 2) at the output. 


5.10 Consider the interferometer of Figure 5.7 where the input state is |2, 1) 


and where both BS1 and BS2 have reflectivities 2/3 (sin? @ = 2/3), 
calculate (al bh doula)» which is the probability of detecting two 
photons at the port D, and one photon at the port D,. Find the frequency of 
the fringes and compare with the frequency of the fringes (see Eq. (5.51)) 


at the output when one uses the input as |1, 0) [21]. 


5.11 Using (5.117) and (5.108) calculate and plot (A@)cpp as a function of |a|?. 
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Polarization and orbital 


angular momentum of 
quantum fields 


Electromagnetic fields have several important characteristics which we can 
control externally. This is important in studying matter, particularly when 
electromagnetic probes are used. We can change, for example, both the 
intensity and frequency of the field. Another important property is its 
polarization, which is usually exploited to study the Zeeman states of atomic 
and molecular systems. Simple optical devices exist which change the 
polarization of light. The polarization is intimately related to the spin angular 
momentum in quantum mechanics. Clearly, light beams also have orbital 
angular momentum. In this chapter we discuss both the polarization and orbital 
angular momentum of quantum fields. We first briefly present the polarization 
of classical beams of light, the details of which can be found in standard books, 
for example [1]. 


6.1 Characterization of the polarization 
properties of quantized fields 


As already mentioned in Section 1.1, a plane wave propagating in the z 
direction can be written as 


E(z, t) = Ege?" + .c., (6.1) 
where 
Eo =ax+ By. (6.2) 


In the notation of Section 1.1, a = Eo¢,,, B = Egey,. We describe next the 


Poincaré sphere representation of the field (6.2). It should be borne in mind 
that both a and 6 are complex. The field is, in general, elliptically polarized. 
The intensity of light is given by |a|* + |B|*. The measurable quantities are, in 
general, quadratic in a and f. It is useful then to work with the Stokes 
parameters defined by 


so = |a|* + |BI’, s; = |a|? — |Bl’, 
s2 =a*B+ap*, s3 = i(a*B — af*), (6.3) 


which are real. Furthermore, the Stokes parameters obey 


yin’ 


which is easily shown by using (6.3). Hence the vector § = (S1, S5, S3) for all 
values of a and f traces out a sphere with radius so. This sphere is called the 


Poincaré sphere. Note that as a and f change, the polarization of light changes. 
Thus each state of polarization is represented by a point on the sphere. Let us 
introduce the angles 6 and o by 


(6.4) 


ae S) 


e /2 - 
la| = Ip cos, |B| = fo sin@, aB* = I) sin@ cos @e~ ae (6.5) 
where /p = ./so, and 0 < 6 < 7/2, then 
S| = Sq cos 26, S2 = So Sin 26 cos 29, 83 = So Sin 26 sin 29. (6.6) 


The relative phase between a and f is 29. For linearly polarized light @ = 0 and 
therefore the Stokes vector ¢ lies in the xy plane. For circularly polarized light 
20 = +n/2, 20 = n/2, ieaing to Sy; = Sy = 0, S3 = +Sp. For left (right) circular 
polarization 


lo ilo ilo IU vw: 


The right (left) circular polarization is represented by a north (south) pole. 
Born and Wolf [1] define 

s3 = sosin2x, S} = so cos2x cos2y, Ss? = socos2x sin2y. (6.8) 
Here the angle w (0 < w <7) specifies the orientation of the polarization ellipse 
and the angle x (-7/4 < x < m/4) characterizes the ellipticity and the sense in 


which the ellipse is being described. We do not follow this further as all the 
details of the ellipse can be obtained by using (6.5), i.e. by writing the field as 


cass irae nciinceees | 
Eo = In(cos@ x + sind e~ 7” fe?" +. cc. (6.9) 


6.2 Polarization of quantized fields - Stokes 
operators 


For a quantum field, £5 in (6.1) becomes an operator and we write (6.2) as 
Eq = €9(ax + by), (6.10) 
where the annihilation operators a and b satisfy the commutation algebra 
[a, al] = [b, bt] = 1, [a, b'] = 0, etc. (6.11) 


The quantity €, is a scale factor, which is irrelevant for our discussion below. 
In quantum theory we introduce the Stokes operators [2, 3] whose expectation 


values will be related to the Stokes parameters 
So =alat+b'b, S; =a'a—b'b, 
S> = ath + abt, Ss; = —i(a'b — ab’). (6.12) 


We also have to specify the state of the quantum field. The state could be a pure 
state or a mixed state. The mean value of Sp is the total number of photons. The 


operators S as defined above satisfy SU(2) algebra 
[S:, Sy] = 2i€; 45k, EC. FF, 
So(So + 2) = S} + S} + S. (6.13) 


The operator Sy commutes with S,, Sj, and S3. The factor 2 on the left-hand 


side arises from the noncommutativity of the operators a, a’, etc. If the field is 
in a coherent state |a, 8), then 


(So) = a*a + B*B, (Si) = aa — BB, 
(Sp) = a*B + aB", (S3) = —i(@*B — a"), (6.14) 


which are just the Stokes parameters (6.3) (except for (S3) which differs by a 


minus sign — which is just a matter of convention). 
The degree of polarization P can be defined in terms of the matrix Jp, which 


is called the coherency matrix [1], 


1 ((So+S1) (Sz + 153) 
2 \(Sp — iS3) (Spo — S,) J’ 


ip (6.15) 


4 det Jp 


mal ati 6.16 
(TrJp)? aad 


For the case (6.14), det Jp = 0 and hence P = 1, ie. the light is fully polarized. 


The unpolarized light has been defined traditionally as one for which the 
relative phase between a and f is random and the intensities of the two 
components are equal. Thus for unpolarized light (S;) = 0 for i = 1, 2, 3; 4 det 


Jp = (TrJp)* and hence P = 0. More general criteria for unpolarized light are 


developed in Section 6.4. These are based on the transformation properties of 
the density matrix for the field under rotations. A field in thermal equilibrium 
with the density matrix 


p = exp[—Bha(a'a + b'b)]/Tr haaeaiaibiiel (6.17) 


is unpolarized as all (S;) = 0. 

For a complete characterization of the polarization properties of a quantum 
field, a description based on Stokes parameters is not adequate, and one has to 
study the fluctuations in Stokes parameters. In order to appreciate this, let us 
examine fields with one and two photons. 

For a field with a single photon, the state can be a{1, 0) + BJO, 1), |al* + |Bi? = 
1. In this case, the Stokes parameters are given by (6.14). A knowledge of the 
Stokes parameters would yield a and f. Next, consider a field with two photons 
with a state given by a|2,0) + Bll, 1) + 10, 2), lal? +6? + ly? = b 
Now the Stokes parameters are 


(So) = 2, (Si) = 2(leel* — |v !?), 
(S>) = /2(y p* +a*B)+c.c., ($3) = ~i/2[(y B* +a*B) —c.c.]. (6.18) 


Clearly, a knowledge of the Stokes parameters is not enough to determine the 
complete state of the field. We note that the degree of polarization P is not 
equal to unity even though the state is pure. This is because of the occurrence 
of quantum fluctuations in any pure state. For special values of a, f, and y, P = 
1 (see Exercise 6.4). We will discuss in Section 6.5 a procedure to determine 
the fluctuations in the Stokes parameters. 

The subject of polarization continues to attract a great deal of attention both 
in classical optics [4] and quantum optics [3]. The basic question is: what is an 
appropriate measure of polarization for fields that are not in coherent states? It 


appears that more than a single measure like (6.16) is required to characterize 
the polarization properties. 


6.3 Action of polarizing devices on quantized 
fields 


We have to understand first the action of polarizing devices like half-wave 
plates (HWP) and quarter-wave plates (QWP) before we can treat the problem 
of determination of Stokes parameters and fluctuations in Stokes operators. An 
optical system which carries out linear transformations must be a 2 x 2 matrix. 
Thus we write the transformation as 


Up an d 9 
a = (5). oe 


where J is called the Jones matrix of the system. The Jones matrix must be 
unitary if the optical system is lossless. A birefringent plate [1] has slow and 
fast axes which are orthogonal. Light has larger refractive index along the 
slow axis and hence compared to the fast axis, it acquires an extra phase. If we 
assume that the slow axis is along the x direction, then the Jones matrix is then 


given by 
sf ale 0) — 
a i , nh) (6.20) 


where 6 is an overall phase factor. For n = 7/2 (7) we have a quarter-wave plate 
(half-wave plate). A QWP converts a linearly polarized light to circular 
polarized light. If the slow axis of the wave plate is at an angle @ with the x 
axis, then introducing the rotation matrix 


cos@ —sin 
R(y) = - slnllins ai (6.21) 
sing  cos@ 


the Jones matrix is 


8 n/ el? 0) = 
J = e”R(¢) _j2 JR @) 
0 e 
“os 2 + isin 2 cos2 isin 2 sin2 
_ {coOS> +1SIN 5 COS Z@ 1Sin > Sin 2@ 
— ei (6.22) 
isin 4 sin2g cos 4 — isin 4 cos2@ 


We also note here that R(@) is the Jones matrix for an optically active medium. 


The polarizing beam splitter. 


The transformation (6.19) of the Heisenberg operators is sufficient to obtain 
the transformation of the states. We can also give an effective Hamiltonian 
description for the transformation (6.22), as we did in connection with the 
beam splitters in Section 5.2. It is clear that (6.20) can be generated by 


(dropping 6) 


he OB, OP) _ g-iHn/2(“ \ gittn/2, (6.23) 
b, h 


More generally, for generating the Jones matrix (6.22), we have [5] 


H =cos2(a'a— b'b) + sin2g(a'b + ab"), 


aaa (6.24) 
Ap _ J a —— J a Uy = eln/2- 
by P\b b 


For 7 > 0, u, > 1. The result (6.24) is easily proved by using standard 


methods of quantum mechanics. For instance, one can write differential 
equations for a, and b,;: 


a’ _ {cos2 sin 2 a ; a) ‘ 
( r) =-i(% = . “i )( 4) a, =z ae (6.25) 
by, sin2g —cos2g/ \b, 0(n/2) 


Integration of (625) is _ straightforward using the condition 


) > () for n — 0. Having given an effective Hamiltonian description 
of the polarization elements, we can now transform states as follows 


|W) out = Up|V)in, (6.26) 


with u,, defined by (6.24). 

Another very useful optical device is the polarizing beam splitter (PBS). A 
polarizing beam splitter has the property depicted in Figure 6.1. We have two 
directions of incidence which we label as h and v. We need two modes, a; and 
b,, for each direction i = h, v. In each direction we can have either x or y 


polarization. Let a stand for x polarization and b stand for y polarization. 
Clearly the transformation law for PBS is 


ah ro F ah 


i 0 0 O lL 
’h >|. ’h , (6.27) 
ay a. se ay 


by 01.0 0/7 \B, 


For any initial state, the properties of the output can be worked out from (6.27). 
The PBS is important in applications as it can separate two orthogonal 
polarizations, because x polarization is transmitted and y polarization is 
reflected. 

Finally, the question is: how do we describe the transformation of a 
quantized field by a device which changes the degree of polarization of light? 
A partially polarizing device involves a loss of intensity. Thus such a 
transformation can not be represented by an unitary operator. This is to be 
treated in the framework of the theory of dissipation (see Chapter 9). 


6.4 Description of unpolarized light beyond 
Stokes parameters 


In this section we find the density matrix of the unpolarized light using the 
invariance properties [6—9]. We consider a rotation of the x and y axes by an 
angle @ around the z axis. Under this rotation the operators transform as 


aeo ce = pes: ~~stue) f 2) (6.28) 
b b sing cos@ b 


This transformation is generated by 
exp{ig[—i(a'b — ab')]} a exp{—ig[—i(ath — ab")]} = d’. (6.29) 


If the observable properties of light are invariant under (6.28), then its state p 
must satisfy 


[p, ath — ab'] = 0. (6.30) 


Next consider the invariance of light under arbitrary relative phase change 
between a and b. This is the transformation given by (6.20) and (6.23). Hence p 
must satisfy 


[p. ata — bth] = 0. (6.31) 


We have also noticed in Eq. (6.13) that both a’b - abt and a‘a - b'b are 
noncommuting elements of the SU(2) algebra. The only operator that 
commutes these with two elements of the SU(2) algebra is (a'a + b'b). Hence 
the relations (6.30) and (6.31) imply that the density matrix of the unpolarized 
light must be a function of (a‘a + b'b) only and, in terms of the Fock states, it 
has the form 


NV 
p= a *. Cy|N — p, p)(N — p, pl. (6.32) 


OO j 
N=0 p=0 


It is easily seen that for the state (6.32) (S,) = (Sj) = (S3) and P = 0. Lehner et al. 


[9, 10] considered more general type of unpolarized light by relaxing the 
property (6.31). Tsegaye et al. [11] extended these ideas to polarized light by 
considering their invariance under rotations (Eq. (6.30)). 


6.5 Stokes operator tomography 


In this section we discuss how the polarization characteristics of the quantized 
fields can be obtained by studies on the properties of the Stokes operators 
[12-14]. We first need to do a number of measurements to obtain mean values 
of the Stokes operators and then examine fluctuations in the mean values. For 
this purpose, we adopt a method outlined in Born and Wolf [1] and then show 
how it can be generalized to obtain fluctuations in the Stokes parameters. 
Consider a general SU(2) transformation 


a(9, 9) 7) (4 16) cos 6 sin 6 el? (6.33) 
a e . e a e j . & bo Jy 
b(6, ~) b —sinde” —cosé 


The intensity in the output mode a(8, @) is 
1(6, 9) = (a' (6, g)a(9, g)) 
= cos? A(a‘a) + sin? 6(b'b) + e!” sin 6 cos 6 (a'b) 
+e” sin @ cos 6(ab"). (6.34) 


The unknowns (aia), (b'b), (ath), and (ab') can be obtained from four 
measurements /(0,0), /(2/2,0),/(7/4,0),/(/4,7/2) as the 
following equations show 


1(0,0) = (a‘a), I(r /2,0) = (b'b), 


A i ead , 
I (2/4, 0) = =((a'a) + (b'b)) + 5 ((a'b) + (ab')), 


[ (2/4, 2/2) = 


I|—rol| 


| | i | 
((a‘a) + (btb)) + =i((a'b) — (ab')). (6.35) 


t 


Thus all the Stokes parameters (S;) (Eq. (6.12)) can be obtained from these four 


measurements. 

Next, we consider the fluctuations in Stokes parameters (S;S;)—(S;)(S)). 
Clearly, (S,S)) would involve expectation values of the products involving a 
total of four operators a, a’, b, and b’. Therefore, we propose measurements 
of photon—photon correlations of the form 
((a'(@, p))7(a(@, v))7), (a (8, p)a(@, p)b' (8, p)b(6,y)) for the 
determination of quantities like (S;S)). Following Mukunda and Jordan [15], we 


consider measurements for different values of 8 and 9: 


() 9 =0 
([a' (6, 0)P[a(6, 0)P) = (atataa) cos* 6 + (b'b' bb) sin* 6 
+ (4(atbtab) + (atatbb) + (b'b'aa)) cos? 6 sin? @ 
+ 2((a'a'ab) + (a'b'aa)) cos? @ sin @ 
+ 2((atb' bb) + (btbtab)) cos @ sin’ 6, (6.36) 
(I) gp =n/2 
({a' (@, 2 /2)]?[a(@, 2 /2)]?) = (a'a'aa) cos* 6 + (b'bi bb) sin* 6 
+ (4(a'biab) — (a‘a' bb) — (b'b'aa)) cos? @ sin? @ 
+ 2i((a'a'ab) — (atb'aa)) cos* @ sin é 
+ 2i((atb' bb) — (b'b'ab)) cosé@ sin? 6, (6.37) 


(Ill) 6 = 1/4, p= 1/4 
(a' (xc /4, 2 /4)b' (0/4, 1 /4)a(a /4, 1 /4)b( /4, 1 /4)) 


he: op 4 D supe — 
= q \t'a'aa) - q (ores bb) — z((a' a'bb) — (b'biaa)). (6.38) 


Equation (6.36), for five different of values 06, would yield 
(a'*a*), (b'7b*), ((a'*ab) + (athta?)), ((atbtb*) + (bi2ab)),, 
(4(atbtab) + (ai2b?) + (bi2q7))- Equation (6.37), for three different 
values of 0, would yield 
(4(athtab) — (ai#b’?) — (bi*a?)), ((ai2ab) — (atbia’)),((a' bth?) — (b’ab)) 
. Thus these eight measurements and the measurement (6.38) enable us to 
determine all the required fourth-order correlations 
(al?a’), (bi7b*), ((a!*ab), (ala?), (bi7b*), ((a'*ab) needed for the 
determination of (S;S)). 

We next give the arrangements [16] of quarter-wave plates and half-wave 
plates to realize (6.33). The Jones matrix for any wave plate is given by (6.22). 
For clarity, let us write it as J(n, @). For n = 7/2 (7), it is a quarter-wave plate 
(half-wave plate). The result is (6.33), ie. 


J” (A, ()) — O, /4Ox/4H_2/4+6/2 ; 
J“ (6, mw /2) = O 20942 /2H6/2, 


m/2> 


(s) j } = 5 , 20 
J (0/4, 70/4) = Ox /4+(arctan 2! 2 /2O 5x 12-4 (arctan 2!/2 2H 12; (6.39) 


where the subscripts to Q and H give the angles by which the quarter-wave and 
half-wave plates have to be rotated around the z axis. The matrices for the half- 
wave and quarter-wave plates are given by 


_ {cos2 sin 2 
Hy =i{ ? ? (6.40) 
sin2@ —cos2¢ 
: i (cos2¢—i sin 2 
y= a (6.41) 
J/2\ sin2¢ —cos2¢ —-1 


The scheme outlined above is quite general and can be extended to higher- 
order correlations of the Stokes operators [17]. It can also be used in the 
tomography of entangled states. The case of two-photon entangled states has 
been discussed in detail [18]. Figure 6.2 and the foregoing discussion makes it 
clear how the scheme would work for two-photon entangled states. 


Correlations 
OPO 
Type Il 


(Iq(9, p)Ip(9', 9')) 


The OPO produces an entangled state with a total of two 
photons, one in the direction labeled by the subscript 1 and 
One in the direction 2. The intensity—intensity correlations 
are measured after carrying out SU(2) transformations. 


6.6 Orbital angular momentum of fields - HG 
and LG modes 


In the previous sections we examined the polarization properties of light. 
Another important property of light is its orbital angular momentum if we are 
dealing with two-dimensional fields. We would concentrate on paraxial beams, 
i.e. light beams with propagation vectors that are close to the axis of the beam. 
More precisely, the transverse components of the momentum must be much 
smaller than the longitudinal or axial component. It was demonstrated by Beth 
[19] that the interaction of a circularly polarized beam with a birefringent plate 
can produce a mechanical torque [20]. In paraxial optics two types of beams 
have been extensively used; assuming a time dependence of the form e%, 
these are: 


(A) Hermite—Gauss (HG) modes 


| 9 1 1/2 2x 2y ( 24. 2) ? 

9) “: = —(x7 +97) /w? 
- , ) — _ 2 re - ee - v : 

Unm(X, Y, w) \V x \ 2"+myw2n!lm! An Ww Hm Ww s 


/ lUnm(X, Vy, W )|? dx dy = 1, (6.42) 


where w is the beam waist. The amplitude (6.42) is in the waist plane and the 
integers n, m satisfy 0 <n, m< , These modes are also called TEM, ,,, modes. 


(B) Laguerre—Gaussian (LG) modes 
Let p and @ be the polar coordinates in two _ dimensions 


p=./s +, tnd = yx 


|n—m| 
; Zi p/2 2? 
- 7\ — »all(n—m)é .—p-/w- min(7,m) = =. 
Un.m(p, @) —b Ne (-—1) 7 \ 


9-2 
|n—m| <p : ' 
x Litt) ( “2 (min(n, m))!, 
2 - 
/ lUnm(p, 9)|* dx dy = - (6.43) 


where L',(x) is the generalized Laguerre polynomial 


P : m 
LG) = rn (PF) = —— i (6.44) 


p—m) m! 


m=0 


Here N =n + mis called the order of the mode, | = n — mis the azimuthal index, 
and p = min(n, m) is called the radial index. Allen et al. [21] found that LG 
modes carry an orbital angular momentum fi! per photon. For reviews on 
orbital angular momentum see [22]. 

For LG modes with n # m, the intensity is zero at p = 0. These modes are 
generally called vortices because they carry definite angular momentum. The 
name “donut mode” is also used because of their intensity pattern. The mode 
V39 is displayed in Figure 6.3. 
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Intensity distribution for the mode V4. 


For n= m= 0, Ugg is the Gaussian beam, similarly vo9(p, 8) is also a Gaussian 


beam. The simplest case where the two modes differ corresponds ton +m=N 
= 1,/=+1 and p = 0. Here, for the HG case 


uig X xe we up, ye ty )/w* (6.45) 
whereas 
Vig X pel er /w* = (x+ iy)e— 7 )/w* 
Vol pee Bi =(x-— iyye 7)" (6.46) 


Thus the LG modes are linear combinations of HG modes for the same value 
of N=n +m. The relation between (6.45) and (6.46) is pictorially shown in 
Figure 6.4 [23]. 

A very general relationship between the LG and HG modes for arbitrary 
order can be obtained using operator techniques [24] and has been utilized by 
Allen and coworkers [25] to find an experimental method to produce LG 
modes. 

Experimentally, the vortices can be studied by examining the interferogram 
obtained by using a reference beam of the same amplitude. For example, let us 
consider the intensity pattern obtained by superposition of a vortex with | = 1, 
Ape’, where @ = arctan(y/x), and a plane wave Aye”, The intensity in the 


plane z = 0 will be 


2mx | 
y= 243 + cos (= -«)|. (6.47) 


Here J is the spatial period of the reference wave in the xy plane. The resulting 
interferogram (6.47) is shown in Figure 6.5 [26]. This interferogram has 
nearly the form of a parallel grating except for a forking pattern near the core 
x, y=0. 
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Intensity distribution for the modes given by (a) V39 = Uy9 + 
iUp1, (BD) Voq = Uj — Woz. (Redrawn after [23].) 
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a 
_Interferogram of a single point vortex of charge m = 1, in 


which X = x/A and Y = y/A. The vortex core is located at the 
fork of the equiphase lines. (Redrawn after [26]). 


Having defined the modes, we discuss briefly how LG modes can be 
produced from HG modes. Several methods are known — one can use 
cylindrical lenses, diffractive optics elements, spatial light modulators [27]. A 
relative phase shift of 7/2 or m between the HG modes ug, and uy, can be 


introduced by a combination of two cylindrical lenses each of focal length f 


and separated by ,/?f and 2f respectively. This has been demonstrated by 
Beijersbergen et al. [25]. The method is based on different amounts of Gouy 
phase shifts if the HG beams in the x and y directions have different Rayleigh 
range 7m w2/A. From (6.46) it then follows that a m phase shift would change vo, 
tO Vjq and vice versa. Similarly, HG modes, whose principal axes make an 
angle of 45° with the x axis, would be changed to LG modes by a 7/2 phase 
shift, as shown in Figure 6.6. A popular technique for generating vortex beams 
is to use computer-generated holograms. For example, we can generate the 
pattern given in Figure 6.5 and launch a Gaussian beam to generate LG modes 


Vo, and V1, (see Exercise 6.7). 
“” 33 = 
“ : 33 " = 


The decomposition of a TEM gs Hermite—Gaussian mode at 
45° into a set of Hermite—Gaussian modes and the 
decomposition of a Laguerre—Gaussian mode into the same 
with different phase factors, after [25]. 


6.7 Orbital Stokes operators and the Poincaré 
sphere 


Let us consider a special case of a linearly polarized quantum field with orbital 
angular momentum which can be written as a superposition of vjg and vo, 


modes in the waist plane 
E(x, v) = vj0(X, v)b4 + 01 (, y)b_. (6.48) 


We will continue to assume that the field is monochromatic. The operators b, 
and their adjoints b’, satisfy Bosonic communtation relations 


[b,,b,]=[b,b]=1, [b,, d'] =0. (6.49) 
The field (6.48) can also be written in terms of HG modes 
E(x, vy) = uo (x, vy) by + ug) (X, v) bp, (6.50) 
where 
gee gel SO) gol (6.51) 


v2 © : v2 


The operator b, and b, also satisfy Bosonic algebra 
[Das bi] = Sap. (6.52) 


The nonclassical character of the light with OAM arises from the states of the 
field (b,, b_). Note the similarity of (6.48) and (6.50) to equations (6.10) in the 
description of the polarization of light. The representation (6.50) [(6.48)] is 
analogous to the representation in terms of a linear [circular] polarization. 
Thus many of the concepts used for polarization optics can be adopted for 
orbital angular momentum [28-30]. For example, we can introduce orbital 
Stokes operators defined as 


Lo = bib, + bi b_ = bib, + bibp, 
Ly 


bib +b b, = bi bh, — bby, 
Ly = —i(b'.b_ — bby) = bib + Dh), 
{3 = Bh Fi = b' b_ = —i(b} by _ bby ). (6.53) 


These operators also satisfy the SU(2) algebra 


oe) 
. 


[L;,L;] = 2i€, Ly, l & yk = 
Ly(Lo +2) = L5 4+ £54 £3. (6.54) 


The operator £,) commutes with the rest of the operators. For a field in a 
coherent state |B,, B_), 


b+|B,, B_) = B+|B+, B_). (6.55) 
(Lo) = 184? + 1B, (£3) = |B, — IB_I, 
(Li) = Bi B_+c.c., (£2) = —1(84 B_ —c.c.). 


In analogy to the polarization case these would be orbital Stokes parameters. 
For classical fields 


(6.56) 


(Ly)? + (La)? + (£3)? = (Lo)?, (6.57) 
and hence the collection of states of a light beam with OAM can be represented 
as points on a sphere [30] which we can call the orbital Poincaré sphere. If 
either B, or B_ are zero, i.e. we have states with either mode vj, or Voj, then (£, 
) and (£>) are zero. Furthermore, if the relative phase between B, and B_ is 
zero (multiple of 7), then the orbital Stokes vector lies in the xz plane. In this 
case, the mean value of the OAM is nonzero. The north (south) pole on the 
orbital Poincaré sphere represents the LG mode (p = 0, / = 1) [(p=0,1=-1)]. 
For vectors in the equatorial plane 
i —- = |6_|, writing B, = Boe '#/2, B= = Boe'?/?, ’/2, we find from (6.51), 

= /2Bp cos 9/2, (b>) = /2B,y sin g/2. Thus fh mean value of the 
rake is 


— J 2. Bo (uro COS p/2 + Up) sin p/2). (6.58) 


In analogy to linearly polarized states lying in the equatorial plane of the 
Poincaré sphere, the states with linear combinations of up, and uj, and that are 
in-phase lie in the equatorial plane. 

Since the coherent states of light are like classical states, we now discuss 
how single-photon states can be represented on the orbital Poincaré sphere. 
Consider the most general pure state containing one photon 


[Y) = A,11,0)+6_10,1), (6. +16_P = 1. (6.59) 


Here |1, 0) [{0, 1)] means one photon in the mode Vj, [Vo ]. It is easily shown 
that 


(L; +iLz) = 2B) B_, (£3) = |B.|7 —|6_/, (6.60) 
and 


(2)? = (6? +167)? VA, Be. (6.61) 


Therefore most general one-photon states can be represented by points on the 
orbital Poincaré sphere. 

We have thus given effectively a two-mode description of the field carrying 
OAM. We could thus consider squeezed states as well as the entangled states of 
these two modes as described in Chapters 1—3. The discussion there was based 
on two modes satisfying Bosonic commutation relations. Thus these modes 
can be taken as the modes as defined in Eq.(6.48). 


6.8 Mixed states of orbital angular momentum 


We can also consider mixed states of orbital angular momentum for which 
9 9 


(Li)? + (£2)? + (£3)? 4 (Lo)?. To describe these we introduce, in 
analogy to (6.15), the matrix 


y (ibs) Lb) _ 1 (lot) (Lr +il)) gon 
a (Ly — iL>) (Lo — £3) 


One can also define the degree of vorticity by 


.  keeedg 4detV ]' : 
] = ——_ = l — ah ’ (6.63) 
Ay tA (TrV )+ 


where A, and A> are the eigenvalues of V. States of zero vorticity (in analogy to 
unpolarized light) would correspond to A, = A, or 4 det V = (TrV). States like 


(6.55) and (6.59) correspond to det V = 0. These are the states for which we 
have the orbital Poincaré sphere representation. 

For LG modes of higher order we need to consider the SU(N) group, as 
instead of (6.48) we need to write 


E (x, y) = x. Un.m (x, v)by, =h— im. (6.64) 


n+m=N 


Thus, for a fixed N, the number of field operators needed is N + 1. The 
Bosonic operators b* ybg can be used to construct the SU(N + 1) algebra. All the 
nonclassical properties of the higher-order LG modes can be studied in terms 
of the expectation values involving the products of the operators b bt 
etc. 


n—-np n—-nvp 


6.9 Entangled states of the orbital angular 
momentum 


The entangled states of OAM can be produced by using parametric down- 
conversion [31, 36]. We rewrite the interaction Hamiltonian (3.71) in terms of 
the signal and idler fields as 


H, = x | PEPE DEE DEED + ¢.C.. (6.65) 
y 


We assume as before that the pump field is strong and treat it classically. 
Furthermore, the pump field is taken to be the lowest-order Gaussian mode 
Ugo, Le. 


Be ar, n= A(wp)e”*" ugg (F). (6.66) 


We expand the signal and idler fields in terms of the LG mode v,,,, or ae Here 
! is the azimuthal index (n -— m) and p the radial index min(m, n). For the 


purpose of this section we write Vip as 


UL) = Ry(p, ze” [/2x, (6.67) 


LAN . * 
where es are radial functions. We assume that these are orthogonal and 
normalized as 


Ss pR*(p,z)Rp(p',z) = 5(p — p’), 
P (6.68) 
[ e4 R5(e,2)Rp (0,2) = Spp- 


We would consider a detection system where only the angular part of (6.67) is 
measured. Next we write the signal and idler fields as 


(—-) = gn T 1, *. ya, t 
Ee" (F,t) = ) b} pp, (@s) Up, (r)e"*, 
LPs 


1(—) > T Lik (A alot 
Ee t= ) Dip, Kip, (FC : 


l,.Pi 


(6.69) 


There is no summation over frequencies as we assume that signal and idler are 
monochromatic fields. Following the argument that led to (3.74) we can write 


the first-order wave function as 


[w) = >> BL bt, 10, Opa.» (6.70) 
LPs Pi 
where 
XA ' _— 
Riga = ae p dp dz RY (p,z)R},(p, 2) Rp, (P; 2). (6.71) 


Clearly F gives the probability amplitude for the production of signal and idler 
photons in the OAM states |I, p,) and |-I, p;) respectively. If now consider a 
bucket detection system that is insensitive to radial degrees of freedom, then 
the state (6.70) effectively becomes 


Ww) w Yo VP I)s| — Dis (6.72) 


where 


=) esas (6.73) 


Ps 


is the probability of producing a pair of photons, one with OAM | and the other 
with OAM -l. We have thus produced an entangled state of OAM degrees of 
freedom. The pump has no orbital angular momentum and it produces pairs of 
photons (/, -/). For a given | we have an EPR-like state 


l 
wot) = —(l),|—1),+1—Dsll)), (6.74) 


J 


as shown in Figure 6.7. We can also produce four-photon entangled states of 
OAM as we did in Section 3.11 for the polarization degrees of freedom. This is 
shown in Figure 6.8. 


Pairs of photons. 


Generation of the four-photon entangled states of OAM. 


The four-photon entangled state of OAM for bucket detection would have 
the form 


pw) = SO VP ll) — 1, 1), (6.75) 
Il’ 


Py = x. 2 Fipp: | Fr pp (6.76) 


PsPi PLP; 


Having generated entangled states of the orbital angular momentum, one can 
now do a variety of interferometric measurements as well as use these in 
supersensitive measurements of angular displacements [31]. The Hong—Ou-— 
Mandel dip has been studied using the entangled states of the orbital angular 
momentum [32]. In the original experiment, Hong, Ou, and Mandel used the 
finite frequency of the entangled photons. For OAM, one uses the finite width 
inherent in the state (6.72). 


6.10 Transformation of entanglement between 
polarization and orbital angular momentum g- 
plates 


The q-plate is a device which can couple the orbital degrees of freedom to 
polarization degrees of freedom. At the level of quantized fields it enables us 
to produce entangled states involving both polarization and orbital angular 
momentum degrees of freedom [33, 34]. Consider, for example, a half-wave 
plate made from a birefringent medium, i.e. a uniaxial crystal, as discussed in 
Section 6.3. Let us assume that the plate lies in the xy plane with its slow and 
fast axes in the xy plane. Let the light be incident normally on it. Let the optic 
axis make an angle a with the x axis. For the standard half-wave plates a is a 
constant. Let us now make a dependent on the coordinates itself and take it to 
be of the form 


a(@) = g0 +a. (6.77) 


Such wave plates can be realized by using nematic liquid crystals. The cases 
when q is a half integer or an integer are of special interest. The Jones matrix 
(6.22) using (6.77) and n = is 


J =ie® cos 2(q9 + a9) sin2(q@ +a) | (6.78) 
sin2(g@ +a) —cos2(g@ +a) 

The overall phase factor can be dropped. Thus a left-hand polarized circular 

wave ( ) will be transformed to 


(;) = ( ee (6.79) 
1 —1 


The left-hand polarized circular wave transforms into right-hand polarized 
circular wave. In addition, the outgoing wave acquires orbital angular 
momentum if 2q is an integer. 

We will now show by a simple example how the entangled states can be 
produced by using a q-plate with q = 1. Let us consider an input state of a single 
photon with horizontal (H) polarization and zero OAM. The H polarization is a 
combination of right- and left-circular polarizations and thus we have the 
transformation 


late 1 1 \ pig 43 1/1 210 —2ia - 
(;) — 5 (;) —_— (-;)| Lis o(_,)e +2109 no 5 (; Je aa. (6.80) 


which is an entangled state consisting of a superposition of a photon in the state 
with left-circular polarization and with / = —2 and a state with right-circular 


polarization and | = +2. For the preparation and detection of such states, see 
[34]. Clearly, for two photons, starting with, say, polarization-entangled states 
one can produce a variety of entangled states by passing each beam through 
different q-plates. 

The q-plate clearly mixes the spin and orbital angular momenta. It is thus an 
example of spin-orbit coupling in optical systems. Such a coupling is often 
referred to as the Hall effect of light [35]. The 6-dependent optic axis naturally 
provides the basic ingredient for spin-orbit coupling. Once we know the 
transformations by a q-plate one can discuss the behavior of nonclassical 
fields. Besides the Jones matrix for the transformation, it is also useful to have 
an equivalent description in terms of an effective Hamiltonian. Let us write the 
Bosonic operator a,;, where the index s stands for the polarization (left- 
circular or right-circular) and | for the orbital angular momentum. Clearly the 
q-plate for integer values of 2q can be described by an effective Hamiltonian 
of the form 


i; — > (cxra} ari2, + CRI) AL1-29 + H.c.) : 2q = integer. (6.81) 
The coefficients c can be easily fixed from the Jones matrix (6.78). The 
effective Hamiltonian is especially useful in studying the transformation of 
nonclassical fields by systems having spin—orbit coupling. 


Exercises 


6.1 Solve (6.25) to show that J is indeed equal to (6.22) (6 = 0). 


6.2 If a device shifts the phase of the fields in a circular basis then find the 
Jones matrix J, ie. find J for the transformation 
(a+1b) > (at ib)e—'#s. This is important in the context of magneto- 
optical rotations. 


6.3 Consider the two-photon states defined in the circular polarization basis as 


72 q2 


l++)=]00), |+-)=atatjoo), |—-)==(00), 


/2 


where d4. = oe fy, 4 [= [as, a’ ] = 1,.[a., a’ ] = (), Show that 
Va 


all these states are invariant under rotation, i.e. [p, a'b — ab'] = 0, where p 
stands for the density matrix of any of the above three states. The wave 
function, however, would acquire a phase. 

6.4 Show that det Jp = 0 for all pure states is defined by a|2, 0) + Bi1, 1) + y|0, 2 
) with 


a | 
B | = exp (—idS- 7) | 0 
y 0 


where Jp is defined by (6.15) and P = 1. Here jf is a unit vector, § is the 
operator defined by (6.12), and @ is arbitrary. 

6.5 Calculate the fluctuations in Stokes operators (S;S;) — (S;)(S;) for 
unpolarized state defined by (6.32). 


6.6 Verify the normalization (6.43) of the LG modes using the following 
property of the associated Laguerre polynomials 


nm 


[ aes*ti@ii eye = 2 
° nh. 


6.7 Consider a mask with a transmission function given by Eq. (6.47). Let us 
launch a Gaussian beam exp{-—(x? + y*)/w?}. Then calculate the far-field 
pattern which is proportional to the Fourier transform 


9 x“+4y/* 


a fe a Sas 
esate "|e wf eo! ded, 9’ = tan '(y’/x’). 


I 


Here q, and q> specify the directions of the point in the far field q, = x/r, 
do = ylr and py = ,/x? + y2 +4 22. Show in particular that the above result 
represents a combination of vortices Vp; and v;g and the Gaussian beam 
Ugg. For a number of interesting experiments using this method of 
generating optical vortices, see [36]. 

6.8 Find the coefficients in the expansion of LG modes in terms of the HG 
modes Unm(p,9) = >> pa dnmpgUpq (xX, V). Using this expansion, justify 
the lower part of Figure 6.6. 
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Absorption, emission, and 
scattering of radiation 


So far we have concentrated on the properties of electromagnetic fields. Now 
we study how electromagnetic fields interact with matter and how the outcome 
of the radiation—matter interaction can depend on the nonclassical properties of 
electromagnetic fields. Furthermore, in order to appreciate Glauber’s quantum 
theory of optical coherence [1, 2] in the next chapter we have to understand 
how a photo detector responds to incoming nonclassical light. In this chapter 
we treat the radiation—matter interaction perturbatively; the nonperturbative 
results will be given in later chapters. 


7.1 The interaction of radiation and matter in 


the electric dipole approximation 


We keep the analysis of the interaction of radiation and matter as simple as 
possible. For the purpose of this book it is adequate to treat the interaction 
using the electric dipole approximation. 

We label the states of an atom as |i) with energy E;. The unperturbed 


Hamiltonian for the atom is written as 


Hy = >> ili) (il. (7.1) 


The transition frequency between the levels |i) and |j) will be denoted as 


| 
h 


Let p be the electric dipole moment operator 


jj = 


(E; = Ej). (7.2) 


p= er, (7.3) 


where ;- is the coordinate of the electron and e its charge. If the atom is located 
at the position R, then ; is the position of the electron relative to the position 


of the nucleus. For simplicity we assume that the atomic states have no 
permanent dipole moment. The two states for which the matrix element 


Diy = (ler) £0, (7.4) 


are connected by a dipole transition. 
The interaction between an atom located at R and the electromagnetic field 
in the dipole approximation is 


H; = —p-E(R), (7.5) 


where (Rf) is the electric field operator at the location R of the atom. The 
form of the electric field operator is given by Eq. (1.22). We treat the 
electromagnetic field quantum mechanically. The semiclassical limit, if 
desired, can be taken at the end of the calculation. The advantage of treating the 


field quantum mechanically is that (i) spontaneous emission comes out 
naturally, and (ii) fields with low photon numbers can be handled. In Chapter 1, 
we gave the unperturbed Hamiltonian H, of the field. For the convenience of 


the reader we collect all these together and write the net Hamiltonian for 
radiation—matter interaction 


H =H,+ Her +H), 


Hy =) Elid, 


Hr = a heoga’ aj, 
H, = —p-E(R), 


|2rhw a 

+. . | ks r. 

E(R) =) iy Fj P+ Hc.. (7.6) 
ks 

The radiation—matter interaction is typically determined by the fine structure 

parameter e*/( hic) ~ 1/137 unless the electromagnetic fields get very large. 


Thus for most purposes we are allowed to treat such an interaction 
perturbatively. 


7.2 Rates for the absorption and emission of 
radiation 


We can now study specifically the question of absorption and emission of 
radiation by an atom. Let the atom be in the state |i) at t = 0. Then by absorption 
or emission of a photon it makes a transition to the state |f). We specifically 
want to calculate the rate [';_, for the absorption or emission of radiation. 
Clearly E, > E; (E, < Ej) if absorption (emission) of radiation occurs. For 
simplicity we ignore the motion of the center of mass of the atom. For the 
calculation of transition probabilities it is convenient to work in the interaction 
picture in which the interaction Hamiltonian is given by 


Hy(t) = —p(t) - E(R, 1), 


BO) = Pull", Bn = (NA), 
jl 


5 3 2a hang 2p 
E(R.1) = Driv eee + Hc. 
ks 


= EO (Rt) + EO (R12), (7.7) 


where # (© is the term involving annihilation (creation) operators only. 
Let |®;) and |®,) be the initial and final states of the field. The combined state of 


the atom-field system at t = 0 is |i)|®;). According to quantum mechanics the 
evolution of the wavefunction |;) in the interaction picture is 


d|W7) 


‘ 


ih 


= H,(t)|W;), |W) = lat Ae yyy) (7.8) 


where |'P) is the wavefunction in the Schrodinger picture. From Eq. (7.8) the 
first-order correction to the wavefunction is found to be 


1 ft | 
[Ww (t))() = al de’ H;(t’)|7(0)) 
0 


t 


l / / éj 
=— dt’ H;(t )|(0)) 
ih 0 


i * - 
-; / dt’ p(t’) - E(R, t’)|i)|®;). (7.9) 
ih Jo 


The probability amplitude of finding the system in the state |f)|®,) after time t 
would be 


(F(Pe|/ Yr) 


l ‘ . — / —s = ; 
-; [ di! (fIBW)|i) « (© ER, |) 
ih 0 
| t 


—— | dt Priel - (O,|E(R, t’)|)). (7.10) 
ih 0 : ’ 


Further simplification depends on whether we are considering absorption or 
emission processes. We therefore discuss each case separately. 


7.2.1 Absorption processes 


For absorption we have Er > E;, wg > 0. We also know from our discussion in 
Chapter 1 that the annihilation operator acting on a Fock state reduces the 
excitation in the Fock state by unity. Hence the part E™) in (7.7) corresponds to 
the absorption of photons. Therefore for absorption of a photon, Eq. (7.10) 
reduces to 


| ; j— j / — 1 7 oS 
(f|[(®-|W7(t)) = -5 | dt’ pret" - (O [EM (R, t')|®;)). (7.11) 
ii Jo ; ; 
Let P if be the probability of finding the atom in the state |f) if it has been 
initially in state |i). Such a probability has no information on the final state of 


the field. Thus we are thinking of an experiment where the final state of the 
atom is measured and the final state of the field is not measured. This 


probability P if can be obtained from (7.11) by taking its absolute square and by 
summing over all the final states of the field: 


l . = = = ~ ~ 
Pig = is —- df; dtp Pri . (D,|E (R, ft) )|D;) (DE (R, t2)|®f) : Pri 
oy & JJo 


x eloyilt —f2) 


] , H . — 1 ~ E 
= aff dt dtp el—2)(® [pF : EC ) (R, t NWF ri - EO (R, t)]|®;), 
2 0 j 
(7.12) 


where we used the completeness of the states |®,) of the field. Furthermore, the 
initial state of the field need not be a pure state. It could be a mixed state pp. We 


thus find that the absorption probability is related to the normally ordered 
correlation function of the field defined by 


EO A, Fist) = TrlorES (r”, b)ES (Ft) 
= (EY (a, h)Es” Fis ti)), (7.13) 


which in steady state is a function of (t, — t,) only. Thus (7.12) reduces to 


=(N) |. 4 
Pir = he s/f dt; df, e aio fi(ti— Be a 3 (R, (), R,t — fo) Pris (7.14) 
; 2 


where we have used the dyadic notation for the correlation functions (7.13). In 


order to obtain the rate I’, we differentiate P jf and take the limit t — 0. A 
simple algebraic calculation yields 


. | sts =(N) 

ads 1@;T ag =o x 

lip = 72 dre" pr,-E (R,0,R, t) - Pri, (7.15) 
OD es 

where the superscript indicates that this is the rate for absorption. We thus find 

that the rate of absorption is related to the Fourier transform of the normally 


ordered correlation (7.13). This is a fundamental result which is central to 
Glauber’s quantum theory of optical coherence. The Fourier component at the 
transition frequency @, directly gives the transition rate. This is very 
interesting as one can use this relation to find the quantum properties of an 
unknown field by studying the transition probabilities. The result (7.15) is quite 
general and can be applied to a variety of fields, both classical and quantum. 
We will discuss a number of special cases in the next section. It may be noted 
that if the field is initially in the vacuum, then e =0. Clearly the field has to 
be present if it is to be absorbed. 


7.2.2 Emission processes 


For the case of emission we have Er < EF, Of < 0. Furthermore, we use the 


property of the creation operator, namely that it increases the excitation of a 
Fock state by unity. Therefore in place of (7.11) we would have 


(f|(®-|W7(0)) --.[ de’ priel?h” - (D-|E (R, t’)|®)). (7.16) 


We can now follow the analysis which led to (7.15). We keep in mind that the 
roles of EO and E“ are reversed. Therefore in place of (7.13) we need 


eA) 
ap 


which is called the antinormally ordered correlation function of the field. The 
rate of emission is then calculated to 


(72, 2, 71,0) = (EV, Eg '(Fi,t)), (7.17) 


. | +00 ; =(A) _ - 
i= = dren pr,-E (R,0,R, Tt) - Pri. (7.18) 


i f--9 


7.2.3 Spontaneous emission 


We note that if there is no field present initially, then the probability of 
emission is nonzero. This is because the creation operator acting on the 


vacuum produces a one-photon state. In view of this we have € “) z 0 even if 
the field is in the vacuum state, i.e. if 


pr = |{0})({O}]. (7.19) 


This is the spontaneous emission of radiation. The rate for spontaneous 
emission was first calculated by Einstein using considerations of 
thermodynamic equilibrium and Planck’s law. It is called the Einstein A 
coefficient. We show that spontaneous emission naturally follows here from 
considerations of the second quantization of the electromagnetic field, i.e. we 
show that Ij; = A if the field is in state (7.19). It should also be noted that 


spontaneous emission can take place in any mode of the field. We can now find 
the explicit form of the Einstein A coefficient by evaluating E( R, 0, R, 1). We 


T 
a> a. = b7 7 b,,5) 
( kis a! kik2*!*2 and therefore 


9 L, 
ADs kz _ [2rha,, | 2rhax, 
“ap (R, 0, R, t) — > \ yp \ 7s: alG, dp 


J 


first note that 


2 hoK\ ir 
=> ( > Je (€j,)a (Et Dp. (7.20) 


which in the limit V — 0 becomes 


- - V 2rho.\ , kk 
>(A) : 3 k iket aNB 
éE 0. Fe = Pk | —— ]e bap — — 

a | <i ook ( V Je ( pk 


2. é 
= ~byg— | Pdke*, (7.21) 
IT 


which on substituting in (7.18) leads to 


5 


Cc +00 
meh 2 4_ ,iket—i|w;;|t 42 
a k dk drt c IP fil 
3hx = 


a 
= Selenk | Pak 2x8(ke — |w;;|) 
Sha | 


_ Alp il? Jo gil? 

ee) oe 
This is the well-known expression for the Einstein A coefficient. An estimate 
for (7.22) can be made by assuming |p, * edg, where ap is the Bohr radius, and 
say for w, corresponding to 6000 A, ie. @g/c = 2m/(6 x 10°) cmt. This yields 
A® 9.37 x 10° 51. The actual value depends on the dipole matrix element and 
co, and is equal to 6.14 x 10’ s"' for the D, line of Na. A good website for 
alkali D line data is reference [3]. 


7.2.4 Stimulated emission 


It is evident from the discussion in Section 7.2.3 that the difference (Tem — A) 


depends on the presence of the input field. This part is then the stimulated 
emission. We next show that the rate of stimulated emission is equal to the rate 
of absorption under the same conditions from which (7.15) and (7.18) were 
derived. It must be added that one can set up systems such that these two rates 
are unequal and for such systems one has found that lasing can occur under no 
population inversion [4—6]. 

In order to show the equality of (7.15) and the probability for stimulated 
emission, we rewrite (7.17) as 


Exp (R, 0, R, t) = (ES? (R, 0), Es (R, t))) + (Ep (R, r)ESP(R,0)). (7.23) 
For fields in the vacuum, the second term in (7.23) vanishes since this is a 
normally ordered correlation. The commutator in (7.23) is a number and does 
not depend on the state of the field. Therefore (7.18) can be written as 


3 ee st V2 
where es is the rate of stimulated emission 
A 


+00 


v=> dr etenle (EO (R, t) - Bi) (EM (R, 0) - F7)) (7.25) 
1 te * 

= al dr ellen (EO (R, 0) - pAEO (R, t) - piz)). (7.26) 
P dices 


To obtain (7.26) we changed t to —t and used the fact that ee depends only on 
the difference of two arguments, we also used pjy = Pi; On comparison 


with (7.15) we then obtain 


Tip = TF? (7.27) 


If) 


Different radiative processes between the states |/) and |f). 


The situation is shown in Figure 7.1. It should be borne in mind that, unlike 
spontaneous emission, the stimulated emission occurs in the mode in which the 
field is present. 

Let us now consider radiative processes in a thermal (black-body) field. We 
will show how equilibrium is established. For absorption and emission in 
thermal fields we have 


Pr = I] [ exp (— Bhooya'. a.) /Tr' exp ( — Bhoxa'. a;.))], (7.28) 


ks 


for which 


: = 027 - 9) 
(a. Gass) — 85 7, 9sis2 lf, 5° (7.29) 
A derivation similar to that of A leads to 
b 2p | 
Diy = TGP = n(legil)A. (7.30) 


Note that Figure 7.1 suggests that the atomic populations pj, p; in the states |i) 
and |f) obey the equations 


a dj 
Fr = Vesps — (Vip + 4) pi, 
i 
ODr , 
Pr = rp, + (P8-+A)p. 73) 


Therefore in equilibrium D =P r= 0, we obtain for a black-body field 
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Pr/Pi = 


which is consistent with the Boltzmann distribution. 
If initially no field is present TS = Ts‘ = 0, then the solution of (7.31) under 
the initial condition p; = 1, pr=0 is 


pilt) =e, prt) =1—e™. (7.33) 


This is the well-known radiative decay of the excited states first derived by 


Weisskopf and Wigner [7]. We will give a derivation of this from first 
principles in Section 7.6. 


7.3 Single-mode limit - Einstein’s B 
coefficient and the absorption coefficient a(q) 


We examine (7.15) specifically in the limit of a single-mode monochromatic 
electromagnetic field and then derive an expression for the absorption 
coefficient. For a single mode of frequency w, the normally ordered 
correlation function is 


, ee 27 hw 

we th Okt) = €,ege ( 7 ) (a‘a), (7.34) 
where € is the polarization vector for the single-mode field. On substituting 
(7.34) in (7.15) we easily derive 


, 4x? . ‘ - 
ey = ayy - Pril/ @5(@ — we;)(a'a). (7.35) 

F 7 ; 
Generally the excited states of atoms have finite width, thus we need to sum 
(7.35) over all the final states. Let S,(w@,) be the function which gives the 


density of the final states of the atom and for simplicity we choose it to be 
Lorentzian 


y/« 


Y* + (wei — wFi)* 


Sa(@yzi) = 


Here OF = (E;- Eh , where E; is the mean energy of the state |f). Then (7.35) 
goes to 
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If there are N atoms in the volume V, then the mean photon number would 
decrease due to absorption by all the atoms in the volume. This decrease would 
be described by the rate equation 


d(ata) 
dr 


= —Nrs (7.38) 
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where n = N/V is the density of the atomic system. One introduces an 
absorption parameter a, which is the rate of change of energy per unit length. 
From (7.38) we have the explicit expression for a@ 


OT as ees — = 
ae) = les - Pril”/[Y~ + (@ — @yi)*], (7.39) 
1c 
which is Lorentzian with a halfwidth at half maximum equal to y. The 


absorption at the line center a9 = a(W) is 


4a nw — . 
ao = ——|€p: Pyil’, (7.40) 
hey 
and therefore 
a(w) =aoy7/[y* + (w — @;;)"). (7.41) 


The relation (7.38) also yields the classical Beer’s law of absorption for the 
intensity as a function of the propagation distance 


— = —al. (7.42) 


This is because the intensity is proportional to the mean photon number. 
We next introduce the well-known Einstein B coefficient. Let us consider 
absorption from a classical field fF — & Eye ot Hk R 4. ¢.c, with amplitude 


E. We can identify |E|? = 2n/t@clata)/V. The flux, the modulus S of the 


Poynting vector, of the incident field is given by S = c\Ep|*/(2n) = h ocatayV. 
Using these definitions in (7.37) we get 
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The expression (7.43) gives the absorption of a component w of the incident 
field. More generally, if the incident field is not monochromatic, then (7.43) is 
to be replaced by 


r= | = lEp ey : — dea, (7.44) 


h2c “+ (w — @yi)* 


where S(q@) is now the spectral distribution of the field. We next introduce the B 
coefficient via 


n 
rs = [ dob) ). (7.45) 
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where 
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Note that we have introduced a form for ee which takes into account both the 


spectral distribution of the field as well as the width of the final states of the 
atom. 


7.4 Scattering of radiation 


Let us consider the fundamental process where a photon travelling in the 
direction k, with polarization € , is scattered into a photon in the direction k, 


with polarization € ,. The atom goes from the initial state |i) to the final state |f). 
The conservation of energy requires 


Ey — Ej = ho, — hoy. (7.47) 


When the final state is identical to the initial state, then we have elastic 
scattering. Otherwise we have inelastic scattering. For inelastic scattering we 
have two possibilities: (i) Stokes scattering E,> Ej, @2 < @,; and (ii) anti-Stokes 
scattering E,< E;, @) > @,. These are the Raman processes and are displayed in 


Figure 7.2. 

In order to obtain the rate of scattering we need to do a calculation of the 
wavefunction to second order in the radiation matter interaction. This 
calculation is more involved. In order to keep the analysis simple we use Fock 
states of the radiation field. We use the interaction picture (Eq. (7.8)) and the 
interaction Hamiltonian (7.7). We iterate (7.8) twice to obtain the second-order 
correction to the wavefunction 


If) 


If) 
(i) (ii) 


Inelastic scattering: (i) Stokes scattering; (il) anti-Stokes 
scattering. 


wii)” = (- ty fauf dtz p(t) - E(R, ty) P(t2) - E(R, tz)|i)|®;). (7.48) 
0 


The initial state |®;) for the field is | Te ao My ), Le. we are assuming that only 
Kis, (252 


the incident and scattered modes are occupied, the rest of the modes are empty. 
The final state of the field is 


|®-) = Nes, — |, i, 1). (7.49) 


Note that Ng,5, can be zero. This corresponds to spontaneous scattering. The 


terms proportional to n= fas, are called stimulated scattering in analogy to our 


discussion of sieneneous and stimulated emission. Note also the following 
result 


T 
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which shows the dependence on the number of photons in the scattering mode. 
The transition amplitude is A, ={ © fl (t)2). Since the electric field 
operator in (7.48) is the sum over all the modes, a nonzero transition 
amplitude can arise in two possible ways as shown in Figure 7.3: (I) at times t, 
a photon in the mode (k,s,) is absorbed and a photon in the mode k 555) is 
emitted at t,; and (II) a photon in the mode k 989) is emitted at time t, followed 


by the absorption of a photon from the mode k,s,) at time t,. These two 
distinct events in time contribute to the second-order transition amplitude; 
however, the event (II) is highly nonresonant, and its contribution is much 
smaller than the event (I). Therefore it can be dropped from further 
considerations. The transition amplitude is then equal to 


f Ay = a3 ff anf dtp ( (f|P(t) - a P(t) - Es, |!) 
fa he gon, (7.51) 
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(I) At times t, a photon in the mode k 151) is absorbed anda 
photon in the mode k 55>) is emitted at t,; (Il) a photon in the 
mode k 55>) is emitted at time t, followed by the absorption 
of a photon from the mode k 151) at time ¢,. 


The matrix element of the dipole moment operators can be simplified by using 
the completeness of the states and replacing the indices k;s; by i 


(IPtn) - & plo) - Ali) = Dna tt) - EFI) (UP) - eli) 
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On using (7.52) and on doing time integrations (7.51) reduces to 


47h?) a> ai a3. 
Ait = aa V1 (122 + 1) Sofie SW): Al) 
I 
el(o2—a) +7; —_ ] el(@r+@y)t aa | 
x | — - S —__ .._ (753) 
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The first term in (7.53) is the only one that can fulfill the energy conservation 
given by (7.47). The scattering rate defined by 
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with the result 
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The matrix element mg involves summation over a large number of states and 
it grows as the frequency w, becomes close to one of the transition frequencies 
); In this case the scattering is called resonant scattering. The scattering is 


also sensitive to the polarization of the fields. Equation (7.56) is the key 
formula for the scattering rate. 


7.4.1 Spontaneous Raman scattering 


If ny = 0, then Eq. (7.56) gives the rate for spontaneous scattering. For 
semiclassical fields |E,|? = 21}, @,n,/V and on summing over all final states (as 
spontaneous scattering can take place in any mode) we get 


9D a 2 iC 9 - 


We have to remember that the vector € , depends on k, and that 


koa ko = 
2s (€r)p = Sap — re J (7.58) 


which would give the angular distribution of the scattering. The details of the 
angular distribution depend on the nature of the states involved in the 
transitions. 


7.4.2 Raman gain —- stimulated Raman 
scattering 


In stimulated scattering the energy from the field 1 is transferred to the field 2 
so that the intensity of the field 2 grows. In this case (7.56) can be used to 
define the Raman gain g. We proceed as follows: (1) use |E,|* = 2n fj, @1n,/V; 
(2) sum over the atomic states 6(@q — @, + @) > Sa(@— — @, + Wo); (3) 
multiply (7.56) by N, the number of atoms. Then on ignoring the spontaneous 
emission term the rate of change of the number of photons at the frequency w» 


due to stimulated Raman scattering will be 


an >({N ‘Ana \ | . “ 
—— \Ey |“ (|) ° (=) S4(@ fi — Oy + W@W? )|m fil ne. (7.59) 
i 


The Raman gain is defined as the increase per unit length and is therefore 
equal to 


> N 4x? , ‘ > , 
g= |E\|° @ (==) S4(@ sj; — ©; + @2)\m,z;l. (7.60) 
re 


The equation (7.59) implies that the intensity of the field at the frequency w, 
STOWS aS 


dl, 
— = gh, (7.61) 
dz 


where g is proportional to the intensity I, («|E,|*) of the field at the frequency 
4. 


7.5 Quantum interferences in scattering 


An important feature of the rate for second-order processes is the matrix 
element Mis which involves a sum over all the intermediate states with 


denominators depending on external parameters, such as the frequency @, of 
the field. The frequency @, in principle is tunable. Furthermore, there is a 
dependence on the polarization of the fields @, and w5. Depending on the 
polarizations, the Wigner—Eckert theorem enables one to pick up only specific 
intermediate states in the summation. The matrix element mg can become zero 
for certain values of w,. Consider the situation shown in Figure 7.4. The 


denominators (wl,; — @,)' and (@l,; — @,)! differ in sign. In this case there 


are two different pathways that lead to the transition li) + Ip, as shown in 
Figure 7.5. These two pathways can destructively interfere leading to a zero in 
the transition probability. This is referred to as the quantum interference of the 
transition amplitudes. The phenomenon of quantum interference is quite 
ubiquitous to second-order processes [8] and in fact to all higher-order 
processes. This is because the matrix element mg, involves a coherent sum over 


different intermediate states. Quantum interferences have been extensively 
studied and we will return to these in subsequent chapters. 


[l2) 
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Scattering via two intermediate states, with wW, -— Wo = W,. 
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If) If) 


Two different pathways that lead to scattering from |i) to If). 


7.6 Radiative decay of states — Weisskopf- 
Wigner theory 


In Section 7.2.3 we have seen how the excited state can decay to a lower state 
via the spontaneous emission of radiation. This is an intrinsic property of the 
radiation—matter interaction at the level of quantized fields. We also argued 
phenomenologically that as a result of spontaneous emission the excited state 
population decays exponentially. Weisskopf—Wigner proved this from first 
principles using the fundamental radiation—matter interaction. The idea here is 
to solve the Schrédinger equation exactly rather than use perturbation theory. 
The radiation—matter interaction is given by (7.6). Initially let the atom be in 


the state li) and no field be present. Thus the initial state of the combined atom— 
field system is 


[W,) = |i) |{0z,}). (7.62) 


Let us assume that the atom decays to a single final state If) with the emission of 


a photon. Let us write }; @p as the energy separation of the state li) relative to If). 


The photon can be emitted in any of the modes fs. The final state can be 
written as 


Vr) = Plz), (7.63) 


where | li.) is the state of the field containing only one photon in the mode ks. 
It should be borne in mind that we have many possible final states as the mode 


ks is arbitrary. The wavefunction of the combined atom-field system can be 
written as 


W(t) = cr(t)1A)1{0g,}) + D> cg COL) Ng,), c1) = 1, 5, (0) = 0. (7.64) 
ks 


Using the Schrédinger equation and Eqs. (7.6) and (7.64) we find equations for 


the unknown amplitudes c,(t) and “&s(t): 


i (7.65) 


where 


_ [Peer ae 
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These coupled equations are to be solved subject to the initial conditions in 
(7.64). These equations are solved by the Laplace transform defined by 


'e @) 
C(p) = | c(t)e dt: Re{p} > 0. (7.67) 
0 


The requirement Re{p} > 0 must be kept in mind for all calculations. The 


Laplace transform of (7.65) and (7.66) using “ks(0) = 0 and c(0) = 1, gives 


Cz, (P) a —i(p+ ia) g C;(p), (7.68) 


* 
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pep) — 1 = —iwe;(p) — 2 Ligh a. (p). (7.69) 


Using (7.68) and (7.69) we obtain the amplitude for the initial state 


—! 


Ci(p) = p+ioo+ > |gg,l? (p + iw,) 7 (7.70) 
ks 


We now have a complete solution to the problem of an atom interacting with 
the vacuum of the electromagnetic field. So far no approximation has been 
made. The effect of the interaction is contained in the last term of the 
denominator in (7.70). In general, the behavior of the function (7.70) is 
complicated due to the presence of the Laplace variable in the term (ptia,) 1. 


Typically the interaction is weak (except in the context of cavity QED), so that 
a reasonable approximation would be to replace p in (p + iw,) | by (-ia@, + €), 
where « is an infinitesimal to be set to zero at the end of the calculation. This is 
because in the absence of interaction the pole of ¢,(p) occurs at —iw@,. Thus an 
approximate expression for C ,(p) is 


é;(p) = (p+ iw +ix), (7.71) 
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where © = y- lgz,I° (@o — wg + i€) h. (7.72) 
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The quantity & is called the self-energy term and is typically a complex 
quantity. The real part of & gives the energy shift (Lamb shift) and the 
imaginary part of 4 gives the energy levels a finite width. In the simple model 
Rex diverges and a correct treatment of Rex requires renormalization methods 
from QED as well as the inclusion of other atomic levels in the calculation. We 
will drop Rex from further considerations, assuming that the frequency Wo 


already includes the effects of Rex. The imaginary part of = is related to the 
Einstein A coefficient as expected. To see this we proceed as follows 
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Imx = — | —— 
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ks 
> —) i legl?25(oo—ax) as € + 0, (7.73) 
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which on using (7.66) and the limit V = o reduces to 


2TWE .2 2 =i 
Imd = — | Pk D> pir» &,|25 (wo — wt). (7.74) 
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On summing over polarizations, this reduces to 


A 4 fi 20yP 
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(7.75) 


Therefore (7.70) reduces to 


AXT 
Ci(p) = p+ i @ — 3) R (7.76) 


On inverting the Laplace transform, the probability amplitude for the initial 
state becomes 


a ® 
c;(t) = exp (~icuw — 5] (7.77) 
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This expression for the decay of the initial state has been derived from first 
principles. The advantage of the Weisskopf—Wigner method is that it also 
enables us to calculate the spectral distribution of the emitted field. On 
combining (7.76) and (7.68) and on inverting the Laplace transform we find 


S(w) 


Wo 


The spectral distribution S(w) of the radiation. 
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and hence in the long time limit t + © we obtain 


; so , 
= |2;7.|"/ (on — wr) + a ; (7.79) 


This is the probability of finding a photon in the mode ks in the long time 
limit. The directional dependence of the emitted radiation is contained in the 


9 
factor ISzs| . On summing over all the directions and polarizations, we obtain 
the spectral distribution S(q@) of the radiation 
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The spectral distribution of the emitted radiation is Lorentzian centered at the 
atomic transition frequency (except for the Lamb shift) with a full width at half 
maximum equal to A, as shown in Figure 7.6. The peak height is 2/(mA). Thus 
the basic characteristics of the spectral distribution are governed by the 
Einstein A coefficient. 

The Weisskopf—Wigner wavefunction (7.64) has the property that, for any 
finite t (t # 0), it does not factorize in terms of the wavefunctions for the atom 
and field, indicating the existence of atom—photon entanglement in the transient 
domain. The importance of this atom—photon entanglement has been realized 
and can produce atom-atom entanglement [9-13] using appropriate 
experimental setup. This is treated in detail in Chapter 15. 


7.7 Control of spontaneous emission through 
the design of the electromagnetic vacuum 


In the previous section we obtained the exact result (7.70) for the amplitude of 
the excited state. We then found an approximate expression for the emission in 
free space. In this section we discuss the case of a structured vacuum, which is 
the case for emission in a cavity or emission by an atom embedded in a 
photonic crystal. There are a number of models of the structured vacuum for 
which the c,(p) defined by (7.70) can be evaluated explicitly, and this can lead 


to methods for control of spontaneous emission. 


7.7.1 Purcell enhancement of spontaneous 
emission by an atom in a cavity 


From (7.70) it is clear that c,(t) would have the form 


c(t) = elon! 1 ), (7.82) 


where the Laplace transform of € will be 


e (p)=| pt d lgz. 7 (p + iw, — iw)" (7.83) 


In a single-mode cavity with frequency @, the polarization index is irrelevant. 


Similarly A becomes one dimensional. The summation in the above 
denominator can be converted to an integral 


7 . . ae 
> lgz,\° (Pp + 1M, — 1@9) ; 


> 


K /I g\~ 9 
a (7.84) 
: — @-) 2442 P+ 1@ — 1wo 
——_—_—_——— =) Wes 2\ = —|p\*. 
~ D ; Kk — id’ - * hv 


The factor k/{m[(@ — W,)? + K2]} gives the mode spectrum in the cavity. For an 
ideal cavity k  O and the mode spectrum reduces to 46(@ — w,) as it should. 


The parameter 2x is the leakage rate of photons from the cavity. The parameter 
g has the dimensions of frequency. On substituting (7.84) in (7.83) we get 
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The full consequences of (7.85) for arbitrary values of |g|, x, 6 will be 

discussed in Chapter 12. Here we discuss a simpler case which yields the 


celebrated result of Purcell [14]. The poles of (7.85) are given by 


K —16d 
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(x — 15)? — 4|g|?, (7.86) 
which on resonance 6 = 0 reduce to 
we. 1 ge - 
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+ —Kx; —|g|"/«, for k? > 4lg|?. (7.87) 


On substituting (7.87) in (7.85) we obtain for the case k* » 4|g|* 
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The excited state of the atom in the cavity decays at the rate I. = 2\g|*/K, which 


is the classical result of Purcell. Note that the decay rate in the cavity is 
enhanced over that in free space. To see this we calculate the ratio ./A by 


using (7.84) and the definition of A (Eq. (7.22)) 
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where Q is called the quality factor of the cavity given by Q = @,/2k. For an 


(7.89) 


experimental verification of Purcell’s result see [15]. Goy etal. [15] observed 
the decay of the Rydberg state 23S to 22P in Na in a cavity with a quality factor 
given by w,/Q = 2.8 x 10°s!. They found the decay rate in the cavity to be I, 


= 8 x 104 s!, whereas A = 150 s“/, and thus a cavity enhancement factor of 
about five hundred. 

The limit k » 2|g| is known as the bad cavity limit — this means that the 
emitted photon leaks out of the cavity and does not get reabsorbed by the atom. 
A similar analysis in the limit of a detuned bad cavity yields 


. (ght ; 
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c(t) exp ( i) (7.90) 
The decay rate in the detuned cavity would be 2|g|*k/(x* + 6°), leading to an 
inhibition of decay as the detuning increases [16, 17]. Furthermore, in a 
detuned cavity the effective frequency changes — there is a frequency shift of 
d\g|2/(K* + 62). Such a frequency shift has many important consequences and 
will be discussed in Chapter 12. 


7.7.2 Quantum memory effects in 
spontaneous emission in a photonic crystal 


Another case where a structured continuum is very important and where the 
population can be trapped in excited states arises in the context of a photonic 
crystal environment. This has been extensively studied by John and 
collaborators [18, 19]. The situation is shown in Figure 7.7. The photonic bath 
has a dispersion relation of the form [19] 


wz = @, + A(k — ko)’, (7.91) 
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yy) Atwo-level atom embedded in an ideal photonic bandgap 
structure whose density of states D(w) is shown by the 
shaded region. The excited level can be positively/negatively 
detuned 0 from the band edge given by w, whereby the 
atomic transition can lie in the bandgap or outside it. 


where q, is the upper-band edge frequency and k 9 is related to the point group 
symmetry of the crystal. In this case one finds that [20—22] 
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The Laplace transform (7.92) can be inverted in terms of the error functions 
with the result 
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where the function (z) is defined by 
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We show in Figure 7.8 the behavior of the population in the excited state |C(t)|? 
as a function of (a*t) for the two cases when the transition frequency of the 
atom lies inside the bandgap and outside the bandgap. We find the possibility of 
population trapping [18] in the exited state if the atomic transition frequency 
lies inside the bandgap. This is expected as the atom has no density of modes 
into which it can decay. Leistikow etal. [23] report inhibited spontaneous 
emission by quantum dots in the photonic band gap crystal. They report an 
inhibition factor of ten when the dot’s emission frequency is inside the gap. 

From the above two models it follows that the structured continuum has 
important implications for spontaneous emission. The structured continuum 
can be designed and thus one can control the spontaneous emission. 


The population in the excited state |C(f)|* as a function of 
a’t for 6 = a? (dotted) and 6 = —a? (solid). The inset shows |¢ 
(t)|? against t from 10 to 50 for 6 = —a?. 


Exercises 


7.1 Using Eq. (7.14)show that 


dd : 
lim —Pip(t) = 13, 
too dt ~ 


where ["4?S is given by Eq. (7-15). 
7.2 Prove the relation (7.30). 


7.3 Show that the commutator [E‘+) (7,1), Es Ws ())} where the operators 


EO), E) are defined by Eq. (7.7), is a number. Find explicitly the value of 
the Fourier transform of the commutator 


+00 . 

E lat (+) ¢z rt(—) mg r 

| . dt; e""! BS CPT hia Es (7, 0) | . 

—00 

74 Estimate the value (7.40) of aq for D, line of Na given the vapor density of 
Na as 10! atoms/cm’. 


7.5 Show that in spontaneous emission the mean value of the atomic dipole 
moment remains zero. Show this using the wave function (7.64), i.e. show 


that (H(E)|P |PO)) = 0, where P is the dipole moment operator. In Chapter 
17, we will show how spontaneous emission can produce atomic 
coherence in a multilevel system. 


7.6 Using the wave function (7.64) find the reduced density operator for the 
atom defined by p,(t) = Tr A(t)? (W(t)|, where Tr ris the trace over all the 
field states. Show that p(t) is a mixed state, i.e. Trp*,(t) < 1 for all t 4 0 
and oo, 


7.7 Redo the calculation of Section 7.6 for an atom with initial atomic 
coherence nonzero, i.e. the initial dipole moment is nonzero. Thus instead 
of (7.62) consider the initial state 


(ali) + BS) )I{0;,})- 


Find the time development of the dipole moment 


(W(t)|p|W(r)). 


Find the rate at which the dipole moment decays. How is this rate different 
from the rate of decay of the population in an excited state? 


7.8 Prove the result (7.92) (for details see [22]). 
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| g [Partial coherence in multimode 
quantum fields 


We have so far mostly concentrated on one or two modes of electromagnetic 
fields. We have discussed a variety of field states, some of which have unusual 
quantum properties. In general, a radiating source will produce a multimode 
field. We have already seen two examples of physical systems where the 
produced fields are genuinely multimode. These examples are (i) parametric 
downconverters (Chapter 3) and (ii) spontaneous emission by an atom 
(Chapter 7). Besides knowing the state of the multimode field, we would also 
like to know the kind of observables that one can introduce to characterize a 
multimode field. In addition, we would like to find the experimental schemes to 
measure these observables. 


8.1 Correlation functions for electromagnetic 
fields 


In Chapter 7 we saw that the rate of absorption of a photon from an arbitrary 
field is (Eq. (7.15)) 


bs | +00 —(N) a 
ly =e dr et pr,-E  (R,0,R, t) + Pei, (8.1) 
 J—00 
—(N) 
where € _ is the correlation function for the electromagnetic field defined by 
(7.13). In the light of (8.1), we can consider an atom to be a probe of the 


electromagnetic field, as absorption studies would directly yield the normally 
—(N) 


ordered correlation function of the electromagnetic field. Clearly € (2.0.8.7) 
becomes an observable of the electromagnetic field. Since photodetectors 
work by absorption of light, they would measure the normally ordered 
correlations of a quantum field. 

In order to characterize the field fully we need, besides the second-order 


—=(N 


correlation function ©  ("1."1.7.2), all higher-order correlations. A program to 
fully characterize classical fields in terms of correlation functions of all 
orders was largely developed by Wolf [1, 2]. Glauber [3-5] developed a 
characterization of quantum fields in terms of the normally ordered 
correlation functions of all orders. The normally ordered correlation 
functions have a special place in quantum optics as all measurements are done 
with photodetectors. A complete specification of a quantum field would require 
knowledge of all the correlations defined by 


Eap(ri,ti,%,t) = Tr rE OA, ESP, )), (8.2) 
Capys (Fis t1, 72, to, 73, 3, 14, U4) = Tr prFESO Fi. WES (A, DEM (7%, b) 
« ES"? (Fata), (8.3) 
Aaga(hi,,72,0) = Tr orE OR, WES H,0)], (8.4) 
etc., 


where for brevity we have dropped the superscript N. Note that a correlation 
like A,g contains information on the phase characteristics of the field and is 


very relevant to squeezing of the quantum field. The intensity I(7, t) of the field 
is related to (8.2) via 


1,1) = Tr[prEO Ft) - EO, 0] = D0 FaalF, t, 7,0). (8.5) 
Q 
As discussed earlier, the correlation function &, B (71,1, 71, 2) is relevant to 


the absorption of the field by an atom. The information on the spatial 
coherence of the field is contained in the function €y(71, 41, 7, f) for r, # 
Fy. In the next section we will see how €yg(1, 1, 71,2) determines the 
interference pattern in the Young’s interferometer. The correlation function 
(8.3) is most important in the study of the nonclassical properties of fields. For 
classical fields, a special form of (8.3) is relevant to Hanbury-Brown—Twiss 
interferometry (Section 8.3). 
For coherent fields, i.e. fields in coherent states, 


pr = |¥)(UI, =I Tle) = |{oz,}), (8.6) 


all normally ordered correlation functions factorize 
Eup (Fist, 72,02) = EX("i, )Ep(h, t2), 


Eupys Fists hs 12, 73,63, 74, ty) = EQ, HEB, DEY (3, B)Es (7%, t4), 


Aap (Ti, t, 72,2) = Ex(ri, th )EB (72, t2), (8.7) 
where 
a 2 ate 
t)= ps Eat e eik-F— —iext (8.8) 


More generally if we write the density operator in terms of the Glauber— 
Sudarshan P function [3, 6] 


4 ° 
pr = f Prag, Nag) (lag IP ag) (8.9) 
then correlations can be written in terms of the fields (8.8) and the averages 


over the distribution PU ah), which can be singular and need not exist. For 
example 


Capys (Fi, bts >, i, F3, By; r4, t4) 
= | P({az DEV, ty )EB (TD, tr)E, (rs, tz Es (4, t4 )d? {org }. (8.10) 


In classical coherence theory the correlations are calculated by a formula 
similar to (8.10) but with P({@z.}) replaced by a genuine probability 
distribution. Hence in cases where P({@j.}) is a genuine probability 
distribution, then the distinction between classical and quantum descriptions of 
coherence vanishes. This is the content of Sudarshan’s optical equivalence 
theorem [6]. This, for example, is the case for black-body radiation or more 
generally for thermal fields characterized by the density matrix 


pr = | | e,- Pig = >, P(ng, lng) (ng. 
ks nis 


(8.11) 
— \Ae. —- \n- +1 
P(nz,) = (nz) ®/UA+ng)e, 
where for the black-body field we have 
nz, = 1/[exp(ha,/KgT) — 1]. (8.12) 


In this case, P({ @¢,}) is a genuine probability distribution 


| lorz, I? a 
P({az,}) = I] =a exp (-"=") (8.13) 


ks 


In view of (8.13) all phase-dependent averages vanish, e.g. 
Aap (Fi, ti, 72, t2) = 9, (EMH, 1) = 0. (8.14) 


Thermal fields have the remarkable property, known as the moment theorem, 
which says that all the higher-order correlations can be expressed in terms of 
second-order correlations. In particular, for thermal fields (8.3) becomes 


Eapys (Fi, t1, 72, tr, 73, ta, 14, t4) 

= Cay Fi ee 5 F3, hy Eps (7), Ios Fa, t4) + Eas ("15 fh, 4, t4)Epy (7, to, r3, fz). (8.15) 
This is a very important property for thermal fields and leads to the 
phenomenon of photon bunching in thermal fields. 

In the next few sections, we would discuss the importance of the correlation 


functions (8.2)-(8.4) in a variety of measurements. 


8.2 Young’s interferometer and spatial 
coherence of the field 


Let us consider the Young’s interferometer as shown in Figure 8.1. Here light 
from the source S falls on an opaque screen with two slits Q; and Q, located at 
the points ;*, and ;*, respectively. Let us place a detector on the screen B and 
measure the intensity of light at a point (P) across B. Let us assume that the 
source produces quasi-monochromatic light, ie. the field E“(, t) produced 
by S is centered around some frequency w. We further assume that the field is 
Stationary in a_ Statistical sense. In this case correlations such as 
Eup (Fi, 1, Fi, (2) are independent of the origin of time, ice. 


QO; 
S 
Source O> 


Young's interferometer. 


Cop (hi, t+ t, 72; fo +t) = Esp (Gi, 1,7, f2) ¥ ¢. (8.16) 


The intensity of the field, defined by I(r) = ))) (ES) (7, OES” (F, t)), would 
be independent of time t. For simplicity, let us assume a scalar description of 
light. We follow the treatment given in standard books [1, 2, 5] except that we 
replace classical fields by the corresponding operators. Using Huygens— 
Fresnel theory the field at the point P can be written in terms of the fields at the 
slits 


EO, 1) =KEOR,t-—t)+ KE (A, t—b), (8.17) 


where 


bo 


; i om 
i =—, h=—, K; * ———d A;j. (8.18) 


Ry R 
Cc 7 AR; 


Here d _A, is the area of the jth pinhole (slit) and it is assumed that the angles of 


incidence and diffraction at the pinhole are fairly small. The intensity at the 
point P would then be 


I(F,t) = |Ky P11) + |K2/7@) 
+ [KiKy(EO A, t -—nyEO (A, t—h)) +e.c.]. (8.19) 
Let us introduce the mutual coherence function defined by 
T(r, 72,7) = (ESO, HE (*%, t+17)). (8.20) 
Then (8.19) can be written as 
I(F,t) = |Ki P11) + [Ko 12) + 2|Ki||Ko|Re[P A, %, 7), 
T=t) —h. (8.21) 


This is the basic interference law and shows how the interference depends on 
the coherence properties of the field. Note that |K,|*J(7,) [|K>|*J(F)] is the 


intensity at the screen I(P) [I©(P)] if pinhole Q, [Q,] were closed. The last 


term in (8.21) is the interference term. We can rewrite (8.21) in a more 
transparent form as 


[(P) = 1 (P) +1 (P) + 2Re| VIOPIOP)-v G70], (8.22) 

where y is the normalized coherence function 
ee r(r; : Fo, T ) 

i,t) = = 
VIGIL) 


which, in general, is complex. Using the Cauchy—Schwarz inequality it is easily 
shown that (see Exercise 8.1) 


0<|y| < 1. (8.24) 


For |y| = 0, there is no interference. The fields at /°, and /*, are incoherent. For | 
y| = 1, the fields are coherent. This follows from (8.7), which gives the form of 


(8.20) for a field in a coherent state. One can introduce two different measures 
of coherence depending on the nonzero values of the coherence function y. We 
can define a coherence time 1, as the time over which the function y(7*, 7° 1) is 
reasonably different from zero. Furthermore, one can define a spatial 
coherence parameter, i.e. a coherence length |, which is the length over which 
the function y(7F+ 0 ) is different from zero. It is more difficult to 
characterize the behavior of the full space time function (8.23). It should be 
borne in mind that the coherence functions propagate in free space according 
to the Maxwell equations and that the spatial and temporal properties become 
interlinked as a result of propagation. 

If fields were strictly monochromatic, then [ q e—(fi—®). For quasi- 
monochromatic fields, y would have the form 


V (7,77) = lv (Fy, T)| exp [iO(7, H, T) — ior], (8.25) 
where |y| and ® are slowly varying functions of t. Using (8.25) in (8.22) we 


obtain 


1(P) = 1 (P) +1 (P) +. 2|v A, A, 1) | V1 (P)I® (P) cos(®— wt). (8.26) 


Clearly as t changes, i.e. as the detector moves along the screen B, the intensity 
would exhibit maxima and minima. To understand maxima and minima, let us 
assume that the region over which the point P moves is such that Tt is smaller 
than the coherence time of the field. The average intensities IY(P) and |y|, ® are 
expected to vary slowly. Thus the intensity pattern (8.26) as a function of T is 
approximately periodic with maxima and minima given by 


Imax = 1%) 4 1? + 2Iy|VIO12), 
and hence the visibility of the interference fringes is 


Imax oe Imin 2v ja J) 3 | at 
aaa! ET Pg TO q7@ |¥ O72, 7). (8.28) 
max min a 


(8.27) 


Correlator 


Schematic illustration of an intensity interferometer. 


Since the intensities are slow functions, the prefactor in (8.28) is 
approximately unity. Hence the visibility of the fringes is directly related to the 
degree of coherence. The Young’s interferometer can thus be used to derive 
information on the coherence properties of the light field. Unlike Eq. (8.1), 
which gives only the temporal coherence function I(7, 7, 1), the Young’s 
interferometer also yields the spatial coherence function of the 
electromagnetic field. 


8.3  Photon-photon correlations — intensity 
interferometry 


One of the outstanding developments in quantum optics has been the 
development of intensity interferometry or the interferometry where photon— 
photon correlations are measured. This was the result of borrowing ideas 
originally introduced in the context of radio astronomy by Hanbury-Brown 
and Twiss [7] who showed how the measurements of intensity—intensity 
correlations could provide much more accurate measurements of the diameter 
of stars. Hanbury-Brown and Twiss were clearly dealing with light sources of 
thermal origin [8]. In quantum optics we deal with a wide range of sources and 
the intensity—intensity correlations provide us with a method of investigating 
the nonclassical nature of the source. 

Consider an experimental arrangement schematically shown in Figure 8.2. 
Here the light from the source falls on two detectors. The signals from the two 
detectors are electronically correlated and the net current is measured. Let t be 
the time delay between the signals at the detectors D, and D,. The arrangement 


of Figure 8.2 measures the quantity 


G2 (7,7) = YEO, HES (Fat + TES, t+ DEM G,0). (8.29) 
ap 


If the fields were classical, then the signal (8.29) would be 
(/(r,,t)/ (r,t + 1)). The expression (8.29) is the intensity—intensity 
correlation for quantum fields. 

For fields of thermal origin we use the moment theorem and the relation 
(E‘*) =0 to simplify (8.29) to 


GOT, 7, t) =A, OIA, t +t) + YEO (HA, OES? ,t +2) 
ap 


x (Eg (7, t + TES Gi, 1), (8.30) 


Correlator 


Measurement scheme to test the nonclassicality of the 
field. 


where I is defined by (8.5). The two correlation functions in the second term in 
(8.30) are complex conjugates of each other and hence 


? 


GF, 7,7) =1F 1, t +7) + D> (EO, OES? t+ 7))| (8.31) 


ap 


It is interesting to note that G?) involves the same correlation function (8.20) 
that appears in the Young’s interferometer. However, G) does not depend on 
the phase of the correlation function and this was the great advantage of using 
intensity interferometry. Note further that if the fields at , and ;*, were 
coherent, then 


G2 (77%, 7) =F, 11H, t +7). (8.32) 


Therefore G®) for thermal fields is in excess over the value for coherent fields 
of the same average intensity. This excess has been referred to as the 
phenomenon of photon bunching in thermal fields. The amount of bunching 
depends on the spatial and temporal coherence of the field. 

Let us next consider the single-mode version of G®), which would be 
especially relevant for nonclassical fields. Consider the arrangement shown in 
Figure 8.3. A dynamically evolving field falls on a 50-50 beam splitter which 


sends light to two detectors with a relative delay t. The outputs from D, and D, 


are correlated and the coincidence signal is measured. The measured signal in 
this simpler case will be 


G(r) = (al (t)a'(t + t)a(t+r)a(t)). (8.33) 


The signal will be a function of t only if the field is stationary. At the classical 
level we have the Cauchy—Schwarz inequality for the intensity—intensity 
correlation function 


((l(t+r)) < V(P@)(Pot+1)). (8.34) 


Note that for the single mode case (i(t)) = (al (t)a(t)). For stationary fields 
(8.34) implies 


(M(t +7)) < (PO). (8.35) 
Thus for classical fields G®) must satisfy 


G(r) < G?(0). (8.36) 


T 
0.0 0.5 1.0 LS 2.0 2.0 3.0 


Atypical form of the normalized second-order correlation g(2)(1). 


For quantum fields, the inequality (8.36) can be violated. For example, for a 
single-photon Fock state we have 


G0) = (a'a*) = (1Ja"a|1) = 0, 


and thus (8.36) can not hold for the dynamically evolving system for all t. Note 
further that 


G(r) — (a'a)(a‘a) for large rt. (8.37) 


Fields for which (8.36) is violated, i. when Gt) > G(0), are said to 
exhibit antibunching of photons. We will discuss this extensively in Chapter 13 
in connection with antibunching in resonance fluorescence. 

For single-mode thermal fields 


G(r) = (ata)? + |(a' (tha(t + r))/’, (8.38) 
which for exponentially correlated fields has the form 
G(r) = (ala)?(1 + e7?”"), (8.39) 


for t= 0, G®) (0) = 2(a‘a)?. This is the bunching property of thermal fields. 
The behavior of the function g?(t) = GOV ata)?, can typically be of the 
form shown in Figure 8.4. If g®(t) falls below unity, then the underlying field 
must be nonclassical. This is shown as a dashed line in Figure 8.4. Hence a 
measurement of g(t) can be used to determine the nonclassicality of the field. 
It should be borne in mind that if g®(t) > 1, then no conclusion can be drawn 
on the nonclassical nature of the field. For thermal fields it follows from 
(8.39) that g(t) > 1. 


dD, 


Correlator 


Intensity interferometry with N detectors. 


8.4 Higher-order correlation functions of the 
field 


We have seen in the previous section how measurements of G®) can provide 
information on the nonclassical properties of light. More can be learnt on the 
nonclassical properties by studying higher-order correlations. We can think of 
the setup like Figure 8.2 with two detectors replaced by N detectors, as shown 
in Figure 8.5. The measured signal in this case will be 


GM F}, {t}) = UA, 4) ---1 (Fy, ty)). (8.40) 


For quantum fields a special ordering is to be used in (8.40): all the creation 
operators should appear to the left of all the annihilation operators. 
Furthermore, all the annihilation operators must be arranged in a time-ordered 
fashion, whereas all the creation operators must be in anti-time-ordered 
fashion. For a single-mode field, the correlation G®), for example, would have 
the structure (a! (t; )a' (t2)a' (t3 )a(tz)a(tr)a(t,)) where tz > t) > t,. This 
order is dictated by the quantum-mechanical perturbation theory [9], and gives 
the order in which photons are detected. 

Another possibility which has been extensively used in studies of statistics of 
the laser fields is to examine the probability of detecting n photo electrons in a 
counting interval T. This is given by Mandel’s formula [10-12] 


T E fo M(z)ac | 
p.(4, 1) = exp |» | Tord ——_____= } }, (8.41) 
0 


n! 


where 77 is the quantum efficiency of the detector. For quantum fields the 
expression in the curly bracket in (8.41) is subject to the ordering as discussed 
following Eq. (8.40) [5, 9]. The expression (8.41) contains information about 
the dynamics of the field and hence dynamical effects can be probed by studies 
of the photoelectron distributions. For fields with a very long coherence time 
compared to the counting interval, (8.41) reduces to 


7 Tey" ) 


ant) = f exp(—nT'1)— (8.42) 
n} 

where :: indicate that we need to arrange the operators in normal order. The 

derivation of the formula (8.41) is based on the assumption that the bandwidth 

of the detector is much bigger than the bandwidth of the field (see the result of 

Exercise 8.3). For a single-mode field (8.42) can be written in terms of the P- 

function as 


: T n 2n : . 
pain 7) = [ Peay exp(-nT ap?) Ea. (8.43) 
fy 


This is closely related to the probability of finding n photons in the field 
a Fs 
d*a@. (8.44) 


n! 


la 


p(n) = [ Praexp(-al) 


An arrangement like that of Figure 8.5 is very popular in multiphoton 
interferometry and in applications to quantum information science. 


8.5 Interferometry in the spectral domain 


The properties of light beams can be studied in either the time domain or the 
frequency domain. Studies in the frequency domain are especially important 
when one probes matter using light beams. This is because information on the 
quantum mechanical states in many cases is more directly accessible in the 
frequency domain. We first define the Fourier transform of the field via 


| +00 
a(t) = = | dwe"a(w), (8.45) 
2S 6 
+00 . 
a(@) =| dt ea(t). (8.46) 
—0O 
Then the adjoint of a(@) is 
’ +00 - ‘ 
a'(@) = | dtea' (tf). (8.47) 
—COoO 


Note that adjoint of a(q@) is different from the Fourier transform of ,i(t). 
Using (8.46) and (8.47) we calculate the correlation function in the frequency 
domain 


400 +00 . . 
(a'(@ )a(@2)) = | | dty dty e121 1228 (al (ty Ja(t)). (8.48) 
—00 —0O 


We assume that the field is stationary so that (al (tf; )a(t)) isa function of (t) - 
t,) only. Writing t, = t, + tand carrying out ¢, integration we get 
+O 


(a' (a )a(w2)) = 278(@ — on) | dr el" (al (ty ja(t) + T)). (8.49) 


—& 


We thus find that for stationary fields the Fourier components @, and w, are 
uncorrelated. Let S(@) be the spectrum of the field defined by 


l ae r = 
S(@w) = = | dre (a' (t; a(t) + T)), (8.50) 
& —o0 


| S(@)d@ = (a‘a). (8.51) 


—oo 


In terms of the spectrum (8.49) becomes 


(a! (@,)a(@>)) = (277)75(@; — @)S(@>). S: 


Nn 


2) 


The relation (8.52) is essentially the content of the Wiener—Khintchine theorem 
[13] well known for stochastic processes. It can be proved that S(@) > 0 for all 
@. For exponential decay of the correlation function 


(al (t, a(t) + 7)) = eT@t—7!"l (ata), (8.53) 
the spectrum is Lorentzian 
= 
S(@) =  —: (8.54) 


(w — a)? + y? 


The width of the correlation function in the time domain is 1/y, the half width 
in the frequency domain is y. More generally, the widths in the time and 
frequency domains obey the Fourier relation 


AtAo ~ 1. (8.5 


Le A) 


) 


Let us now consider the Mach—Zehnder interferometer with an input which is 
dynamically evolving as shown in Figure 8.6. Let t and t + t be the times taken 
by the light to travel along the paths I and IT respectively. A calculation similar 
to (5.49) would lead to the operator at the detector D, given by 


. l —ut+rt)+ib . _.b+ia(t) a 
Aout(D) = —= a Bh — joe es : (8.56) 
J/2 /2 J/2 
and hence the signal at D,, since b is in vacuum, will be 
(Q5ut@out) = 5 (a a) — qe (tha(t+r))e” +..c.). (8.57) 


The existence of the interference depends on the value of Tt relative to the 
coherence time T, of the field. If t >> 1,, then the interference pattern disappears 


as (ai (tha(t+t )) — (). It was realized that even in this case the interferences 
can be seen if we carry out a different kind of measurement at the detector D,. 
Let us consider a measurement of the spectrum at D,. The Fourier transform of 
Aout 18 


l , _ —— 
io) = —sa(w)je" + se fa) + bterms. (8.58) 


- _ 


Clearly the spectrum of the field at the detector D, is 


S(@) | ig ico |2 9 — WT _ 


uw 


where S(q@) is the spectrum of the input field a. The spectrum would display 
modulations [14-17] as a function of w for fixed delay t even if there is no 
object (9 = O) in one of the arms of the interferometer. The interference is 
displayed in Figure 8.7 for the Lorentzian spectrum (coherence time y') of the 
input field when (8.59) becomes 


Ree 


: 1 Oe 1/(x per e — : 
Sout(@) = __ ae _ sin* (=) ie ba bs sin* (—) ; r= ——— (8.60) 
y- +(@— 9) 2 2 

We choose yt = 5, i.e. we choose a delay which is five times the coherence time 
and assume that @pt is an integral multiple of 27. Clearly for yt = 5, a 


measurement in the time domain (8.57) would not yield any interference. The 
presence of the object g # 0 would lead to a shift of the interference fringes in 
the spectral domain. Zou et al. [18] observed interference in the spectral 
domain using signal photons produced by two down converters. In their 
experiments the optical path difference was much bigger than the coherence 
time thereby ruling out any interference in the time domain. 
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The Mach—Zehnder interferometer with an input which is 
dynamically evolving. 


Sout (W)xmy 
1.0 


The scaled spectrum Soi (@) x my of the field at the 
detector D, as a function of w/y for yt = 5. 


The interference in the spectral domain is an example of the interference in 
complementary spaces that we discussed in Chapter 4 (see Section 4.1) because 
time and frequency are complementary variables. Finally, note that just like the 
function ['(7*;, 7%, 1) (Eq. (8.20)) determines the visibility of the interference 


fringes in the Young’s interferometer, its Fourier transform I'(7",, Fy, @) 


] +00 
C(r\,%,0) = — dre’ T(r, >, T) (8.61) 
‘oe 


would determine the result of a spectral measurement at the point P. This can 
be shown by using the relation (8.17) in the Fourier domain. Many practical 
applications of interference in the spectral domain can be found in [2]. 


8.6 Squeezing spectrum and spectral 
homodyne measurement 


So far we have concentrated on measurements of intensity—intensity 
correlations. In Chapters 2 and 3 we have shown how the studies of the 
quadratures of the fields provide us with a method to study the phase-dependent 
nonclassical properties of the field. For dynamically evolving systems, this 
brings us naturally to the spectrum of squeezing. To study this, we define time 
dependent quadrature operators in analogy to (1.37) — we remove fast optical 
frequencies by working with slowly varying operators a(t) = ap(t)e', and 
define the two quadratures as 


ag(t) + aj (t) __ ao(t) — aj (t) 


X (t) = ——————__,, Y(t) = —————__, (8.62) 
af 2. J2i 

and their Fourier transforms 

iw ao(@) + a} (—o) fie) = ag(@w) — ay(—@) (8.63) 


J/2 ) V2i 
where a\(o) is the adjoint of a)(m). We now need a relation analogous to 


(8.52) for (ag (@, )dg(@>)). We note that for a monochromatic field ag(t) = dg 
and hence 


ao(@) = 27 ap5(w), (8.64) 

and therefore 
(a9 (1 )ao(@2)) = (22)* (ap)5(@1)5(@2). (8.65) 
For quasi-monochromatic fields, we assume that (ag(f)ao(t+T)) is a 


function of t only. Then an argument similar to the one that led to (8.49) yields 


+00 
(a9 (@ ag (@2)) = 27 5(w, + on) | dre“? (ag(0)ag(T)). (8.66) 


—0o 


Using (8.66) and (8.49) we can calculate the spectrum of the quadratures 
(8.63). For instance, the spectrum of X-quadrature would be 


+00 


(: X (@)X (@2) :) = 27 5(@, + @7)Re | dr e27 ((ag(0)ag(t)) + (0400) . 


—&o 


(8.67) 


In Section 5.18 we showed how the quadratures can be measured by the 
balanced homodyne setup. Our equation (5.87) already shows that the time- 
dependent input to the spectrum analyzer is 


S(t) = igoa)(t) — igjao(t) = J 2Ieo|LX (1) sing, + Y(t) cos gz], 


ee , ) (8.68) 
——s ep = ae", a= ag (tye 1", 


where @, is the phase of €). The spectrum analyzer in Figure 5.17 would thus 


directly measure the spectrum of the quadratures X or Y depending on the 
phase 9, of the local oscillator. 


ag(t) = 


8.7 Coherence effects in two-photon 
absorption 


We next discuss how the efficiency of the optical processes can depend on the 
coherence and nonclassical properties of the field used to excite the system. We 
have already seen in Chapter 7 that the absorption of radiation by an atom 
depends on the temporal coherence characteristics of the exciting light (Eq. 
(7.15)). We then expect that higher order correlations of the light field would 
be relevant to multiphoton processes [19-22]. We know, for example, that in 
monochromatic deterministic fields, the probability of two-photon absorption 
is proportional to the square of the intensity. Thus more generally the two- 
photon absorption probability is expected to be determined by correlations like 
(8.3). Thus nonclassical effects are especially significant for two-photon 
absorption. 

Before giving a general discussion, consider the absorption of two photons 
from a single-mode field. The two-photon absorption probability p®?) would be 
proportional to 


p”® « {a'*a’). (8.69) 


A very useful technique to measure the quantity (q@i*q*) was developed by 
Boitier et al. [23] using two-photon processes in semiconductors. The 
normally ordered correlation enters in (8.69) because we have two 

absorptions. In fact, the rate is given by a formula very similar to (7.56) 
(2) +20 Anh? w 
‘le — | Cir 
ht V- 


‘3 (PIP - VP - eli) 
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2 +9 
|m i|\"S(@ri — 2) {a"a*), 
(8.70) 
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Equation (8.70) is the Fermi Golden rule for a two-photon absorption process. 

The matrix element for two-photon absorption is little different from that 
for the scattering problem as here both photons are absorbed. Thus p®) can be 
written in terms of Mandel’s Q,, parameter as 


p” « (ala)? + Om(a'a). (8.71) 


For coherent fields p\?) cx (ata)? as Qy = 0. Thus depending on the quantum 
nature of the field p® > p) or p® < p@). Thermal fields lead to enhancement 
of p® as (ai?a*) = 2(a‘a)?’, ie. p/p — 2, provided the average 
photon number is same in both thermal and coherent fields. For squeezed 


fields (Eq. (2.20)), p® » 3p@). On the other hand, for fields with sub- 
Poissonian statistics Q,; < 0, we would have an inhibition of two-photon 
process as compared to that in coherent fields. 

For absorption of photons from two different modes a and b of the field, we 
would have 
p” x (a'blab). (8.72) 
As discussed in Chapter 3, the nonclassical properties of the two-mode field 
are contained in (at bt ab) and hence the two-photon transition would be 
especially sensitive to such nonclassical properties. In particular for the photon 
pairs produced in the down-conversion process with wavefunction 


iW) = a0, 0) + Bll, 1), (8.73) 
we obtain 
p™ = |pI. (8.74) 


Note that the mean (a‘a) is also |B|*. Hence it has been argued [19, 20] that the 
two-photon absorption in such a field is proportional to the intensity rather 
than the square of the intensity even though the probability of two-photon 
absorption would be negligibly small. However, one can use the nonclassical 
light produced by a doubly resonant OPO to have sufficient flux for two- 
photon absorption. This was done by Georgiades et al. [21] who studied the 
two-photon transition 68,,. > 6P3,. — 6Ds, in trapped Cs vapor in a MOT. 
They observed that the two-photon transition rate depends on the intensity as d, 
I + d, I? and thus for low flux varies linearly in intensity, in agreement with the 
predictions [19, 20]. 

A formula for the two photon absorption rate in terms of the correlation 
functions of the field can be obtained from (7.48) and by following arguments 
similar to those that led to (7.14). Let us assume that the field is centered 
around some frequency q and that its coherence time is large so that the two- 
photon matrix element in (8.70) is a slow function of w. In such a case (8.70) 
generalizes to [22] 


9 +00 : nae , ee 
p= palmar f deer VEE I O)E  OEO ME“ @)), (8.75) 
U —00 


where y is the half width of the final state and where we have assumed that the 


field is polarized with polarization €. Note that the correlation function in 
(8.75) is different from the intensity—intensity correlation function. The form 
in (8.75) may be anticipated from the fact that two photons are absorbed and 
energy conservation requires the resonance condition w, = 2@. Therefore one 
would expect the two annihilation operators at the same time. If yt, >> 1, then 
(8.75) is reduced to (8.70). Here t, is the correlation time of the correlation 
function in (8.75). Given the fourth-order correlation function, p®) can be 
evaluated. For thermal fields, the correlation in (8.75) can be obtained from the 
moment theorem. Such a correlation function is also known for fields 
produced by an OPA [24]. 

In Section 7.7, we had discussed the possibility of interference in the 
scattering process. Similar interferences do occur in two-photon absorption. 
This should be clear from the structure of the matrix element in two-photon 
absorption from two different beams of light with frequencies @, and @5. In 


this case (8.70) is replaced by 


2) Aa 2 2 i 
p® = a (=) \m fil75 (wi — @ — @){a'b'ab), (8.76) 
where m, is obtained from (8.70) by replacing w by w,. Interferences in two- 
photon absorption were first observed in sodium using the transition 3S,), => 
3Pin > 4D39, 381). > 3P39 > 4D3. [25]. The two-photon transition 
proceeds via two intermediate states 3P,,) and 3P3,. Thus, depending on 
matrix elements, if w, is tuned between the levels 3P,,. and 3P3/, then an 
interference minimum is observed in two-photon absorption. Thus two-photon 
absorption has many unusual features arising from the structure of the two- 
photon matrix element mg as well as the dependence of p on the fourth-order 
correlation function (E‘~) (QO)E‘ (O)E‘~) (t)E\~ (t)). The entanglement of 
photons is also important for two-photon absorption [19, 20, 26]. We have 
presented the simplest nonlinear optical process where photon statistics and 
even phase fluctuations can affect the efficiency of the process. Other nonlinear 
processes such as multi-wave mixing and multi-photon absorption also depend 
on photon statistics and extensive discussion of these can be found in [27—29]. 


8.8 Two-photon imaging - ghost imaging 


using G() 


As a further application of intensity—intensity correlations, we consider 
entangled two-photon imaging which has attracted considerable attention. The 
basic idea is to image an object by scanning the light which never interacted 
with the object. Here one uses the entanglement between the idler and signal 
photons. The signal photon goes through the object (Figure 8.8). The idler 
photon is detected in coincidence with the signal photon after it has passed 
through the object. The information on the object is obtained by scanning the 
position of the detector D,. The technique was introduced by Klyshko [30] and 
was implemented by several groups [31-33]. The technique is also called 
ghost imaging as the light that is scanned never passes through the object [32, 
34]. 

After the original experiments on ghost imaging using the light produced by 
a downconverter, it was found that one can also use thermal light to perform 
ghost imaging quite efficiently [34-37]. Let us now present an argument to 
explain how the result of coincidence measurements is related to the G°) of the 
input fields. For simplicity we present the argument for a thermal source using 
the scheme of Figure 8.9. The field reaching the detectors D, and D, can be 


written in terms of the transmission function T(;*) of the object 


Pump 


Coincidence 


D) 


Schematics of the entangled two photon or ghost imaging. 
Each arm in addition will consist of optical elements. 


Dy 


Ghost imaging with an arbitrary source. 


EO (F,) = [KG REP Her, (8.77) 


EH” (%) = | hi, EM EE rs. (8.78) 


The function h(7*;, 7) represents the propagation of the field from the source 
to the detector D,. The function K is linearly related to the function T(7*) and 


the propagation of the field from the source to the object and from the object 
to the detector D,. The measured intensity—intensity correlation 


GO Fi, 72) = (EO FJEO AYE AYE F)) (8.79) 


can be simplified since the detected fields would also have thermal statistics. 
This is because the output fields (8.77) and (8.78) are linear functionals of the 
input fields. Thus for thermal fields G(r, >) becomes 


GO FF) = 1A) + (EO FEV H))/. (8.80) 


The correlation (/)‘—) (7, )E‘*) (7)) can be obtained from (8.77) and (8.78) 
(EMA JEM @)) = || K*(F,, 7h, Fe" MEO FDEP (F”)) drs 


- | K*(,, 7 )h(A, HUF) ars, (8.81) 


where the last line follows from the incoherent nature of the thermal fields 
(EO R, DECOR”) = 1, 08G,'- 7%"). 
Thus the fluctuation in the intensity—intensity correlation has the form 


AG (41, 2) = G® (F,, 7) — 107) 1(12) 
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= | oltre Fr, )h(ro, F,)1 (Fs) drs . (8.82) 


Note that the information on the object is contained in the function K(7*, /*,). 
For two-photon fields with initial state | x ), 


EV. NEO (F, "\Ix) -_ WF’, F,")|0), (8.83) 


where ® is called the two-photon wavefunction [34, 37], the correlation Ge?) 
becomes 


5 


G (F,,7%) = J K(F,, Fe OA, FUE Fe dre! (8.84) 


If the coherence length of the two-photon wavefunction is much smaller than 
the typical scale associated with the features of the object, then we can 
approximate Y(7,', 7,") as |P(F,)|*6(F,' — F,"). Under this assumption (8.84) 
reduces to 


5 


- 


G27, %) = | KF, Fh, AWE Pdr, (8.85) 


Note the similarity of (8.85) to (8.82), although there are some differences 
which arise because of the appearance of K in (8.85) and K* in (8.82). Ghost 
imaging with both thermal light and entangled light has been extensively 
studied (for reviews see [34, 37]). Here we present a very simple example 
using thermal light to clearly demonstrate how it works. For simplicity, let us 
consider a one-dimensional version (7 —> x) of (8.82) for imaging a one- 
dimensional object. The point x, is fixed say at x = 0 and x, is scanned. The 


response function h(x», x,) can be approximated by 


eikds ‘or J = 

h(t2, %) St 9 | = GE ee | (8.86) 
J idd, Ady 

where d, is the distance between the source plane and the detector plane. The 


function K is more complicated as we need the propagation from the source 
plane to the object plane and then from the object plane to the detector 


elkd iv e elkd; iT hs 
K(0,x) ¥ [wv : 2X Fexe =x | T(x’) ex ( 7+?) , (8.87) 
Jaa P Ad iad} P Ad; 


where d, (d',) is the distance from source (object) to object (detector) and T(x) 


is the transmission function of the object. Equation (8.82) can now be 
simplified by assuming: (i) a uniform source I(7",) > Ip, (ii) large dimensions 


of the source so that the integration is over all transverse space, and (iii) by 
fixing the distances such that d, — d) = — d',. Under these assumptions a very 


simple result is obtained [35] 
. (2nx\|? — 
3 i ; (8.88) 
hd’ 


where / is the Fourier transform of T(x). This type of ghost imaging does not 
require any lenses. Thus scanning the intensity intensity correlation as a 
function of the position of the detector in the arm which does not contain the 
object, yields the Fourier transform of the transmission function of the object. 
Note that the method above recovers only the modulus of |7|. Methods have 
been developed, and implemented experimentally, to obtain the phase 
information on the object as well [34, 36]. 
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AG” (0,x) = —% 
Ady 


Exercises 


8.1 Prove the inequality (8.24) for the normalized coherence function. You can 
start with the property Tr{p f'f} = 0, f=a E™ (Fy, t;) + BE (7%, tr) ¥ a, 
p. 

8.2 Show that the correlation function (8.20) satisfies the following two-wave 
equations 


9 _ — = Sond . 
ViIT@,%,7T) = =~— Tl (1,h-, T), pe 12, 
Cc a 


where Vi. for example, is the Laplacian with respect to the position 7", 
(for details see [2]). 


8.3 Show that (8.1) in the limit of very large bandwidth of the final states goes 
over to 


=(N) zi 


> 2g 
rp = dl —& (2-0-2,0}- P fi: 


This can be proved by averaging (8.1) over w, with a distribution 
ae a and by taking the limit yt, >> 1, where 1, is the correlation 
time of the fields correlation function. 
8.4 Prove the inequality (8.34) by starting from the fact that for any classical 
probability distribution 


({al(t) + BI(t + 7)]’) 


is always positive for arbitrary a, f, and T. 


8.5 Evaluate the counting distribution (8.43) for thermal light, i.e. for 
I —la|?/n 
P(a) =-——-e "'”’. 
TN 


8.6 Define P(a) = P())dI dg, then show that (8.43) can be inverted to obtain P(J) 
from the measurements of p,(n, T). It is useful to introduce a generating 


function omer B"p.(n, T) in order to obtain P(J) (for details see [38]). 


8.7 Consider a field with Gaussian correlation 


(a'\(t)a(t+t)) = e—iwot—y*t* (gig), 


Find the spectrum (8.50) and its half width at half maximum. 
8.8 Calculate the correlation function (7.13), ie. 


Eup (V1, t1, 72, t2) = Tr [Pre fy )ER Pa, »)| 
for thermal radiation 


pr = I] Px,» Pz, = exp(—Bhaxa. az,)/Trlexp(—Bhaxa’. az.)]. 
ks 
Find the Fourier transform 


400 . 
| Eup (2, 12,71, Oye? dh. 


—00 


(For details see [39, 40].) 


8.9 Verify the result (8.88) using (8.86) and (8.87) and the simplifying 
assumptions listed after Eq. (8.87). 
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Open quantum systems 


This chapter is devoted to the dynamical evolution of open quantum system 
[1-3]. An open quantum system is one where it interacts with the environment. 
A system undergoing relaxation is an example of an open quantum system. We 
have already come across an example of open quantum system in Chapter 7 
where we have discussed spontaneous emission from a two-level system. The 
two-level system interacts with the vacuum of the electromagnetic field. The 
vacuum consists of infinite number of modes and is a large system. The 
vacuum in this case is the environment. The population in the excited state 
decays. A photon is emitted and the emitted photon leaves the vicinity of the 
atom, i.e. the emitted photon is not reabsorbed by the atom. Another example of 
an open system is the case of atoms colliding with the atoms of a buffer gas. 
Here the buffer gas is the environment. Other examples of open systems are the 
fields confined in the cavities. The case of ideal cavities, i.e. cavities bounded 
by mirrors with 100% reflectivity, is uninteresting. We need the photons from 
the cavity to leak out in order to learn about the photons in the cavity. Thus we 
need to have mirrors with nonzero transmission. In this case, the 
electromagnetic field inside the cavity couples to the vacuum modes outside 
the cavity; thus the vacuum outside is the environment. 

Since the environment is usually an infinitely large system, it is almost 
impossible to solve for the quantum dynamics of a system coupled to the 
environment. However, by imposing physically relevant conditions, one can 
study the dynamics of the system alone, while approximately including the 
effects of the environment. This is the strategy one adopts for the case of open 
systems. In the next few sections we will describe methods used to study the 
dynamics of open systems. 


9.1 Master equation description of open 
systems 


Let us consider the interaction of a system S with a bath B (environment) 
(Figure 9.1). We would assume that this interaction is weak. We write the total 
Hamiltonian H as 


H =H; + Hp + Asp, (9.1) 


where H, is the Hamiltonian of the system S and Hz is the Hamiltonian of the 
bath B. The interaction between S and B is represented by Hsp. For simplicity 
we assume that H;, Hp, and Hcg are time independent. For the case of 


spontaneous emission discussed in Section 7.6, H is given by (7.6), more 
specifically in the notation of this section 


H Ss Hg 


A small system S interacts with a bath B. 


Hs sa E;\i) (i| of E, If) (fl, Hp = > haya! az,, 


97? 
27 hay, = ik.B (9.2) 
—é-a-e" + Hic. 
V ks ks 


Hsp = — (ili) f1 + BrlfMXil) x | Driv 
ks 


Let p be the density matrix for the combined system S + B. The reduced density 
matrix ps for the system S alone is related to p by 


ps = Irpp, (9.3) 
i.e. itis obtained by tracing out the degrees of freedom associated with the bath. 


Let pp be the density matrix associated with the bath in the equilibrium state. 


The bath is a large system and we assume that the changes in the state of the 
bath would be insignificant. Typically the bath would be in a state of thermal 
equilibrium at temperature T, then 


Pe = exp(—Hp/KeT )/ Trexp(—Hp/ Kel). (9.4) 


The bath could be at zero temperature as in the case of spontaneous emission, 
then 


pa = |{0z,})({0z,}. (9.5) 
In order to obtain the dynamical equation for pc, we need to specify the initial 
state of S + B. We take it to be uncorrelated state 
Ps+B(O) = ps(0)pp, (9.6) 
and we leave p.(0) to be arbitrary. The density matrix p obeys the Liouville 
equation 
ap TH ; C (9.7) 
— = - ,P| = —-1L)7, .f 
Ot A . ‘ 


where £ is the Liouvillian defined by £ = +[H , |} For the derivation of the 
master equation, it is convenient to write Hp in the form 


Hsp = > SaBas (9.8) 
a 


where S, (B,) is a system (bath) operator. Since Hsp is Hermitian, it follows 
that st = §,, Bi, = B,. A master equation can be derived provided there is a 
clear separation of time scales over which system and bath evolve. We assume 
that the time scale over which system evolves is much bigger than the scale 
over which B evolves. For simplicity we also assume that 


(Ba) — TrppBy it a8 (9.9) 


Several methods can be used to derive the master equation. Here we follow the 
method based on projection operators [1, 2]. Let P be the projection operator 
defined by 


P--= palrg--, (9.10) 

where -: stand for any operator on which P acts. Then we clearly have 
Pp = prps, Pp(O) = paps(0) = p(0). (9.11) 
We now take the Laplace transform of (9.7) and repeatedly use the relations 


P+(1-P) =1, P =P,P(1—P) =0, (1 —P)? =1—P, Pp(0) = p(0), (1 — P)p(0) = 0, 
to obtain 


Ppp(p) — p(0O) = -iPLPp —i1PLU -— P)p, (9.12) 
(l—P)ppe(p) = -11 — P)LOA -— P)p —10 — PLP —. (9.13) 


The quantity of interest is 6. Hence we formally solve (9.13) for (1 — P)p 
and use it in (9.12). According to (9.1), £ would be a sum of three Liouvillians 
La = He. ].a =S, B, SB, with properties 


l 
PLP H LIP =HLoP, Php 0, CePor= =[Hp, paltg--]=0, (9.14) 


i 
where the latter property follows from (9.4). Furthermore, PLpsP = 0 
because of the assumption (9.9). The second term in (9.12) can be simplified as 
PLs51—P)p =LsPU —P)p = 0, 
PLa(1—P)6 = = psTralHe. (1—P)p] 
= = psTra(Ha( — P)p — (1 — P)pHp} 
= = pp Trg(Ha( — Pye — Hall — Py} 
= 0. (9.15) 
Thus using (9.14) and (9.15), Eq. (9.12) reduces to 
PelpPs(P) — ps(O)] = —ipa£Lsps —1PLsg(1 — P)p. (9.16) 
We can solve (9.13) formally 
(1—P)p = [p+i(1 — P)LI — P)J-'(-i) (1 — P)LPo—. (9.17) 
We can simplify the last part(1 — P)£P as follows 
(1-—P)L5Pp = Ls(1 — P)Pp = 0, 


a l : - 
(1—P)LaPp = (1 - P)- (Ae. Prps| = (1 — P)= psp. pa] = 90, 
and hence (9.17) reduces to 


(1—P)p =[p+i(l —P)LU — P)J-'(-i) 1 — P)LseP/. (9.18) 


On substituting (9.18) in (9.16) and removing the common factor pz, we obtain 


Phs — ps(0) = —iLsps — iL(p)ps, (9.19) 
~i£(p) =—Tra{Leaip +i —P)L0 —P)]"0—P)Lezps}.  —@.20) 


This is the final master equation for the density matrix ps of the system S alone. 
The effect of the bath is contained in the second term, —j/ ps On the right-hand 
side of (9.19). The equation (9.19) is exact and thus valid to all orders in the 
interaction with the bath. However, for most purposes the dissipative effects are 
adequately described by considering lowest-order terms in (9.19). In Section 
9.7 we will treat some exactly soluble models. To second order in Hop, we 
approximate (9.20) by replacing £ in the denominator by the unperturbed £ = 
Ls st+Lp 


aii 


4 


—Tra{Lsal[p +i(1 — P)(Ls + £Le)(1 — PY]! — P)Lse pa} 
—Tra{Lsalp + i(Ls + La)]~'(1 — P)Lsgpp} 
= —Trp{Lsalp + i(Ls + Le)]7'Lsppe}, (9.21) 


as P Lsp pp = 9. On substituting (9.21) in (9.19) and on taking the Laplace 
transform we obtain 


r 


dp 
- = —iLsps — / dt Trp[LspU (7) Lspprps(t — T)), (9.22) 
Cc #0 


where U(r) is the free-time evolution in Liouville space 
U(r) = exp[—i(Ls + La)r]. (9.23) 


The master equation (9.22) for the system has the integro-differential form. 
This can be reduced to an equation local in time if there is a clear separation of 
time scales. In order to see this we would first write the integral term in terms 
of the equilibrium correlation functions of the bath. We denote the integrand in 
(9.22) by I(t, t — t) and rewrite it in terms of the Hamiltonian 


l 
I(t.t—t)= aa lte | Hse, Uo(t)[Hsp, ppps(t — t Us] 
i 7 (9.24) 
Up(t) = exp | — = (Hs + Hp)t | : 
2 


which can be rewritten in a more transparent form as 


I “ 
I(t,t—t)= 7a ite [Hse,|Hse(—t), peps]), 
Hs_(—t) = Uo(t \HspU i (t ), 


ps = Uo(t)ps(t — t)Uf (7), 


(9.25) 


Note that if there were no interaction with bath, then ps would be equal to p.(t). 
Thus any difference between fs and p.(t) is due to the interaction with the bath 
Over a time interval t. This time interval is determined by the correlation 
functions of the bath. If there is a clear separation of time scales, i.e. the 
correlation time of the bath is short compared to the scale over which system 
evolves, then we use the approximation 


Ps = Ps(t), (9.26) 


which is called the Markov approximation. On combining (9.22), (9.25), and 
(9.26) we obtain the final master equation which is valid in Born and Markov 
approximations 


dps i ‘Se 
a = — las, ps| = zi dt Tra Hse, [Hsa(—T), paps(t) |). (9.27) 
Y y 0 


We have extended the limit on integration to infinity because of the short 
correlation time of the bath. By expanding the double commutator in (9.27) and 
by using (9.8) it is straightforward to simplify (9.27) to 


wes = — [Hs ps] — [- 2 Gator )[SuSp(—t) ps — Sg(—t)psSy]dt + c.c. 
| (9.28) 
where C, g( — 7) is the bath correlation defined by 
Cap(—t) = = (BaBp(—)) = Trl opBeBp(—t )], (9.29) 


and the operators have time dependence determined by 


‘Her ‘He 
Sp(—r) = exp (— = ) Sp exp (- ). 


iH, iH, 
Bg(—T) = exp (— = ) Ba exp (-  ) 


(9.30) 


Note that if Q is a typical frequency associated with the time development of 
the system operator, then the effect of the bath is determined by the Fourier 
component of the correlation function (9.29) at the frequency Q. We next 
consider several dissipative systems used in quantum optics. 


9.2 Dissipative dynamics of harmonic 
oscillators 


As a first example we consider the interaction of a harmonic oscillator with a 
bath — we model the bath to be made of harmonic oscillators. Thus we write 
Hs = hapala, Hz = oF hun ja\aj, 
j 
Hsp = hh . ig;)(a+ a’ \(a; — a! ). 


J 


(9.31) 


We have specifically used this form of Hcp keeping in view the form of dipolar 
interaction (9.2). The equilibrium density matrix of the bath is given by (9.4) 
with Hz given by (9.31). The system operators are a and a! and their time 
dependence as defined by (9.30) will be 


a(—t) = ea, aj(—t) =e a;. (9.32) 
In the notation of the previous section 
S(—t) = eq + eT gl, 
B(-t) = hy? ig (je! _ aie ). (9.33) 
j 


The correlation function C( - T) = eo (BB( — t)) can be evaluated by using (9.4) 
and the properties 


(aja;) = (ala}) =0, (aay) = 8;n(@;),  (aja}) = 5 [1 + n(@,)], 


l (9.34) 
n(w;) = 1/[exp(Bho;)-1], B= KT’ 
with the result 
C(-t) = > 8; {n(w; yelvF 4 [n(w;) + le") (9.35) 


j 
The substitution of (9.35) and (9.33) in (9.28) would result in integrals which 
are well known 


/ dr eFen® = 18 (ap += w;) + iP——_., (9.36) 
0 ; wo + Wj 


where P stands for the principal value part. Note that 6(@) + ,) = 0 as all the 


frequencies Wp and a, are positive by definition. Clearly the substitution of 


(9.35) and (9.33) in (9.28) would also result in terms like a* and a‘? besides 
a'a in the density matrix equation. The terms like a* and a‘? oscillate very fast 
and can be dropped. This is known as the rotating wave approximation. All the 
principal value terms have the effect of changing H, => hdoa'a, where (wp 


differs slightly from @g. In further consideration we drop such frequency 
shifts, i.e. we set wp * Wo. It is now a matter of straightforward algebra to 
derive the final master equation for the oscillator 


= —— —iwola'a, ps|—K(L+ no)(alaps — 2apsa' + psa'a) 
—Kno(aa' ps — 2al psa + psaa' ), (9.37) 
where 
K=% >> g6(@; — @0); (9.38) 
j 


and ng is given by (9.34) with w; + Wp. The equation (9.37) describes the 
dissipative dynamics of the harmonic oscillator — the parameters k and no are 


dependent on the bath. We will discuss detailed solutions of (9.37) in Chapter 
10 when we treat the attenuation and amplification of the radiation. We note that 
(9.37) implies 
(a) = —i@p(a) — k (a), 
, (9.39) 
(ata) = —2k(ala) + 2«no, 


The amplitude of the oscillator decays at the rate x. The mean excitation of the 
oscillator has a time dependence 


(ala), = e~**(ala)g + mo(1 — e~***). (9.40) 
In the long time limit (9.37) leads to 
ps —> e Pho /Tr(e— Phony, (9.41) 


and hence the oscillator acquires the temperature of the bath. From (9.37) we 
find that the distribution p, = (nlp<|n) of populations in various states of the 


oscillator obeys the equation 


OPn _ ie 


2k (1 + no)(n+ 1) Png) — 2K[nC1 + 200) + nolPn + 2k NoNPy-1- (9.42) 


ot 
This equation has a simple interpretation in terms of rates of upward and 


downward transitions as shown in Figure 9.2. The steady-state populations 
satisfy the principle of detailed balance 


Pn+i2k (1 +no)(1 +7) = no2k p,(n + 1). (9.43) 
The solution of (9.43) agrees with (9.41). 


In + 1) 


2K(1 + np)(1 +n) 2Kng(1 +n) 
|”) 


2K(1 + ng)n 2KNgn 


|= 3) 


Detailed balance among the reservoir created transitions in 
harmonic oscillator energy levels. 


9.3 Dissipative dynamics of a two-level 
system 


Our next example is of a two-level system interacting with a bath of oscillators. 
A two-level system can be represented by spin | angular momentum operators 
S,, S,, defined via 


S, = |e) (gl, S_ = |g) (el, S. = 5(le)(el — lg) (gl), (9.44) 
which are related to the Pauli matrices o%, o” via 
S, = to+, S_ = 4o07~, S. = 407. The interaction Hamiltonian Hg, for this 


system is given by (9.31) witha — S_,a' = S,. Furthermore, Hs = Aa@,S,, so 
that the excited (ground) state has the energy A@,/2 ( — Aw /2). The steps in the 
derivation of the master equation are identical to those in Section 9.2 if we 
keep in mind that in the derivation (9.37) we did not use the commutation 
relation between the system operators a and a’. Therefore the master equation 
for the two-level system interacting with a bath with coupling (9.31) witha = 
S_,a' = S,, will be 


dps 
or 


= —i@o|S-, ps | —e ( l + No )(SS_ Ps — 25— psS+ ae psS4S_ ) 
— yno(S_S+ ps — 284 psS_ + psS_S,). (9.45) 
From (9.45) we can derive the equation for the mean values of S,, S,: 


! c . ’ 
=, (Se) = —y(1 + 210)(Sz) + iw (Sx), (9.46) 
a 


—(S.) = —2y (1 + 2no)((S.) — n), (9.47) 


where 77 is the value of (S,) in equilibrium 


l 


| | i — 
2(1 + 219) 


we tanh (5 Phan ; (9.48) 
Note that (S,) is equal to half of the population inversion. The dipole moment 
of the two-level atom, which is related to the density matrix element between |e) 
and |g), can be obtained from (S,). Note that the rate of decay of the dipole 
moment is half the rate at which the inversion decays. In magnetic resonance 
one introduces two relaxation times: the longitudinal relaxation time T, and the 


transverse relaxation time T>. For our system these are given by 


l l 
— = 2y(1+2n9), — = y(1+2n),. ss (9.49) 
a" : i : ns 


Generally 7 x = if dephasing interactions are also included. The dephasing 


interaction can be described in a simple manner by a very simple stochastic 
Hamiltonian 


Hsp = hS. f(t), (9.50) 


where f(t) is a Gaussian stochastic field. Clearly the variable S, does not evolve 
due to this Hsp. The dipole moment operators evolve according to the 
Heisenberg equation 


S, = iw + f (Sx. (9.51) 
In the light of this the dephasing interaction would change only the decay of the 
dipole moment by an amount J} i.e. T, becomes 
l s ” 
7 VC +2m) +P. (9.52) 
This can be seen by integrating (9.51) and using the property of a Gaussian 
stochastic process 
ia: (t )) seas elo! 3 STU F(t) dey dt, (Sy (O)). (9.53) 
If we further assume that f(t) is delta correlated 
(f(t) f(t2)) = 2P6(t — ht), (9.54) 
then (9.53) reduces to 
(S,.(t)) = el*—F*(S, (0)). (9.55) 


The master equation (9.45) acquires an extra term and can be written in the 
final form as 


a PS 
or 


= —io[S-, ps] — P(S,Szps — 2S. p58. + psS.S-) 
—y(1+n9)(S,S_ps — 2S_psS4 + psS4S_) 


—YVNo ( Pee Sy Ps — 285 psS_ + psS_ S, ), (9. 56) 


instead of (9.46) and (9.47) we now have 


dt > 


d 
—(S,) = (sien — x) (Si), 


—(S.) = ——((S.) — n), (9.57) 


There are many systems, particularly solid-state systems, where T, << T,; for 
example, in a homogeneously broadened system like Ruby, T, * 5 ms, T> = 
femtoseconds. In such systems the decay of (S,) is much faster than the decay of 
the populations given by (S,). Thus any initial coherence between two levels 
which is described by the mean value (S,) will disappear much faster. The 
disappearance of coherence is nowadays referred to as decoherence [4]. 


9.4 Dissipative dynamics of a multilevel 
system 


As a final example we consider a multilevel system with states labeled as |i) 
with energy E;. Let Aj; be the operator which takes the system from the state | j) 


to |i) 
Ay=l)Ul, Al, = ii] = ji 

The free evolution of the operator A; is given by 

i 

h 


Let us write the interaction (9.8) with the bath as 


Hsp = > BiAiy, Bi, = Bi, Hs = ) FAi 


ij 


A;;(t) = elu! 4;;(0), Oi; = (E; _ Ej). 


Substituting of (9.60) in (9.28) yields the equation 


dps I 
or E;Aii, Ps 
fe | Bes 


a SY [(Aijesdua — Ax psdji Weis + (Axi psAij — psAindjx)Y; 541); 


ijkl 


where y* are related to the bath correlations 


oO 
Vii = / dt e~ "4" (By (t)B;;(0)), 
; 0 


oo . 
V isk = / dt e 4" (B: (0) Bur (t)), 
7 0 


— (yt) 
= (Vig i) 


(9.58) 


(9.59) 


(9.60) 


(9.61) 


(9.62) 


(9.63) 


(9.64) 


where the last property follows from Bris = B,,. We next make the rotating wave 


approximation, i.e. drop the rapidly oscillating terms from (9.61). To see what 
these are, we can transform (9.61) to the interaction picture and use (9.59). The 
terms like A,pAj,, would have a time dependence e“i*u )", Therefore in (9.61) 


we retain only those terms for which 


5; - Op = (). 


(9.65) 


We assume that the energy levels are nondegenerate and unevenly spaced. Then 
(9.65) can be satisfied if 


@k='j, f=, OiH7FH=k (9.66) 


The latter case implies terms in the interaction with the bath which are 
diagonal, i.e. of the form B,A,. Such terms would correspond to dephasing 


interactions. Using (9.61) and (9.66) we can write the equations for the matrix 
elements of p as 
0 Pi 


ot 


>" (vik Prk — VeiPii)s 

ki 

' (9.67) 
Opi; 


° I ; ; 
ap LP — r, + 5 Ki + Vkj | Pijs iF ij, 
k 


where y; is the rate of transition from the states |k) and |i), and Ij is the 
dephasing rate. These are obtained from (9.62) and (9.63) 


+00 | 

Vik = / (Byi(t) By (O))e "de, (9.68) 
= 

Dj; = 7 s, [(a|Bi — Bj ;\a) |" p(@), (9.69) 
@ 


where |q) are the eigenstates of the bath Hamiltonian Hg. The diagonal elements 
of p satisfy the Pauli master equation [5] and the rates of transition are shown 
schematically in Figure 9.3. The decay of the off-diagonal element p;,; is the 
sum of the dephasing rate and a term that is half the net decay out of both the 
levels |i) and |j). The equations (9.67)-(9.69) are the basic equations for the 
dynamics of a multilevel system interacting with the environment [6]. 


Population changes are governed by the Pauli master 


equation with y’* representing the transfer of populations 
among different levels. 


It should be borne in mind that y® and I* are to be obtained from 
microscopic considerations (Eqs. (9.68) and (9.69)) and should not be taken 
from phenomenological considerations as one has to insure the positivity of 
the density matrix. The positivity question has been investigated in detail for 
both two-level and multilevel systems [7-9]. One can show [7, 8] that the 
master equation 


: N2-] 
dp, | i 
s = —i[H, p|+ = ) Cij (LF. pF?) + [Fip, Fy) (9.70) 
C ~ # 

i,j=l 


with the operators satisfying the conditions 
H=H', TrH=0, TrR=0, Tr(FiF) =4y, (9.71) 


will maintain the positivity of p, if the coefficients c; form a positive definite 
matrix. The derivations in references [7] and [8] depend on the considerations 
of dynamical subgroups, whereas our derivation of (9.67) is from microscopic 
considerations. References [9, 10] consider explicitly the question of the 
positivity of p for three- and four-level systems. A simple case where 
phenomenological considerations can lead to difficulties is that of pure 
dephasing in three-level systems. The condition for the positivity of the density 
matrix for a three-level system undergoing only dephasing (see Exercise 9.7) 
is 

Dap + Tae tT ca < 2 Ta lx + PacP ae + Papal ac: (9.72) 


Note that if one were to put phenomenologically one of the decay constants, 
say ',-, equal to zero, then the above condition would yield (I, — I';,)? < 0, 
which can not be satisfied if either of I',,, I’, is different from zero. Hence in 


phenomenological theory numerical values of I”* have to be used with great 
caution. 


9.5 Time correlation functions for multilevel 
systems 


The master equations derived in the previous section give the dynamics of the 
system and in particular enable us to calculate the time dependence of the 
expectation values. In Chapter 8 we saw that complete physical specification of 
the system requires not only the time dependence of the expectation values but 
also time-dependent correlation functions. For example, we have seen the 
importance of intensity—intensity correlations (Eq. (8.31)) in interferometry. 
Furthermore, the spectral properties of the field given by (8.50) again require 
the evaluation of two-time correlation functions. Thus we need methods to 
calculate two-time and multitime correlation functions from the master 
equation for the dissipative system. Lax [11] discovered the quantum 
regression theorem which enables one to calculate the multitime correlation 
functions. The theorem relies on the Markovian dynamics of the system. The 
theorem states that if the mean values at time t are written in terms of the 
expectation values at an earlier time ¢' as 


(Gt) = D> Cut. Galt’), (9.73) 
a 


then the multitime correlation can be computed as 
(DI? )CHIGHAL)B(t") «+ +) = Yi Calt, t’)(- Dt )C(t)Ga(t A(t’ Bit") «+ +). 
(9.74) 


The functions C,(t, t') are already known from the solution of the master 


equation. The theorem tells how to obtain the n-time correlation function in 
terms of (n — 1)-time correlation functions. Thus the repeated use of (9.74) 
would enable one to calculate multitime correlation functions. 

Let us illustrate this for the case of a harmonic oscillator by calculating (a'(t 
+ T)a(t)). We write the solution of (9.39) as 


(al (t+ 1)) = el™—*¥ (al (t)), (9.75) 
and hence according to (9.74) 
(al (t + r)a(t)) =e") (al (t)a(t)). (9.76) 
The mean (a‘(t)a(t)) can be obtained from the second equation in (9.39) 
(al (t)a(t)) = e~**" (ala)y +no(1 — eo **). (9.77) 


As a further example we evaluate the intensity—intensity correlation 


(al (thal (t + t)a(t + t)a(t)), 
which can be evaluated by writing (9.77) as 
(al(t + t)a(t + 1)) =e" (al (t)a(t)) + no(1 — e72**), 
and hence 
(al (t)al (t+ r)a(t+1)a(t)) = e~** (fal (t)?[a(t) 7) +o (1 — e~** )(al(t)a(t)). (9.78) 


The one-time expectation value (a‘@a*) can be obtained from (9.37). As a 
special case in the steady state t + ©, (at? a*) = 2n?o, (a‘a) = no, and then (9.78) 
reduces to 


(al (t)al (t + t)a(t + t)a(t)) — ne 4 yee oe, (9.79) 


This is something we used earlier (Eq. (8.39)) in connection with our 
discussion of the bunching of photons. The calculation of the two-time 
correlation function for a dissipative two-level system is left as an exercise — 
Exercise 9.8. 


9.6 Quantum Langevin equations 


In quantum mechanics we have two pictures — the Schrédinger picture and the 
Heisenberg picture. In the Heisenberg picture the operators evolve with time 
such that the equal time commutation relations are obeyed. For dissipative 
systems the analog of the Heisenberg equations are the quantum Langevin 
equations. These equations can be derived from the master equation (9.27). The 
Langevin equations contain force terms which arise from the interaction with 
the bath. These force terms are absolutely necessary to preserve the 
commutation relation. We write the Langevin equation for the system operator 
as 


dS, 
dt 


where F(t) is the operator Langevin force with zero mean value (F,(t)) = 0, so 


=A,+F,, (9.80) 


that the mean value of S, obeys the equation 


d( Sa) 
dt 


=: (A,). (9.81) 


Clearly A, can be obtained from the master equation (9.27). The master 
equation can also be used to obtain 


d(SuSp) 
dt 


d(SpSq) 
dt 


= (Ags), 


= (Apa), (9.82) 


where Aga # Aga as S, and Sg do not commute. The correlation function of F,(t) 
is a delta function under the assumed Markovian dynamics of the system 


(Fy (t) Fp (t')) = 2(Dyp(t))d(t — 1’). (9,83) 
The diffusion term 2(Dap(t)) is related to A’® as follows 
2(Dup(t)) = (Aap) — (AwSg) — (SaAg)- (9.84) 


Thus (D,p(t)) can be obtained from the master equation (9.27). In the present 


book we will mostly work with density matrix equations and the quantum 
regression theorem, although in Chapter 20 we mostly work with Langevin 
equations. 

As an example of quantum Langevin equations we write the Langevin 
equations for the dissipative dynamics (9.37) of the harmonic oscillator 


a = —iwmja —ka+ Fit), (9.85) 


where 

(FI (t)F(t')) = 2xnod(t — 1’), 
; . ' (9.86) 
(F(t)F'(t’)) = 2k (no + 1)8(t — 1’). 


The quantum Langevin equation (9.85) can be used directly to calculate the 
time-dependent correlation functions. We demonstrate this calculation for the 
steady-state case. For this case it is sufficient to consider the contribution of the 
force term in the integration of (9.85) 


af 
a(t) — | dt; e Flood Fz _ ty Mi (9.87) 
0 


and therefore 


(al (t + t)a(t)) 


t+ at 
lim / df> | dt, eK TOW) ge loo C42) (ET (ty )F'(t1)), 
JO 0 


[> 0oO 


t-+T t 
lim / ay | dt, eK POW) pelo 44-29 end (t) — th). (9.88) 
Jo 


ieee J0 


The integrals in (9.88) are tricky. The best way is to write the t, integral as 


[i dt +++ = fi dt ++» + f'* dt +++ and show that the second integral would 


be zero as the ¢, and t, intervals do not overlap for this integral. The remaining 
integrals are straightforward and lead to 


(al (t+ t)a(t)) = noe", (9.89) 


which is identical to (9.76) in the limit t — ©, 


9.7 Exactly soluble models for the dissipative 
dynamics of the oscillator 


In this section we discuss models where the effect of the bath can be treated 
exactly [12, 13]. This is advantageous when either the Markov approximation 
or the Born approximation is not a good approximation. 

We first consider the case of a harmonic oscillator interacting with a zero 
temperature bath. We use a simplified form of the Hamiltonian 


H =hajala+ a ho ja\a; - > (gala; + H.c.). (9.90) 
J j 


We work in the Heisenberg picture. The equations of motion for a and q; are 


a= —iwpa —1 ) Zia), (9.91) 
j 

a; = —10ja; —1 ) gia. (9.92) 
j 


We use Laplace transforms as we did in Section 7.6. We solve (9.92) and 
substitute it in (9.91) to obtain the Laplace transform d(p) of the system 
operator a 


a(p) = | a(0) —i Yo gi(p + iw; ) ‘a; / P+ i@o + ss lg)? (p a iw)! . (9.93) 


J J 


This is in fact the exact solution. The bath operators are contained in (9.93) and 
this very term is like the Langevin force term required to maintain the 
commutation relation for the Heisenberg operators. Further simplification 
depends on the model of the bath, ie. on the form of the coupling constants g). 


In the time domain we can write (9.93) as 
a(t) = v(t)a(O) + f(t), (9.94) 


where v(t) is the Laplace transform of the denominator in (9.93). Note further 
that since the bath is at zero temperature and since f contains the annihilation 
operators qj, the normally ordered correlations of f would be zero 


(flay f(r’)) = 0, (f(t)) = 0. (9.95) 


The antinormally ordered correlation can be obtained by the requirement [a(t), 
+ _ , 
a'(t)] = 1, ie. 


(f(t) f1 (0) = 1 = Jul. (9.96) 

Clearly from (9.94) we have 
(al(t)a(t)) = |u(t)|* (al (0)a(0)). (9.97) 
(al(r)a(O)) = v* (rt) (ala). (9.98) 


Thus many important characteristics of the harmonic oscillator can be 
obtained from the functional form of v(t). In order to evaluate v(t) we consider 
a model of a bath consisting of a Lorentzian [12] distribution of oscillators, 
then 


a lg; (p + iw)! / le(v)|7(Z + iv — ia)! dv 
J . 


KI ~ ; ; (9 9) 
——_ ‘ a= a 1m, ae] 
z r L 0 
for 
> | /n 
(Vv) = KI = ae 9.100 


Therefore v(t) is 


ne a 
v(t) = cio — fa (p+ ~—] ef” 
271 p+? 


,—lwpt—Kt for large Lc; (9. LOl ) 


where I! is a measure of the memory time of the bath. The Laplace transform 
in (9.101) can be evaluated with the result 


v(t) =e"[(F + Ay)e*” — (P+ Az)e**]/(Ay — Az), (9.102) 


The function |v(t)|? as a function of x t for different values of 
the bath correlation time. F / kK = 0.1 (Solid), 1 (dotted), and 
5 (dashed). 


where A, and A, are the roots of the equation 
P(ptl)+«T =0, Ay Ay Ser, A; +A,=-TI. (9.103) 


The finite memory time of the bath yields two different time scales for the 
evolution of v(t). We show in Figure 9.4 the behavior of the function |v(t)|* as a 
function of « t for different values of the bath correlation time. From this 
figure, it is clear that for non-Markovian baths the decoherence is much slower 
than for Markovian baths. 


9.8 Exact dissipative dynamics of a two-level 
system under dephasing 


We now consider another exactly soluble model of dissipative dynamics: the 
dephasing of the atomic coherence. On a microscopic scale the dephasing can 
be considered to arise from the interaction of a two-level system with a bath of 
oscillators, i.e. from the Hamiltonian 


H=h >; wala; + AS, > gila; + al i. (9.104) 
i i 
The bath is taken to have a broad spectrum. In particular, for an Ohmic bath 
[14] we take the spectrum of the bath as 


J—- po \gi|75(w — wi) = 2a@wO(wp — w), (9.105) 
; 


or 
J => 2awe~?!? (9.106) 


where Wp is the cut-off frequency. It essentially determines the correlation time 


of the bath. Such a bath leads to dephasing, i.e. the spin polarization decays at 
the rate T,. We need to calculate the dynamical evolution of the off-diagonal 


element of the density matrix for the two-level system. We work in the 
interaction picture; hence the Hamiltonian (9.104) becomes 


= As, >> gilaie™" + ale’) = AS.B(t), (9.107) 


I 


where B(t) is the bath operator given by 


Bt) = >) gilaien + ale), (9.108) 


I 


It is easy to see that the off-diagonal element of the density matrix p is 
Peg(t) = Tra(elU (t)ppe(O)U' (t)|g), (9.109) 


where Tr; is over the initial bath density matrix pp and where 
U(t) = T exp -i f S.B(r)ar]. (9.110) 
0 


This can be simplified to 


Peg(t) = Peg(O)Trgv (t)pgV (t) = Peg(0)(V7(t)), (9.111) 


where 
V(t) =T exp =; [Bee | : (9.112) 
< Jo 
Thus we can write 
Poglt) = Peg(O)E (t), (9.113) 
c(t) = (V7(t)) = (Wi(t)), W (t) = T exp - [ acer] ' (9.114) 
0 


So far no approximation has been made. 

We now examine the calculation of the function W(t). We note that the bath 
operator B(t) is such that the commutator [B(t,), B(t>)] is a c-number. In such a 
case it has been shown by Glauber [15] that the time ordering can be 
simplified. It can be shown that 


t | t TI _ 
W = exp |-i [ B(t ar exp {-5 [ dt, | dt2[B(t,), B(t 1 ; (9.115) 
0 =-J0 0 


Since B is a Hermitian operator, the last exponential is just a c-number phase 
factor ®(t) and hence 


t 

W = exp[i@(r)] exp -i [ B(r)ar| : (9.116) 
0 

= explid(t)]| | exp(ifia; + iffa'), (9.117) 


where 


f= -, | eae. (9.118) 
0 


(W)| 


0.0 
0.001 0.1 10 1000 


Wpt 


The behavior of |(W)| as a function of wpt for a zero 
temperature bath and for a = 0.25 (solid), 0.1 (dotted), 0.01 
(dotdashed), and 0.001 (dashed). 


On using the Baker—Hausdorff identity, (9.117) can be further simplified to 


; oe 
W =exp[i®(r)] | [expcifta') exp(ifja;) exp (-314") ; (9.119) 
j - 


The thermal expectation value of W can be obtained using, for example, the P- 
representation of the thermal density matrix [16, 17] 


| lal? i l 
| a Po. ee 9.120 
1 fox ( n ae 1 Bhony — | 


a | J = 


Phi = 


Using (9.119) in (9.120) we get 
(W) = exp[i®(rt)] 


2 


l ? l a 7 -7 ? 
* Te (-310"') * all Oe (—) expeisge +ifje)d'a, (9.121) 
J a 


which on simplification reduces to 


| , 
(W) = exp[id(r)] I] exp c (x + ;) iF ' (9.122) 
J ~ 


On using the form of f; and on introducing the spectral density of the bath 
oscillators, the expression (9.122) becomes [14, 18] 


; 
(W) = exp[i®(t)] exp {- / d(w)J (w) Eo + ;| FOP , (9.123) 
where now 
J,@)y = -| e'F dr. (9.124) 
0 


For Ohmic baths at zero temperature the integral in (9.123) can be calculated 
with the result 


[(W)| = (1 + @pt7)™, (9.125) 


and its behavior as a function of @pt is shown in Figure 9.5. It is important to 


note that the time-dependent decay is far from exponential decay. This is due to 
the non-Markovian behavior of the system. 


Exercises 


9.1 Prove that P as defined by (9.10) is a projection operator. 


9.2 Prove that TrplHp, A] = 0, where A is any operator dependent on both the 
system and the bath variables and Hp depends only on the bath operators. 


9.3 Prove the relations (9.34) and (9.35). 

9.4 The equation (9.42) is a recursion relation for p,,. Find explicitly p,(t) in 
terms of p,,(0) for the special case of a zero temperature bath no = 0. 
Show that 


m\ _» we, 
»,,(t ) bai : tied | 1 — o—Kt eid oe ( () ), 
! B ( ”) : I 
Show that if p,,(0) = 6y,,, then p,(t) is a binomial distribution. What is the 
solution for p,(t) in the limit t — 0? 


9.5 Solve directly (9.42) by setting ts = 0 and show that p, = nj/(1 + no eas 


9.6 Using (9.44) prove that S,, S, are related to the Pauli matrices as stated in 
the line following (9.44), ie. show that S,, S, satisfy all the algebraic 
properties of the Pauli matrices. 

9.7 Consider the relaxation of a three-level atom with levels |a), |b), and |c) only 
via a dephasing mechanism. Then the diagonal elements of p do not 
change with time. The off-diagonal elements such as p,, decay as exp( — 
Tpt). Show that the three-level master equation for this case has the form 
(9.70) with 


5 

C1 = la 227 = — ss ak Ag =P ee ), 
| 

J3 


The requirement that the matrix c be positive yields the condition 


(Tc -l,-) =o, H=0. 


C12 = 


Be + Ee + ie < 2af Pap ye = A pasl te + a a 


which indeed would be the condition for the positivity of the density 
matrix for all times. 


9.8 Using the master equation (9.56) and the quantum regression theorem 
show that the two-time correlation functions are given by 
hg 


elieo—y( 142n9)—T']r ; 
1 + 2no 


(Si (t + t)S_(t)) = 


lim 
t— © 
No 
1+2n9 


(Sy (t) Sy (t a. r)S_(t a. t)S_(t)) = ( [1 _ e VST, 


lim 
t3 00 


Confirm the Markov property of the last correlation function, i.e. in the 
limit t = 00, it goes to (S,S_). 


9.9 Using (9.94) show that all the normally ordered moments are given by 
(al (t)a"(t)) = v*" (t)v"(t) (al (O)a" (0 ys 


9.10 Using the result of Exercise 9.9 calculate the behavior of the Mandel Qy, 
parameter for an oscillator initially in a single-photon state |1). Plot Qy(0) 
as a function of k t for a range of values of I/k. 
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Amplification and attenuation 


of quantum fields 


As an application of the theory of open quantum systems, we consider the 
theory of optical amplifiers and absorbers. We would like to understand how 
an input field, particularly a nonclassical field, is amplified or attenuated. We 
specifically discuss changes in the quantum character of the field. This is 
especially important in connection with the amplification of fields with very 
low photon numbers since the amplifiers are known to add quantum noise 
[1-5]. Thus even if the input signal is shot noise limited, the output is not. We 
will also discuss how the entanglement is significantly affected by both 
amplifiers and attenuators. 


10.1 Quantum theory of optical amplification 


Consider first a classical field propagating through an optical amplifier, as 
shown in Figure 10.1. The output field is related to the input field via 


“4 Gt > ,-10 
Cout = eXp{ > ] fine”, (10.1) 


* 


where @ is the phase acquired in propagation and G is the gain of the amplifier. 
The index t is related to the length of the amplifier. In quantum theory one 
might anticipate that the Heisenberg operators for the output and input fields 
would be related by 


~ 


= ie 
Aout = exp | —10 + a Gin: (10.2) 


However, (10.2) leads inconsistency with quantum mechanics as 
[aout (t), a(t) = exp(Gt) £ 1. (10.3) 


In order to maintain consistency with quantum mechanics we have to 
supplement (10.2) with a quantum force term f (t) such that 


ae. Ae 
Aout = Exp (-i¢ 5 a= Gin + f(t). (10.4) 
Clearly the mean value of f (t) should be zero. Furthermore, the requirement 
[ap u¢(t), a" oyy(t)] = 1 yields 


(f(t), f1(t)] = 1 — exp(Gt). (10.5) 


We need to know the detailed properties of the force f (t) besides the 
commutator, however. For example, we need to know (f'(t) f (t)) in order to 
obtain the mean number of photons (a7 ,.,4o) in the output. The properties of f 
(t) can be obtained from a microscopic model of the amplifier. It may be noted 
that Eq. (10.4) has the structure of the solution for the quantum Langevin 
equation that we derived in Section 9.6. 


“in Eout 
OA 


A Classical field propagates through an optical amplifier. 


We can treat the amplifier as a bath of two-level atoms with N atoms such 
that we have N, atoms (a large number) in the excited state and Nj < N, atoms 
in the ground state. In principle, N, could be zero. In order to achieve this we 
have to pump the atoms by external means. A state of thermal equilibrium 
would lead to N, < N>. We can effectively consider the amplifier problem as a 
case of equilibrium but with an effective negative temperature. The derivation 
of the master equation is almost parallel with that in Section 9.2. The bath is 
now a set of two-level atoms which can be represented by spin operators (Eq. 
(9.44)). The Hamiltonian would be (9.31) with a; — S>,a\—> SF. 


j 


Furthermore, instead of (9.34) we have 


DISS )=M, >(S St) =™, 


j J (10.6) 
(S}S;) = 0, (S} Si) = 0, j#i. 


This yields the master equation (cf. Eq. (9.37)) 


dp ; 
= = —iwla'a, p] — Kny(alap — 2apa' + pa'a) 
C 
—KN (aa' p - 2a! pa + paa' ), (10.7) 
where n; = = i= 1, 2, and N=N, + N.. The parameter k is defined b 
M+ 1 2 p y 


(9.38). As before the master equation would be valid in the limit of weak 
coupling and the short correlation time for the bath. Following the procedure 
of Section 9.6, we can write the quantum Langevin equation 


a = —iwa — K(M,) —n)a+Fi(t), (10.8) 
where the Langevin force F (t) is Gaussian with the properties 


(F(t)) = 0, (Fl (t)F (t’)) = 2«d(t —t')m, 


; (10.9) 
(F(t)F'(t')) = 2«d(t —t’)np. 


The Gaussian property of the Langevin force enables one to compute all the 
quantum statistical properties of the fields. We can write the solution of (10.8) 
as 


a(t) = g(t)a(0) + f(t), 


T= / dr g(t)F(t—T), (10.10) 


/0 
g(t) = exp[—iwt + k(n, — n2)T]. 


We thus obtain the structure (10.4) as required by elementary quantum- 
mechanical consistency considerations. However, detailed correlation 
properties of F (t) can now be obtained from Eq. (10.9). From (10.9) and 
(10.10) it is easily shown that 


(a(t)) = g(t){a(0)), (10.11) 


My 


(al (t)a(t)) = |e(t)/? (al (O)a(O)) + (jg(t)|? — 1). (10.12) 


ny — "2 


Here is the key aspect of the optical amplification: it adds noise photons given 
by the second term in (10.12). An ideal amplifier would be one for which N, = 


0, N, = N. For an ideal amplifier all antinormally ordered correlations like (F 


(t) F'(t’)) are zero. This when combined with (10.10) yields the following very 
interesting result for the antinormally ordered moments of a 


(a (t)al (t)) = g"(t)g*"(t) (a™ (0)a" (0)). (10.13) 


10.1.1 Amplification of a coherent field — the 
noise figure of an ideal amplifier 


Let us consider the amplification of a quantum field in a coherent state. We 
calculate the signal-to-noise ratio as a function of the gain of the amplifier. For 


simplicity, we consider only the case of an ideal amplifier. We also derive an 
expression for the noise figure of the amplifier [6]. The signal S is (a‘(t)a(t)), 
which for a coherent state |~) can be obtained from (10.12) 


S = |e(t)|7 lel? + |g? — 1, ny = 0. (10.14) 


The noise A S can be calculated from 


? 
’ 


(AS)? = ([al (t)a(t)}*) — (al (t)a(t)) (10.15) 


which in turn can be calculated using the relation (10.13) for a perfect 
amplifier. Using the commutation relation [a,a'] = 1, we can write (10.15) as 


> 


(AS)? = (a’(t)a'(t)) — (a(t)al (t))* — (a(t)al(t)) 
= |g(t)*((a°al*) — (aa')*) — |g(t) |? (aa') 
= |g(t)*[((ala)*) — (ala)* + (aa')] — |g(t)|? (aa') 
= |g(t)[*((al?a*) — (ala)? + (ala) + (aa')) — |g(t)|? (aa") 
= |g(t)[4(1 + 2la}?) — lg(t) 71 + Jel), (10.16) 
which in the limit of large gain and large input field goes over to 
(AS)? > 2Ia|?}g(t)|". (10.17) 


In this limit, the signal S — |g(t)|*|a|?. Hence the signal to noise ratio for the 
output field is 


S/(AS) = |g(t) Je)? //2laPle@)|4 = Val? /2. (10.18) 


For a coherent field, the initial value of the ratio is Vlal?. Thus the noise 
figure F of an ideal amplifier is equal to 


F = (S/AS)?,/(S/AS) 


> 


out 


= 2. (10.19) 


The situation is different for a very weak coherent source |a|* << 1, S ~ |g(t)/, 
(AS)? ~ |g(t)|* and hence (S/AS),,4* 1. 

We can also compute the noise figure if a homodyne detection of signal is 
made [7]. Let us detect the quadrature x(t) = [e! a(t) + al(t)e@4/,/2. which 
from (10.10) is 


el f(t) +e fT (t) 
The mean value of x(t) is |g(t)|{x(0)) The fluctuation in x(t) is 


> 7, 9 l 2s + dict £2 2i 2 
(x7 (t)) = [g(t) P(x O)) HCFFE A STF HP? + AF) 


x(t) = |g(t)|x(O) + (10.20) 


= |e(t)[? (x7 (0)) + =(g@)F — 1), (10.21) 


and hence if the input signal is in a coherent state, then 
Ax (t) = (2 (t)) — (x(t)? 


? a! y l > 
= le(t)l°( (0)) — &(0))") + = (eI — 1) 


» I 
= |g(t)° - 5 
— |g(t)|? for large gain. (10.22) 
Defining the noise figure , for quadrature detection as 


((x)*/ Ax? Jin 
x(t))?/[Ax(t)? 


— 
(: 
~9) 


for large gain. (10.23) 


Hence for a phase-insensitive amplifier the noise figure for the input coherent 
fields is two for both direct detection (photon number detection) and 
homodyne detection. 


10.2 Loss of nonclassicality in the 
amplification process 


Since the process of amplification adds noise to the input field, we expect that 
the amplifier would lead to the loss of nonclassicality of the input fields. We 
also expect that for sufficiently large gain of the amplifier, the nonclassical 
states would become classical. As discussed in Chapter 2, a complete 
description of nonclassicality is in terms of the P-function of the field. We 
would therefore find the P-function of the output field in terms of the P- 
function of the input field. 


10.2.1 Time evolution of the phase-space 
distributions of quantum fields 


Starting with the basic density matrix equation (10.7), we derive equations of 
motion for the phase-space distributions P(a), Q(a), and W(qa) introduced in 
Chapter 1. In the literature one can find well-formulated procedures to 
transform the density matrix equations into equations for the phase-space 
distributions. However, the structure of Eq. (10.7) is rather simple and 
therefore one can use a simpler procedure. The following properties can be 
proved by expanding the coherent states |a) in Fock states 


ala) (a| = ala) (a, la) (ala! = a*|a)(a|, 
at [ee) (cel = (— + a ci) te,. Jee ( Se ce) la) (al, 


Ja da* 


; (10.24) 
alc) (cla! = |a|"|@x) (al, 
a'|a)(aja= | —+a — +a }|a)(a|. 
Oa oa* 


Consider a term like a’ap, which on using the P-function and (10.24) can be 
written as 


aap = [ Pays aa'ala(al 
A a . 
= [ ea PCa (= +0") lx) {a}, (10.25) 
: da 


which on integration by parts reduces to 


; J 
aap = [ lor) (ae| (a = =a) aP(a). (10.26) 
Ja 


Thus all the terms in (10.7) can be written in the form (10.26), which then leads 
to a differential equation for the P-function 


Q2 


oP 
dt 


a 
= [iw —K (ny —n)] —(aP) + «ny + ¢.¢.. (10.27) 
Oa a 2 


dado 
The P-function satisfies a second-order differential equation. Note that since 
the Q-function is defined by + (a|pla) = +Tr{pla)(a|}. we can use (10.24) to 
derive the differential equation for Q(a) 


a 


+ C.C.. (10.28) 


a 

— = [iw —K(n; —m)|] a (a0) + Kn ee 
The derivation of the equation for the Wigner function is more involved. We 
state the procedure without proof — we need to transform the product of 
operators like Gp, pG into differential operators acting on W (qa). For this 
purpose we first write G in a form which is symmetric in a and a’. For 
example, aig + “+22! _ | Then we replace a by a and a’ by a*. Let us 
denote the function thus obtained from the operator G by x(q), then the 
transformation rules are [8, 9] 


= l d a 0 Oa . 
Gp —> x(a) exp| >| =— _ — || W(a), 


da da* Jda* da 


,* 


- 1f/a 90 a 9 
pG > x(a@)exp| —> — —]||W(a). (10.29) 


da da* da* da 


The function x(q) is the Wigner function representation of the operator G. We 
can use these repeatedly to transform terms like G,H. For example, 


. Wa) + 1 OW(a@) 
ap—>a@ ea 5) Da* ; 
: | OW(a@) 
pa > aW(a) — S a , 
2 da 


(10.30) 


* 


This procedure transforms the master equation (10.7) into the equation for the 


Wigner function 


ow a W 1 3afw 

—— [iw — k(n, — n)] aa y+ a” aoaas 
The differential equations (10.27), (10.28), and (10.29) for the phase-space 
distributions have a structure similar to the Fokker—Planck equations for 
classical stochastic processes [10]. In particular, the similarity to the Ornstein— 
Uhlenbeck process should be noted. The techniques for solving the Fokker— 
Planck equations are well known and these can be adopted for obtaining the 
solutions of (10.27), (10.28), and (10.31) subject to arbitrary initial conditions. 
We summarize the key results of the linearized Fokker—Planck equations in 
Table 10.1. Using Eqs. (7) and (8) of the table we find that the time-dependent 
solutions for any of these functions have the form 


, | _ t)|?° 
P(a,t) = [ Peo (0.0) exp [-"S aog(t)| iF (10.32) 
a7) 1 


+ €.¢.. (10.31) 


where ©® stands for any of the functions P, Q, and W, and 7 depends on the 
phase-space distribution 


ii 
n= 


1 , 
(g(t)? — 1), for the P-function, 
ny — My 


ny 2 ; 4 
= (lg(t)|- — 1), for the QO-function, 


ny — mM 
1/2 > . ‘ 
= (jg(t)|- — 1), for the W -function. (10.33) 
ny —Mm 


Clearly the process of amplification leads to the broadening of phase-space 
distributions as n # 0. An exception occurs for a perfect amplifier, ny — 0, 


when the Q-function has a very simple evolution 
O(a, t) = / day O(a, 0)5° (aw — g(t)ao), (10.34) 


l 


— ——_Q(9"!(t)a, 0). 10.35 
eee’ (t)a, 0) (10.35) 


Table.10.1 Solutions of the linearized Fokker- 


Planck equation. 


Fokker—Plank equation for N real variables x; 


— = Digg + DP vaaae; Dj=Dj. (1) 
Solution of (1) in terms of Green’s function 
P({x},0) = J Gx}, 17}, OP ({x’}, Od fx’). (6) 
Initial condition for obtaining Green’s function G({x}, t|{x’}, 0) 
G({x}, Ol{x’}, 0) = 5({x} — b’}). (2) 
Result 
G({x}, t]{x/}, 0) = (22 )-*? [det a (t) 7”? 
Xx exp —i[x—x (oo! (Lx — x (@)]}. (3) 
x [x’] column vector with components x,,...,Xy [x}..--, earl 
x’(t) column vector= e7"'x’, (4) 
The matrix y has elements 7;;. 
The matrix o is the solution of 
é =-yo —oy'+2D. (5) 


For diagonal y and D matrices yi = yi, Dit = Di, 


I I yg 
G= I] Sasa ma = 30 —e ma) (7) 


oi(t) = Di —e™) /y. (8) 


Furthermore, the structure of the differential equations (10.27), (10.28), and 
(10.31) implies that if initially any of the distributions P, Q, and W are 
Gaussian, then these would remain Gaussian for all times, and the parameters 
of the Gaussian would depend on time. Assuming for simplicity that (a(0)) = 0, 
then we can write any of the functions P, Q, and W in the form (2.76) for any 


time t 


| na? + ta + tla? 
2/72 — Alu? tT —4| ul 
where 
2u* = —(a’) = —¢* (t)(a’)o, (10.37) 


and t depends on the chosen phase-space function 


ny 


hole 


ae l , ws 
ty = + (ala) = |g(t)?(a'a)o += + / stor — 1) (10.38) 


3 oe 


I 


tp = tw — > =t9- is (10.39) 


10.2.2 Complete loss of nonclassicality 


The basic result (10.32) on the transformation of phase-space distributions can 
be used to understand the loss of nonclassicality [11, 12] in the amplification 
process. Let us write (10.32) for the P-function 


le(t)| 
p — 
n 


, l 
P(a,t) = [ ea P(a,0) 


ex lay — oF] ‘ (10.40) 
T1) 


where, in the context of the P-function, n is given by the first line of (10.33). 
For a gain given by 


n ny | 
— fa a ji, (10.41) 
lg@)|- am —m Igor, 


we find that the P-function at time t is equal to the scaled Q-function at t = 0 
[11] 


P(a,t) = —_—— [ a0 P(ao, 0) exp [—lao — ag '(t)|"] (10.42) 
m|g(t)|° . 


| 
= nese +9» (10.43) 


where we have used the relation (1.95) between the Q-function and the P- 
function. Noting that the Q-function always exists, we find that for a gain given 
by (10.39), the field becomes classical, i.e. the initial field has lost all its 
nonclassical properties. Further amplification will make the field more and 
more classical. Thus for all gains given by 


eh. (10.44) 


the field would become completely classical [12]. However, for special cases 
of input fields, the nonclassical fields can become classical for even lower 
gains given by n/|g(t)|* < 1. We give an important example. Using (10.40) and 
the relation (1.103) between the P-function and the Wigner function, we find 
that the P-function at time ¢t is equal to the Wigner function at t = 0 


| 2 
P(a, t) = ——-W(ag™'(t), 0), (10.45) 
le(t)|- 


n l 
ewe % (10.46) 
Consider the input field which is in the squeezed vacuum state, then the Wigner 
function is positive, see Eq. (2.39), although the P-function doesn’t exist. Hence 
under the condition (10.46), which is a weaker condition than (10.44), the 
squeezed vacuum state on amplification loses its nonclassical character 
completely. 

The result (10.45) has an important consequence — any field for which the P- 
function is highly singular will evolve into a field whose P-function would 
exist if the gain satisfies the condition (10.46), although it can be negative. The 
last property follows from the fact that, in general, the Wigner function can be 
negative. 


10.2.3 Partial loss of nonclassicality 


In the previous section we derived the conditions under which nonclassicality 
is completely lost. However, it is possible that some of the observable 
nonclassical characteristics such as squeezing and sub-Poissonian Statistics are 
lost while the P-function still remains nonclassical. For simplicity we consider 


the case of the perfect amplifier, ny = O. Let us first consider the degradation 
in squeezing as the amplifier gain increases. The relevant mean values are 


(a(t)) = g(t)(a(0)), (a’(t)) = 2° (t)(a?(0)), 


' _ f (10.47) 
(a! (t)a(t)) = |g(t)| (a! (O)a(O)) + |g(t)|- — 1. 
We define the time-dependent quadratures (cf. Eq. (1.37)) 
y aicot 1 .—let ,iwt AT a—lat 
ae SE. see 2. (10.48) 
2 Vai 
Using (10.47) and (10.48) we find 
(X(t)) = |e(t)|(X(0)), 
; = (t)/? —1 
(X“(t)) = |g(t)|- (X~°(0)) + eo". (10.49) 
Therefore the squeezing parameter S, defined by (2.7) is 
? ? l 20 ? = 
So(t) = (X“(t)) — (X(t))* — >= le(t)|So(O) + |g(t)|> — 1. (10.50) 


If initially the field is squeezed, i.e. aa < Sp < 0, then S(t) would become 
nonnegative if 


, l 
Sey, 2 ao (10.51) 
| | 1 + Sp(0) 
Since the smallest value of S,(0) is —5, we find that under the condition 
lg(t)|* > 2, (10.52) 


the squeezing character of the field would be definitely lost [12] no matter what 
the initial value of So is. 

We next consider the degradation in the sub-Poissonian nature of the field. 
For this purpose we use the result (10.16) 


((ala)?) —((ala),)? = |g(t)|*[((ala)*) — (ala)? + (ala) +1] —le(t) (ata) +1). (10.53) 


From this the Mandel Q,, parameter is 


((a'a)?) — ((a‘a),)* — ((a‘a),) 


Om(t) = ((ala),) 
_ Ig@ILOmO){ala) + 2(ala) + 1] -2IgOPC + ala) +1 19 54) 
lg(t)|2 (ata) + |g(t)|? — 1 
Noting that the smallest value of Q),(0) is -1, itis clear that Qy, > 0 if 
lg’ > 2. (10.55) 


Thus for a perfect amplifier all squeezing and sub-Poissonian characteristics 
are lost if |g|* > 2 [12]. For the case of n)# 0, a similar treatment leads to the 
condition 

, 2n\ 


gl = So = 27. (10.56) 
ny 2 


10.3 Amplification of single-photon states 


The states of a field with a fixed number of photons are mostly nonclassical 
and hence we specifically consider amplification of such states. For the case of 
the vacuum state, P(a) 0) = 6a) and then 


exp(—“") ; (10.57) 


Thus the vacuum states evolves into a thermal state with mean number equal to 
n, where 7 is given by the first line of (10.33). We next consider the 
consequence of the result (10.45) obtained under the condition (10.46). The 
Wigner function for a Fock state |n) is oscillatory as shown by Eq. (1.111). 
Hence for a Fock state |n) the highly singular P-function evolves into an 
ordinary function which is oscillatory around the origin when n/|g(t)|? > +. 
Thus the number state continues to exhibit nonclassical properties since P(a) 
can be negative. However, for n/|g(t)|* = 1, all oscillations disappear (Eq. 
(10.43)) and the P-function becomes classical. Let us consider specifically the 
amplification of a single-photon Fock state |1) for which 


Pat) = 


v1) 


a? 


P(a, 0) = ell 82 (ao). (10.58) 


dayda* 


and hence the P-function at time t is 


l a? a — apg)? 
P(a,t)= ——— exp lag|* - la — ogi” 
TN IaAyday n ie 


2 al’ ? al? = 
_ Ish |oe| -(1 _ | exp(—SE). (10.59) 
my- | lel u] 


The negativity of the P-function is especially evident in the region we = 1: 


Pump 


a 
OPA — 
OA, 


Schematic diagram for the amplification of a two-mode entangled Gaussian state by a phase- 
insensitive amplifier. The optical parametric amplifier (OPA) produces the two-mode squeezed 
vacuum state of a and b. In the symmetric case, both the optical amplifiers (OA) are present. In the 
asymmetric case the OA2 from the b arm is removed. 


10.4 Amplification of entangled fields 


We now consider changes in the entanglement of the fields if the fields are 
subjected to amplification [13]. Consider the scheme in Figure 10.2. The 
downconverter produces the two-mode squeezed vacuum, defined by (3.3), ie. 


by 
|) = exp (Ea'b! — E*ab) |0, 0). (10.60) 


Each mode is now subjected to amplification. Since the Wigner function for the 
state (10.60) is Gaussian, we can use the theory of entanglement from Section 
3.13. We assume that OA, and OA, are two independent amplifiers, each 
described by the density matrix equation (10.7). The covariance matrix o 
defined by Eq. (3.97) requires knowledge of all second-order moments like (a? 
), (b2), (ab), (ata), (b'b), (a‘b), etc. For the initial state (10.60), these are given in 
Section 3.1. The time dependence of the covariance matrix can be obtained 
from results like (10.11) and (10.12). For instance 


(a(t)b(t)) = g"(t)(a(0)b(0)), (a (t)) = g’(t)(a*(0)) = 0). (10.61) 


The time dependence of the covariance matrix defined by Eq. (3.97) can be 
obtained by using the values of a, B, and y, obtained from a procedure like the 
one that led to (10.61) 


—_ , _ Ig cosh2r+ (1 +29)(Igl? -—1) (1 0 

ee OmeSS~S~StSAG a 
(10.62) 

sll sinh 2r( 


Y= 


cos@  sin@ 
sind —cos@}’ 
where 7) = N/(N; — Np). Using (10.62) in Egs. (3.97) and (3.98), we find the 
lowest symplectic eigenvalue 

De = {lgi7[e-” + (1 +29)] — C1 + 299)}/2. (10.63) 


Requiring that the output state remains an entangled state, i.e. the condition 
pv. < 1/2 then translates into the following condition for the gain 
) 2+2n 


lgl“ < 


l1+2n+e~- =~ 


In the special case of a fully inverted amplifier, 7 — 0, and we have 


9 | 


ae (10.65) 
sl l1+e-° 1 + e—4n 


where Ey is the logarithmic negativity (Section 3.7) of the input state. We find 


the condition for the loss of entanglement for an ideal amplifier to be similar 
to the condition we had found for the loss of squeezing of a single-mode field. 

In the above we considered the case when both the modes a and b were 
subjected to identical amplification. It would be interesting to examine the case 
when only one mode, say “a, ” is amplified. In this case the elements of the 
covariance matrix (3.97) are found to be 


|g|? cosh 2r + (1 + 24) (Jel? — 1) (( ’) 
= 
0 


> 


— 


cosh2r /1 0 
a= 2 fp i) 


|g| sinh 2r es sin@ ) 
Y = a aah " 


a 


= ‘ 10.66 
sind —cosé@ =) 


The smallest simplectic eigenvalue is now equal to 
~ l >) me , 
p= m1 le" + 1)cosh2r + (1 + 27)(lg|- — 1) 
- V (gl? — 1)?(cosh2r + 1 + 24)? + 4]g|? sinh? 2 ; (10.67) 


As before, requiring p. < 1/2, so that the output state remains an entangled 
state, we obtain the following condition on the gain 

et <14-—. (10.68) 

ui] 

In contrast to the symmetric case, here one finds j_ is always less than 1/2 for 7) 
=0 and therefore the entanglement survives no matter how large the gain is. 
The variation of p_ in the two cases as a function of the gain is shown in Figure 
10.3. The situation is different, however, if 7) is nonzero. In this case there is a 
threshold value of gain beyond which the entanglement of the initial state is 
lost. The threshold value of the gain depends on the value of 7. Clearly for 
larger 7) the entanglement degrades faster. We show this behavior in Figure 
10.4. The difference from (10.60) comes from the fact that now 


(a(t)b(t)) = g(t)(a(0)b(0)), (bib), = (b'b)o. (10.69) 


Pooser et al. [14] have demonstrated the survival of entanglement when only 
one mode is amplified over a significant region of gain values. Finally, we 
note that some results on the amplification of non-Gaussian entangled states 
are available [15, 16]. 


0.7 


Variation of the entanglement measure p_ as a function of 
the gain |g|* for the symmetric case (solid line) and the 
asymmetric case (dashed line) for r = 1; 7) = 0. The dot marks 
the critical value of the gain in the symmetric case beyond 
which the entanglement in the output state vanishes, after 
[13]. 
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Variation of the entanglement measure p_ as a function of 
the gain |g|* for different # and the squeezing parameter r = 
1. 7) = O (Solid line), 7 = 0.5 (dotted line), 7 = 1 (dashed line), 
i) = 2 (dot-dashed line), after [13]. 


10.5 Realising a phase-insensitive amplifier 
from a phase-sensitive amplifier 


In Section 3.9 we briefly considered the parametric amplification of signals. In 
particular, we considered the process of down-conversion with the mode a ina 
coherent state and the mode b in the vacuum state. We showed that the mean 
number of photons in the mode “a” grows as e*"|a|*/4, where r is the squeezing 
parameter associated with the downconverter. We will now establish the 
following: the full quantum dynamics of the mode “a” is identical to the 
dynamics under the amplification process as long as no information on the 
mode “b” is gained. In Section 3.8 we showed that in the down-conversion 
process the Heisenberg operators evolve as (Eq. (3.61)) 


a(t) = acosh gt + ble sinh gt, (10.70) 


where gt =r, r being the squeezing parameter of Section 3.1. The Heisenberg 
solution (10.70) is especially useful as we can consider any initial states. The 
mode “a” is the one whose amplification we are considering. We take the mode 
b to be in the vacuum state. The solution (10.70) has the form (10.4) or (10.10), 
Le. 


Aout = Vat+F, V =coshgf, 
(FFt) =0, (FIF) = sinh gt = V? —1, (10.71) 


=e FZ: 

There is a slight difference in the form of the coefficient of a but this is of no 
significance. Thus all the results obtained in Sections 10.2 to 10.4 would apply 
to the amplifier described by (10.71). We have to use the replacement |g(t)| — 
V. This is an interesting way to realize a phase-insensitive amplifier using a 
phase-sensitive one and in fact has been implemented experimentally by 
Pooser et al. [14]. Furthermore, we get an ideal amplifier as (FF') = 0. This is 
true as long as the mode b is in the vacuum state. 


10.6 Degradation of nonclassicality and 
entanglement due to the absorption of 
quantum fields 


An amplifier adds noise to the optical signals. However, an ideal absorber does 
not add noise to the signals. Thus one might expect that an absorber would 
affect the nonclassical properties of fields in a much less severe way than an 
amplifier. For an ideal absorber, the basic master equation is (10.7) with N, = 


0, No =N, Le. 


dp ' 


a = ~iwlala, p] — Kk (a'ap — 2apa' + pata). (10.72) 
G 


The corresponding Langevin equation is (cf. (9.85)) 
ad = —iwa —xa+F(t), (F) = (F'(t)F(t’)) =0, 
(F(t)F'(t')) = 2«d(t —1’). 
We write the solution to (10.73) as 
a(t) = T(t)a(0) + f(t), r@=_¢ - 

(f(t)) =0, (f(t) f(t)) = 90, (f(OSfi()) =1—-|TWH/. oe 
We have noticed earlier that all the normally ordered moments of a(t) are 
related to their value at t = 0 


(fal (t)]"[a(t)]") = T*"(t)T" (t) (al (0)a"(0)). (10.75) 


We can use (10.75) to examine the nonclassical properties at the output in 
terms of the nonclassical properties at the input [4] 


(al (t)a(t)) = |T(t)|? (a‘a), (al? (t)a?(t)) = |T(t)|*(a"*a’), (10.76) 
and hence Mandel’s Qy, parameter at the output would be 


(al2a*) — (ala)? 


= |T(t)|7On(0). (10.77) 
(ata) |7(t)|- Om 


Om (t) = 


Thus the field always remains sub-Poissonian. This is in contrast to the case of 
an amplifier where the sub-Poissonian property is completely lost if the gain 
exceeds a certain value (Eq. (10.52)). Using (10.75), it is straightforward to 
show that the squeezing at the output is given by 


So(t) = |T(t)|7So(0), (10.78) 


which exhibits a simple decay behavior; however, the initial squeezing is not 


completely lost. 

We next describe the effect of the absorber [17-19] on the entanglement of 
two modes initially in the squeezed vacuum state (10.60). We assume that each 
mode decays according to (10.72) with the same decay constant x. For 
simplicity we assume that the free evolution (e ) has been removed by 
working in the interaction picture. According to the theory of Gaussian 
entanglement (Section 3.13), we need to know the covariance matrix o defined 
by Eq. (3.97) in terms of the matrices a, f, y. Once we know the time dependent 
o, then we can calculate the lowest simplectic eigenvalue and the log-negativity 
parameter Ey. For the state (10.60), using (10.75), the matrices a, B, and y are 


found to be 
a =P ={[e-*' sinh?r 5) (; i 
f ( " ; a (10.79) 
ym nat sinh 2r(7) | 
Hence on using Eq. (3.102), the lowest simplectic eigenvalue is 
v.(t) = Br det (e? pgeees 1). (10.80) 


The eigenvalue p_(t) is always less than 5 as shown in Figure 10.5 and hence 
the entanglement between the modes survives as the entangled light propagates 
through an absorber. The entanglement disappears only for t > », 


10.6.1 The phase-space distribution after 
propagation through an absorber 


The time-dependent phase-space distributions after propagation through an 
ideal absorber can be obtained from (10.32) by letting N, += 0,N, + N 


la — aT (t)|? 
7] : 


; | 
(a,t) = [ ea (a0, 0) — exp - (10.81) 
, v1) 


where 7(t) is given by (10.74). The fluctuation parameter 7 is now equal to 
zero for the P-function, n = 1 - |T (t)|* for the Q-function, and equal to [1 — |T 


(t)|-]/2 for the Wigner function. Thus the time-dependent solution for the P- 
function is rather simple 


P(a,t)= a 1p ——_— Pia /|T (t)|]. (10.82) 


This implies that a field in a coherent state | 8) remains coherent 
|B) > |BT(t)). (10.83) 


The absorber does not change the character of the coherent state. 


Kr 


The eigenvalue j_(t) as a function of the loss xt for different 
values of the squeezing parameter. r = 0.5 (solid line),r = 2 
(dashed line). 


The Q-function and the Wigner function broaden as for these functions the 
parameter 7 is nonzero. Furthermore, if any of these functions are Gaussian at 
t = 0, these would remain Gaussian, i.e. the result (10.36) applies with 


2u* = —(a’*) = —T?(t)(a’)o, 


| a | 
5 _ (al a) = T(t)? (a'a)o +5 = tre =—0) = 5 + (a‘a)o, (10.84) 


| 
tp 9's to = tw + 


_ 


tw = 


10.7 Loss of coherence on interaction with 
the environment 


The interaction with the environment is usually modeled in terms of system— 
bath interaction. We saw in the previous chapter in connection with the 
relaxation of a two-level atom that the coherence usually decays much faster 
than the population. For the radiation field, the exact analog of dephasing 
would be the master equation with a structure similar to the I terms in Eq. 
(9.56) 


—=-T (a'a)* 0 —2alapa'a |. o(alay : (10.85) 
f } f 


Clearly as a result of dephasing the diagonal elements of p do not change with 
time, but the off-diagonal elements decay as 


Pmn(t) = eT rt 9, (0), (10.86) 


and hence in the long time p will become diagonal. Thus the coherence is 
completely lost [20]. For the model (10.72), both populations and coherences 
decay and as a result in the long time limit, the field is in a vacuum state. 

In Section 4.1 we studied the superposition (Eq. (4.2)) of two coherent states 
and showed that such a superposition has strong nonclassical properties which 
arise due to the interference of the two coherent states. We investigate how 
sensitive such a superposition is to environmental perturbations [21]. The 
density matrix associated with (4.2) is 


p = N~?(lao) + e!”| — ao) )((ao| + e'?(—avo|). (10.87) 
The time evolution of diagonal terms in (10.87) is very simple (Eq. (10.83)) 
lay) (ao| > |ape™**) (ape *" |. (10.88) 


The off-diagonal terms are more complicated. To obtain the full time 
evolution of the density matrix, consider the characteristic function (Section 
2.5.3) defined by 


Cp(B, t) = Tr{ pte’ oF"). (10.89) 


This is the Fourier transform of the P-function. Its time dependence is easily 
obtained since in the expansion of (10.89) we only have normally ordered 
quantities. We can then use (10.75) and resum the series to obtain the 
characteristic function at time t in terms of its value at t = 0 


Cp(B, t) = Cp(Be “, 0), 


piaus " at (10.90) 
Cp(B, 0) =N~ (exp(Bors — B*ao) +e” exp(Bax + Bagel + c.c.) 


where we used (10.87) and the property 
(a |ePa! e-P*a|,) = (aly) exp(Pa* —_ Bty ). By using (10.90), the density 
matrix at time ¢t is clearly equal to 
p(t) =N~? (aoe) (age | + |—ane*") (—ape "| 
ah {cl?| —ape*") (ape** | +e~*# lage“ ) (—aoe— | | 


x exp[—2|a|7(1 — e72*")]). (10.91) 


The interference term (curly bracket) is scaled down by a factor 
“) oy @—dlaol’«e for Kt < 1. This leads to a decoherence time ty 


em 2leoF ( l-e 


| 


a (10.92) 
4\ag|-« 


Td 
which is inversely proportional to |a,|’, ie. to the size of the coherent state 
[20]. As |a| increases, the decoherence time goes down. The Wigner function 
for the state (10.91) can be written down by inspection as we already know the 
Wigner function (4.15) for (10.87) 


JQ Af—2 


ae 


W.(a,t) = {exp(—2|a — age“ |") + exp(—2|a + ape |”) 


4 2e~2leel? exp[—2|a@o|?(1 — e77*")] cos[g + Alm{ajae*"}]}. (10.93) 


We note that as a result of interaction with the environment the two Gaussians 
move towards each other eventually merging into one Gaussian. The amplitude 
of the oscillatory term goes down by a factor exp{[—2|a9|?(1 — e~**")] and the 
period of oscillation increases by e“. We show this evolution in Figure 10.6 
for different values of xt. The nature of transition from (a) to (c) is especially 
noteworthy as it shows how the nonclassical oscillations in the Wigner 
function disappear on interaction with the environment. 


(a) 


W, (2, t) 


Re(a) ie Im(a) 


(b) 


W,(a, t) 


Re(a) Im(a) 


The Wigner function W,(a, t) for the state (10.91) for ap = 
3, m9 = 0. (a) t= 0, (b) kt = 0.05, (c) xt = 0.25, (d) kt = 2. 
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Exercises 


10.1 Prove the relations (10.24). 
10.2 Prove the result (10.56). 
10.3 Using (10.32) show that the P-function of the amplified Fock state |n) is 


ele? /n 
P(a,t) = | 


a. ae (1-£). 


where L,, is a Laguerre polynomial of order n [11]. 


10.4 Write the differential equations (10.27), (10.28), and (10.31) in terms of 
the quadrature variables x and y defined by a = oie a* = on tk Show 
that the second-order differential operator is separable in x and y. 


10.5 Consider a field initially in a coherent state |G). Find the P-function at any 
time for the amplified field using (10.32), and using this P-function show 
that the photon number distribution in the amplified field is given by 


| \gB I? \ZB|? 
p(s) =~ oP (— L, | —-———— | .. 
(1 +n)"'t n+l n(l +n) 


10.6 For an ideal amplifier, using (10.35) find the photon number distribution 
of the amplified field if initially the field is in a single-photon state |1). 
The following series expansion 


will be useful. 


10.7 Consider the single-mode one-photon-subtracted squeezed vacuum state 
(4.69) 


Le, ¢] / 
(s) a l ing ne (2n)! é, 
6) = —____——. }e"*(tanh vr)" 2) 
sinhr /coshr mae 
oO 


>. C2n+1 |2n + | ), 


a=0) 


where 


e+ D? (tanhr)"./Qn + 1)! 


C2n4+1 = w) 
(cosh r)3/2n!2" 


Consider the dephasing interaction with the environment, use (10.85) to 
obtain the density matrix in the limit t 4 o, Check if this still has 
nonclassical properties. Prove that the Wigner function of the density 
matrix in the limit t s ~ is given by 


: 
W (a) = — exp[—2la|* cosh(2r)]{[4]a|? cosh(2r) — 1] 
I 


x Ip (2|a|* sinh(2r)) — 4|a@|? sinh(2r)h, (|e? sinh(2r))}, 
where /,,(z) = fy e795? cos” 6 dé. Furthermore, show that W (a) can be 
negative [22]. 


10.8 Consider a combination of a phase-insensitive amplifier and an absorber. 
Assume that both are operating in the ideal limit. Let us denote the output 
fields as shown in the figure below. Clearly we have the relations (Eqs. 
(10.10) and (10.75)) 

b=ga+f, (ftfid=le?—-1, (Aff) =0, 
c=Tb+f, (fh)=0, (AA)=1-I7/, 
(fif)=0, (fi) =(f) =0. 


a b Cc 


Calculate the Mandel Q,, and squeezing parameters of the field c in terms 


of the characteristics of the input field. What happens in the limit |g|*|T|* = 
1? Are the results different if the order of the amplifier and absorber are 
interchanged? (For details see [6, 23].) 
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interference and squeezing in 


two-level systems 


In the earlier chapters we have discussed extensively concepts of coherence, 
interference, squeezing, and entanglement for radiation fields. Many of these 
concepts are equally applicable to other quantum systems and specifically to 
any kind of two-level system. For example, once we introduce the concept of 
coherence in two-level atoms, then we can discuss many types of atomic 
interferometers. Similarly, for a collection of atoms we can define atomic 
coherent states, squeezed states, and introduce analogs of various types of 
phase-space distributions for the radiation fields. This chapter is devoted to the 
study of coherence and interference in two-level systems and some 
applications of these ideas. 


11.1 Two-level approximation: atomic 
dynamics in a monochromatic field 


The interaction Hamiltonian between a system with states |y;) with energies E, 
and the electromagnetic field /'( Q, t) can be written in dipole approximation 
as 


H, = —p- E(R,t), (11.1) 


where R denotes the position of the atom and Pp is the dipole matrix element, 
which can be expanded as 


P=) _ Piylvi (vl (11.2) 
ij 


The unperturbed Hamiltonian can then be written as 


Hy = > Ejlwi) (yl. (11.3) 
J 


In resonant physics very often the two-level approximation [1] for the atom is 
adequate. This is so if the frequency q, of the external field is tuned close to the 
transition frequency w, between two levels designated as |e) and |g), which we 
would call the excited and ground levels. The two-level approximation works 
well as long as the width of the external fields is small compared to the energy 
separation between |e’) and |e), where |e’) could be a neighboring state to which 
the atom can also get excited. If the electromagnetic field is a plane wave of 
frequency moving in the direction ¢ 


E(R,t) = & dF Riot 4 ce, (11.4) 


and if the two-level approximation is made, then the interaction (11.1) can be 
expressed as 


Hy, = —h(gle)(gle"@" + H.c.) — h(g'le) (gle + H.c.), (11.5) 
where 
nly elk R “— F* ik R 
h h 


On choosing the zero of the energy halfway between two levels, the 
Schrédinger equation for the two-level system will be 


d\y) WO i 
— i> fledel — |gh(g) lw) — 7 filv). (11.7) 


In dealing with intense fields it is useful to write (11.7) in a frame rotating with 
frequency @ of the external fields. This is done by defining the wave function | 


d) as 


|p) = expf{ia,S.t}|y), (11.8) 
then the equation for |) is 
|?) . erg 
— = —i—|9@), (11.9) 
Ot h le 
where 
Here = (wo — @,)S, — (gS. + H.c.) — h(g'S, 7" + H.c.). (11.10) 


Here we have introduced the operators defined by 


, l 
S; = le){gl, S_ = lg){el, S, = 5 (le){el — lg){gl)- (11.11) 


2 


It can be shown that these operators satisfy spin —1 angular momentum algebra 


[Spo] =A, [5.8-5| =e, [S., S_] = —S_, 

| : | (11.12) 
5 + S., fs) = 0, a ri 

Note that the Hamiltonian (11.10) contains terms oscillating at twice the optical 
frequency. Such terms lead to negligible contribution as long as |g| < @g. This 


is indeed the case for typical optical fields used in resonant experiments. Hence 
in what follows we ignore these counter-rotating terms. Thus the interaction 
(11.10) is approximated by 


Hog ~ HAS, — h(gS, + g*S_), A = @ — @. (11.13) 


This approximation is known as the rotating wave approximation. We also 
notice that the effective Hamiltonian (11.13) can be written as 


Hog = h(S - Q), |Q| = J A2 + 4|g/? = Q, 
Q,= -(¢g+ 2"), Q, = —ig + ig’, Q.= A. 


(11.14) 


One thus finds that the problem of a spin in a magnetic field and the problem 
of a two-level atom interacting with an electromagnetic field are isomorphic. 
This was first shown by Feynman et al. [2]. Note that the detuning factor A is 
like the static magnetic field which is used to define the quantization axis of the 
spin. 

We next discuss the dynamical behavior in the rotating frame. The time 
evolution operator U(t) is easily computed 


Ot) = exp {—— Heat} = exp{—i§ - 21} 


2 is-a Qr 
RE fem (11.15) 


sin — / —. (11.16) 


The wave function at time t can be obtained from (11.16) and (11.8) assuming 


that |p(0)) = Ig): 


io(t)) = (cos = 4 5 sin) le) + as sin > e). (11.17) 
The probability p,(t) of finding the atom in the excited state is 
p15) = Algl” sin? (=) = 2lgl (1 — cos Qf), (11.18) 
02° ie <o- 
~ |g? if Qtr <1. (11.19) 


Note that for short times p, is proportional to the square of time rather than 


proportional to t. This is because we are dealing with discrete levels and the 
external field is assumed to have no width. For arbitrary values of the detuning 
A and the field strength g, the excitation probability exhibits oscillatory 
behavior. The oscillation frequency is Q, which is called the generalized Rabi 
frequency. For the field on resonance, Q = 2\g|, which is called the Rabi 


frequency. Note that the maximum value of the population in the excited state 
depends on the detuning 


/ 2 
Pe.max = wee — | fA 0, (11.20) 
Furthermore, for = = 7, Eq. (11.16) gives 
U(t)=-—-l. (11.21) 
Thus after a complete cycle 


U(Qt =27) =-1, (11.22) 


the wave function acquires a phase shift of 7, which is useful in many different 
applications, particularly in the context of the control of decoherence (Chapter 
16) and realizations of Berry’s phase in spin systems. A pulse is called a qn- 
pulse if Qt = qm. Under a m-pulse and for a field at resonance (A = 0), Eq. 
(11.16) yields 


U(Qh=7)= (eS, + 9*S_), (11.23a) 


gl 
o 


and hence, under a 7-pulse, the state |g) and |e) get interchanged 


e). (11.23b) 


le) > 


Fora -pulse with A = 0, we have from Eq. (11.16) 
l i 


U(Qt=2/2) = + (gS; + g*S_), (11.24a) 
2° v2igl 
and hence 
i) > (le) + 2 1e)) + tle) +l), ife=—i 11.24b 
a ow aT tl eer ), ifg=—ilgl, (11.240) 


l ig* l ; 
a> = (Ie) + Ee) - Wha —|g)), ifg=—ilgl. — (11.24c) 


The time evolution of any initial state can be similarly obtained. The +-pulse 
produces a coherent superposition of excited and ground states with a relative 
phase which depends on the phase of g. In the context of quantum information 
science the transformations (11.24b) and (11.24c) are related to the Hadamard 
transformations |g) > (|g) + |e))/W2,|e) > (Ig) — le))/V2. 

We next examine the behavior of the Bloch vector (S(7)) = (w(t)|S|w(1)) 
. From (11.14) we can write the Heisenberg equation of motion for §(t) 


ds 


in = [Hest S])=-i[§, §-Q])=2xS, (11.25) 
C 
and hence 
—_— 
dS) as (5). (11.26) 
dt 


From (11.26), the conservation law is obvious 


(S) - (S$) = constant. (11.27) 


The vector (7) precesses about the direction of 6. Such a precession equation 
(11.26) has the well-known solution [3] 


(S(t)) = cos Qt + 2n(So - n) sin? — wah x Sp sin Qr, (11.28) 


where jj is the unit vector in the direction 6 and {9 is the value of (¥(t)) at ¢ = 
0. It is traditional to represent the dynamical behavior by a sphere as (§(t)) for 
each time t would correspond to a point on the sphere with polar angles @ and 
Q 


I 


= sin (rel? (11.29) 


(S,(t)) = —~ cos @(f), (Si (t)) = 


eo 


The explicit values of 8 and @, although complicated, can be obtained from 
(11.28). In the special case of a field at resonance A = 0 and the atom initially in 


ground state So = (0, 0, —3) (11.28) leads to 


a ; l 
(S.(t)) = -2 sin Qf, (S,(t)) = = sin Qt, (S,(t)) = —> cos Qt. (11.30) 


~ 2 - 


Am/ 2-pulse (Qt = 7/2) would therefore produce a maximum dipole moment 
or maximum coherence as is also evident from (11.24b). A state with a 
maximum dipole moment gives rise to coherent radiation in a way analogous 
to dipole radiation in classical physics. Clearly states like (11.24b) and (11.24c) 
can be considered to be analogs of coherent states for the atomic systems and 
we discuss these in detail in Section 11.3. 


4 > 


V 


e 


lg > 


p_> 


Energy levels of dressed states. 


11.1.1 Semiclassical dressed states 


We have seen that in a rotating frame the effective Hamiltonian, describing the 
interaction of a two-level atom with external electromagnetic fields, is given 
by (11.13). The eigenstates |w,) of (11.13) are called the dressed states. For A > 


0, these states and their energies are given by 


, hQ I (A ¥ )* “ 
Ex =4—, WW) = (Ie) +-(A #)le)) (1+ SE) ere! 


(11.31) 


~ 


These are schematically shown in Figure 11.1. The phase coefficient es. is 
needed so that |w,) > |e), |W_) — |g) ifg — 0. Clearly if a system is prepared in 


one of these dressed states, then no further evolution takes place unless decay 
effects are included. Bai et al. [4] showed experimentally how the system can 
be prepared in dressed states. Let us consider for simplicity the case A = 0, g = 


Igle, then 


l | 
Behe, — Wa) = alle) ee 2D)( ge) (11.32) 


Let the 7/2-pulse interact with an atom in the ground state, let y’ be the phase of 
the field, g = |gleX. Then from (11.24b) the state at time t is 


] — 
lp(t)) = Fila) + ie |e)). (11.33) 
On comparison with (11.32) we see that |g(t)) is the eigenstate of H, where the 
phase of the field x is y' + 7/2, ie. 


H(x = x’ +2/2)|o(t)) = —Alg|(S,e*% + S_e“™)|o(t)) = —Alg| |o(t)).. (11.34) 


This suggests that, at the end of the mz /2-pulse, the phase of the field x’ is to be 
changed by 7/2 to y'+m /2 in order that the state |p(t)) would become a dressed 


state |w_) of the Hamiltonian 
—h|g|(S,e!X + S_e—'x) = —Algli(S,e!* — S_e7ix’). 
Atom 
> 
i 7 > 
T T 


Schematic illustration of the two-field Ramsey 
interferometer. 


11.2 Application of atomic coherence - 


Ramsey interferometry 


The pulsed excitation of a two-level atom leads us to a high-resolution atomic 
interferometer by which the frequency of transition can be measured very 
accurately. This method was introduced by Ramsey in the context of 
microwaves and has been adopted in the optical domain [5-8]. Consider first 
the excitation of the atom by a short pulse of duration 1, such that |g|>* << A?, 
then the excitation probability is given by (11.18), ie. 


mw Alg|?r? A: 2 AT _ 
Pelt) &® 372 Sin” = (11.35) 
y Fe ee r At ee: sin? X 
7 |g|-r~ sine” X s ms = a sinc~.X — Y2 


The sinc function is maximum at X = 0 and becomes zero at X = 7. Thus the 
scan of the probability as a function of the frequency of the field or 
equivalently as a function of At would have a half width of the order At ~ 27. 
The width of the resonance is determined by the duration of the pulse. 

Ramsey introduced a novel scheme where the atom was coherently excited 
in two separate zones separated by the time interval T > t, as shown in Figure 
11.2. The time interval T has to be much smaller than the lifetime of the atom. 
Let the atom be initially in the ground state. We calculate the probability of 
finding the atom in the excited state after passing through two zones. We 
calculate p, to second order in the coupling constant g. The Hamiltonian 


(11.13) in the interaction picture is 
H = —fi(gS,e!“! + g*S_e'’). (11.36) 


The wave function of the atom to first order in the coupling constant g is 


I(r) & |g) +i | dt (gS el + g*S_e“4")|g) 
0 


Oo 
o 


~ |g) + 7! — Ile) = Ig) + ale). (11.37) 


In the domain t < t < t + T, there is no field. In the second region only the 
ground state part will evolve as the excited part is already of first order in the 
coupling. The state |g) to first order would evolve into 


T+2r ; ' 
lz) > |g) +i | dt(gS,e'™' + o* S_e") |) 
T 


‘ - 
= |g) +e" ale). (11.38) 
Hence the probability of finding the atom in the excited state is 


PRT +2r) = la|7|1 ugh rop 


2 yy ss 3 | = 2) T = 
= |g|“r“since* (XY ) - 4cos* (—) , ft Sea. (11.39) 


The addition of the second zone improves the resolution for the measurement 
of atomic resonance frequency by a factor (T/ t), as shown in Figure 11.3. We 
show the behavior of (11.39) Pp/Ppmax aS a function of X, say for (T/T) = 5. 
This is compared with the excitation probability (11.35). The Ramsey method 
has been extensively used and is now a standard tool for the measurement of 
atomic phases. Let us assume that between the two zones there is some 
disturbance which shifts the phase of the excited state by @, then the result 
(11.39) would be modified to 


4s FAT , (AT —<4 ' 
cos* (=) — cos* (—*) (11.40) 


_ he 


This is because the wave function |W(t)) just before the second zone would be 


Ile) + -(e** ~ 1)e! Ie), (11.41) 


therefore g can be determined from the measurement of pp. 


12) The fringes for two-zone atomic resonance frequency 
measurement for (T / Tt) = 5 (Solid curve), compared with the 
single-zone measurement (dashed curve). 


Optical Ramsey excitation of an atomic beam by separated 
laser fields interpreted as a matter wave interferometer. 


We now explain why this setup is an interferometer. We show pictorially 
(Figure 11.4) what happens to the atomic wave function. The two amplitudes 
have to be summed up coherently. The scheme shown as before is very similar 
to the optical interferometers. One can think of splitting the amplitudes as the 
excited state is produced by the absorption of a laser photon and thus the 
excited state carries extra momentum. 


11.3 Atomic coherent states 


Clearly for a two-level system, we can define the coherent states |8, p) by 
6 QO. 
|9, p) = cos 5/8) + sin 7° le); 0<d0<2,0<@ <2z. (11.42) 


In the coherent state, the mean value of the dipole moment which is 
proportional to (S,) is nonzero 


l . 
(8, o|Si|8, 0) = z sin de®. (11.43) 
The mean inversion is 
l 
(6, p|S.|@, g) = “5 cos @. (11.44) 


The states with nonzero (S,) are said to possess atomic coherence. We have 


already seen in Section 11.2 how interferometers can be built using nonzero 
coherence. If many two-level atoms interact with an external field, then each 
two-level atom gets prepared in the state (11.42). If we further assume that the 
parameters (8, @) are same for each two-level atom, then the state can be 
written as 


N 
6, ¢) =| [18.¢);, (11.45) 
j=l 


where |6, @) j is the coherent state for the jth atom. The state |0, @) is called the 
atomic coherent state for a collection of two-level atoms. 


Table 11.1 Angular momentum algebra 


[Jas Ip] = i€apyJy, Ja, J7] = 0. (1) 


J?\j,m) =jUG+1)|j,m),  Je|j,m) = mlj, m). 


Jz|j,m) = JUG tmGtm+1)[jm+1), 


D(§) = exp(J, —§*J_), &=se" 3 
2 9. @) 
= exp(¢J,) exp{J; In(1 + |c/?)} exp(—c*J_),  ¢ = tan se e 


exp(idn - J)A exp(—ida -J) = n(- A) —n x (An x A)cos@ + (nx A)sin@. (4) 


A collection of two-level systems can be characterized by the angular 
momentum algebra corresponding to j = N /2 provided we choose to work in 
the completely symmetric representation. For convenience, many important 
properties of angular momentum algebra are summarized in Table 11.1. Let us 
write the collective angular momentum operators as 


N 
J= > SY; J*\|j,m) = jG + )DIjm); J,| j,m) = m|j, m); 


Jg =Jztit; Jalipm=JVGEmMGtm4+Diim+zl); -j<msj. (11.46) 


Note that two-level (spin) operators are denoted by the symbol § whereas the 
collective operators are denoted by j. The atomic coherent states |0, @) are 
then given by [9] 


0, ~) = Dé), —/), (11.47) 


where the unitary operator D is 


ba, 
l| 


D(é) = exp{éJ, — &*J_} = exp{idn -/}, = n = (—sing, cosg, 0). 
(11.48) 


The generator D(&) of the coherent states can be separated in a normally 
ordered form by using the BCH identity for SU (2) operators [10] 


: 7 6. 
D(é) = exp{¢J.} exp{/, In(1 + |¢|*)}exp{—c*J_}, ¢ =tan sar. (11.49) 


The relation (11.47) can be simplified by noting that 


J_|j, —j) = 0, Jj, -—/) = (I —J), 
D(é)|j, —j) = A + |e?) expt}, —s), 


and hence 


(11.50) 


+j 


l 

a ee ee - 

= Do (in) sits cos Selim). (LSI) 
A\j+m 2 2 


m=—] 


This is the final expression for the atomic coherent states in terms of the basis 
states of the collective angular momentum operators J? and J,. 
The atomic coherent states form a complete set 


2j+1 | 
4a 


and are nonorthogonal 


6, p)(@, p| sinédédg = 1, (11.52) 


(0,9|06,¢)= sin 5 aS a e?-#) cos 5 COS , 
- 7 (11.53) 


_ 


7 @\* 
(A, g|8", ge’) = (cos =] 


where @ is the angle between the directions (6, ) and (8', g’) defined by cos © 
= cos 6 cos 9’ + sin @ sin 8’ cos(g — @’). The relations (11.52) and (11.53) are 
easily verified by using (11.51). Thus the states lying in opposite directions on 
the Bloch sphere © = z are orthogonal. 

We recall that the field coherent states are the eigenstates of the annihilation 
operator. We can then ask: what is the operator for which |0, @) is the 
eigenstate? To consider this we observe that 


Jel), —J) = —Js J); (11.54) 


and hence 
J-D'(&)|8, g) = —jD'(E)|9, 9), (11.55) 


i.e. 


J\8, 0) = —j|@, 9). (11.56) 
Thus the atomic coherent is the eigenstate of the operator 
J; = D(é)J-D'(€) (11.57) 
which on using the result of Exercise 11.5 reduces to 
J, = J, cos@ — (sin gJ, + cos g/,) sind. (11.58) 


Unlike the coherent states for the field for which all the normally ordered 
correlations have the property (a@|a’™a"\a) = a“ a", the atomic coherent states 
do not have such a property, e.g. (J, J_) 4 ( J,) (J_). 


11.4 Minimum uncertainty states for two-level 
systems —- spin squeezing 


The coherent and squeezed states of harmonic oscillators are known to be 
minimum uncertainty states (see Exercise 2.7). Now we can check if the atomic 
coherent states satisfy any type of minimum uncertainty relation. Furthermore, 
we enquire if we can define squeezed states for two-level systems. The 
derivation of the uncertainty relation for two Hermitian operators A and B 
satisfying 


[A, B] = ic, (11.59) 
shows that 
C 9) 2) 9) 9) 4 
adas= |), AA’ = ((A —{A))*), AB? = ((B—(B))’), (11.60) 
if 
AA|w) = —iX ABI), ((AA)*) = A? ((AB)’), 2 = real. (11.61) 


For A = + 1, the variances in A and B are equal. The solution of (11.61) for A 
= + 1 defines coherent states, whereas the solution for |A| # 1 defines squeezed 
states [11]. Let us first consider the eigenvalue problem for A = -1 


(A —iB)|w) = ((A) — i(B)) |W). (11.62) 


Clearly if we choose A = J,, B = Jy, then the only solution for |w) is |W) = |j, —j). 
We will now show how the whole class of minimum uncertainty states can be 
obtained for A = —1. We consider the operators obtained by rotating J, and J, 


by D(é), with D(&) defined by (11.48) 
J, = D(E)JyD" (E), a =x, y,2Z, (11.63) 


such that ie Jy) = LE. Hence the eigenvalue problem (11.62) with 
A= J,,B = J, will have a solution |w) = D(€)|j, — j), which is the atomic 
coherent state (11.47). This is because we can rewrite the eigenvalue equation J 
_|j, —j) = 0 as D(&)J_D'(&)D(®j, — j) = 0, ie. J_|w) — (). Thus we can 
generate a whole class of coherent states which are now parameterized by (0, 


Q). 
For |A| 4 1, we choose A = J,, B= Jy, 


(J, — AS, )IW)s = (x) — AW) IW). (11.64) 


To solve this eigenvalue problem, note that (J, — iAJ,) can be written as 
e Met J eH etw: — ew y et: — coshaJ/, — isinhaJ,, (11.65) 


and hence (11.64) can be solved in terms of the eigenstates | j, m) of J, 


i 3 e~Mzelay| 7, m) = |j,m)s;, A = tanha. (11.66) 
The states |W), satisfy the equality sign in the minimum uncertainty relation. 
Furthermore 
AJ? = (tanh? a) AJ? < AJ?, 
de) ? (J-) (11.67) 
AJ, AJ, = >, AJ’ = |——|tanha, 


and hence the x component of the angular momentum is squeezed. The solution 
to the eigenvalue problem (11.64) was obtained in [12, 13]. 


The probability p, , of occupation of collective atomic states 
| j, !) as a function of / for / = 20 and a = 0.0345. 


In view of the squeezing property (11.67), we call the state (11.66) the atomic 
squeezed state. These are generated from the state | j, m) by a nonunitary 
transformation as a is real. For integral values of j, i.e. for even values of the 
number of atoms, m can be zero. The state | j, 0), has some properties similar 


to those of the squeezed vacuum for the radiation field. Let p,, be the 


probability of finding the collective system in the state | j, 1) for integer values 
of j, then up to a normalization factor 


Pis = (i 17, 0)s I’. (11.68) 


As shown in Figure 11.5, p,, exhibits oscillatory behavior and vanishes for 


odd values of | + j. This should be compared with Figure 2.2 for the squeezed 
vacuum for the radiation field. Agarwal and Puri [14] give a method for the 
production of the atomic squeezed state | j, 0), by transforming irreversibly the 


squeezing from the radiation field to the atomic system. 


11.5 Atomic squeezed states by nonlinear 
unitary transformations 


Kitagawa and Ueda [15] realized that the atomic squeezing can be produced by 
a unitary transformation involving a nonlinear Hamiltonian, the simplest 
example of which is 


H = —hyJ?. (11.69) 
Let us consider the initial state as an atomic coherent state |0, p) with 6 = 1/2, 
=0, 
T ry 2] 2 
5.0)=(5) i lj, m), (11.70) 
then 


Pm.m' (t) = (j; m\p\j, m’) 


= (7; mlelX2! 9 (O)e X=! | j, m’) 


1\7 ¢ op \af 23 \2 
= exp{ixt(m? — m)} | = 7 ( : 11.71 
exp{ixt(m* — m™~)} 5 335 ioe ( ) 


As in the case of radiation fields we want to find the operators whose 
uncertainties are minimum. Therefore we introduce the rotated operators 


Sac jeme fas. 
= — (11.72) 


~ 


J, = cos vj, — sin vJ;, J, = sin vJ, + cos vJ2. 


The parameter v is fixed by the condition that the variance in either na or j_ is 


minimum. All the uncertainties can be calculated by the repeated use of (11.71). 
The calculations are straightforward. Note that we need expectation values 
involving at most quadratic forms of angular momentum operators, thus m? — 
m'* = (m—m')(m + m’) and m' can be at most m + 2, m + 1, m, and hence we 
would have time-dependent exponentials that are linear in m. The calculations 
of variances would involve summing over binomial coefficients and these can 


be done by noting 


2j (11.73) 
l ) ; 2j gp ™ 
> meen ( . = —, (cosg/2)” . 
(; d j+m d(ig)? | 
This procedure yields 
(i) = joost'5, = Ui) =0, (11.74) 
7 l 
i = i 2 (1 cos*/—? ) (, - 5) i 
fe / ? Ps 
Ajy ==]14+=(j-= E + JA +B cos(2v + 28)| 
D 2 7 ; 
en . (11.75) 
A=1-—cos”~ p, B= 4sin es cos/—* - 


en _ 
=n 7d . w=zxl. 


The relation (11.75) show that in order to obtain minimum variance V_ in 
either a or D3 , we Set 2v +26 appropriately so that V_ is given by 


y =4)1 4 (1-5) 4-VF+P)). (11.76) 


2 


The behavior of V_ as a function of j is shown in Figure 11.6, which also 


shows for comparison the result j/2 for the atomic coherent state obtained by 
setting p = O in (11.76) ( j # 1). We can find the smallest value of V_ as a 


function of yp. The minimum value of V_ is about tis, which occurs at 
|u| ~ 248 7-3 015]. 
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The variances of the spin components of the coherent state 
and squeezed state. 


For the case of radiation fields, we have represented squeezing in phase 
space as an ellipse. A similar thing can be done for atomic squeezing. Let us 
introduce the analog of the Q-function via 


] 
O(8, g) = —(9, g|pl|@, ¢). (11.77) 
An 


A three-dimensional polar plot of ree for the state (11.71) for different 


values of p is shown in Figure 11.7 for j = 20. For p = 0, we have a coherent 
State. 


State evolutions by twisting in terms of the quasiprobability 
distribution (QDP) on the sphere for j/ = 20: (a) the initial 
atomic coherent state; (b) optimally squeezed at p = 0.199; 
and (c) excessively twisted at yp = 0.399. 


In Chapter 12, we will show how the interaction (11.69) can be realized by 
atoms contained in a high-quality dispersive cavity [16]. Furthermore, the 
interaction (11.69) naturally arises in other systems, such as two-component 
Bose condensates [17, 18], 13Sorensen. The interaction in each condensate and 
the interactions between two condensates gives effectively the interaction 
(11.69). This has been considered as a way to realize the squeezed states of 
Bose condensates. Spin squeezing has also been realized in collective atomic 
ensembles via continuous quantum nondemolition measurements [19-21]. 


11.6 Atomic squeezed states produced by 
supersensitivity of Ramsey interferometers 


In this section we show an important application of atomic squeezed states in 
producing supersensitive measurements of phase in Ramsey interferometry. 
Consider the setup shown in Figure 11.8. Consider a set of atoms prepared in 
an initial state |w),, and sent through the Ramsey interferometer. Traditionally | 


W),, is chosen as |g, g, ..., g), ie. all the atoms are in the lower state. We can 
calculate the sensitivity of the interferometer when |W),, is a squeezed state 
(11.71) and compare it with the sensitivity when |W),, = |g, g, ..., g). We would 
describe the above setup in terms of the collective operators 7. We assume that 


pulses are so short that we can drop the effect of atomic detuning during the 
time the pulse is on. In this case we can relate |W), to |W),, via a product of 


unitary transformations 
IWr)out = exp {—i--Je} exp {(—ig/.} exp {isi} IWr)in 
= exp {iJ} exp {i= Je} exp {—ig/.} exp |-i-Je} [Win 
= exp {—ixJ,} exp {—igJ,] lw) in- ; (11.78) 


At the output we measure the population in the excited state which is related to ( 
J,). Thus the signal and the noise in the signal would be given by 


1 = Us) = oa Veo = in WUE) — 
AP = VU?) = Ue)? = in(WE |W )in — in WELW) ins 
where 
J, = exp {igJ,} exp {iz J,} J, exp {—iaJ,} exp {—igJ,}. (11.80) 
We define the sensitivity Ag via 
co (11.81) 
EX 
Using the angular momentum algebra, (11.80) can be simplified to 
J, = —J, cosy + J, sing. (11.82) 


Using (11.79) and (11.82), the mean signal is 


[ = —(J-) cosg + (Jy) sing, 


al | (11.83) 
= (J-) sing + (J;) cos g. 


ag 
For the state |o, g,...,g) = =. —*), Cr} = G, 
l N — 
= > COs QD, 

. . N WN N WN N sin? g : 

/ I! DN eng oD 2 ee 4 
Al = Sin gp (Je) = Sin (5-5 J 7-3) 4 . (11.84) 
and therefore the sensitivity A @ (Eq. (11.81)) is 

N sin? @/4 l _ 
Big ao (11.85) 


()?sin?g = N 


This is the shot noise limited sensitivity. We next estimate the sensitivity for the 
case of atoms prepared in a squeezed state. We start by noting that in the 


neighborhood of g ~ os fe 2 ~ (J.)* sin? g. The fluctuation for the 


squeezed state is 
Al? % (AJ,)* sin’ g, (11.86) 
and therefore the sensitivity Ag, for the squeezed state is 
(AJ,)? 
(Ag,)? = ——. (11.87) 
(J)? 
Wineland et al. [22] introduced the parameter €p, defined by 
Ag, N(AJ,) = 
a _, SE) (11.88) 


Ag |h)| 


as a measure of the improvement in the sensitivity of the interferometer if the 
atomic squeezed state is used as the state of the incoming atoms. Clearly the 
input state should be such that €p < 1. The parameter €p is also known as the 


spectroscopic squeezing parameter. Note that the squeezing based on 
Heisenberg uncertainty relations implies 


2 _ | V2) ’ 
(Aus) = ~m E (11.89) 


_— 


The condition €p < 1 is much stronger than the condition (11.89) as 


N 


240) <1 


| Yin ° 


~-pulse ~-pulse 
Setup of Ramsey interferometry with supersensitive 


measurement of phase. 


11.7 Phase-space representation fora 
collection of two-level systems 


Just as for radiation fields we can use a variety of c-number functions to 
visualize the quantum states of two-level systems. We have already used the 
function Q(8, @) in Section 11.5 to discuss the squeezing in a system of two- 
level systems. The analog of the Glauber—Sudarshan representation for the 
atomic system is 


p= [ P@.0)18, 001, elsine dédg, 
(11.90) 
[ P@.e)sinededg = I. 


In the theory of angular momentum, the multipole operators Tx are basic as 
these form a complete orthogonal set of operators [23]. Thus these can be 
utilized to develop phase-space distributions for angular momentum systems 
[24]. The Txg’s enable us to prove (11.90) and also suggest a definition of the 
Wigner function for spins or two-level atoms. The state-multipole operators 
are defined by 


: - 9 K ] 
Txo = ee ee J : im){ jm’|, 11.9] 
KO dU y-™ (2K + 1) e O ut | jm) (jm'| ) 
mn 
where (,, i) is the Wigner 3j symbol and 79 = 1 /,/2/ + 1. Note that 
K is an integer taking values 0, 1, 2, ..., 2j and -—K < Q < + K. The state 


multipoles have the following important orthogonality property 
Tr(TK. 9, ThaQs) = 8K50,0, Tkg = (-1)9Tk,-o, (11.92) 


and hence any function of angular momentum operators can be expanded in 
terms of Txg. In particular, for the density matrix, we get the expansion 


p=) pxolxo = ) (Tk) Tko- (11.93) 
KO KO 
Thus the density matrix is completely characterized by the state multipoles 


I | 


(Tx): These expectation values are closely related to the moments of the 


angular momentum operators 


I 


4 3 2 
BSS — ——— EY. 
Tio) Garsneart, Wa) 


I 
= 


i — scapes) "a 2 (11.94) 
"n) Grresicess w-) 
| 5 3 
My) = (sao) 3(J2) — jG +1)]. 
‘b= \ G4 DG+DQ/F+DiQi—-h) Pe -JUF YI 


The tensor (Er) is also known as the alignment tensor. It may also be noticed 
that the properties of the atomic coherences will be reflected in the properties 
of (7.5) with Q #0. 

Using the expansion (11.93) we can define the Wigner function W (0, @) for 
the angular momentum systems via 


eal , 
W(E,~)= _- Y (To) Yeo, 9): W*=W, (11.95) 
J KO 


where YxQ(9, g) is the spherical harmonic. The Wigner function W(8, 9) is 
normalized 


| W (6, y) sino dédg = 1. (11.96) 


Note that the expectation values can be evaluated using the Wigner function by 
writing the operator and their Wigner representations as 


G= a. Gxolko. Gw (0,9) = 2. GroYxo: (11.97) 
KQ KQ 


then 


(G) = Tr{pG} 


» PRO GCx,0, Tr{ Tk,0, Tk,0,} 


Ki QO, K2Q2 


= > PRO, Gx,-¢, J * 
KiQ) 


4 
= : is | W (6, @)Gw (9, g) siné dédg. (11.98) 
i+! 


To derive (11.98) we need to use the orthogonality of spherical harmonics and 
Yeo(8, @) = (-1)2 Yx_Q(9, ¢). Arecchi et al. [9] gave a very useful relation 


(—1)*-2./4r (27)! 


(11.99) 


(6, |T. 519, ¢) = Yo, 9) ————————— —. 
EO ae Q7—KW274-K +)! 


Using (11.99) we can write the phase-space function Q(@, @) as 


2j+1 


O(8, g) = ——(, glpl9, 9) 
ee | —1}*-2.,/Ax (27)! 
sibs ‘is Y— prolxo(, jt oe (11.100) 
An _ (27-—K)!2j+K+1)! 


KQ 


The P(6, @) can also be written in the form (11.100) 


: @2j—A)!@j+K +1)! 
PO, 9) = - pKoYco(0, 9)(—1)k- 0X 
= J4x (2)! 


The results (11.95), (11.100), and (11.101) show the relations between different 
phase-space distributions for angular momentum systems. For convenience we 
collect these results in Table 11.2. 

The Wigner function for a system in an atomic coherent state |9), g) can be 


obtained by using (11.99) in (11.95) 


(11.101) 


2/)!@j+1)! 


——_______—__—.._ (11.102) 
(27; —K)!2)+K+1)! 


W (8,9) = )° Ygéo(60, 90) Yxo(8, y)(-1)*-? 
KQ 


The Wigner function for an atomic coherent state | /2, 0) is shown in Figure 
11.9 [25]. It is similar to that for a coherent state for the radiation field. For a 
cat state +((3, 2) + |3, -2)), the function as shown in Figure 11.10 displays 
regions of negativity. Such a cat state is experimentally realized in [26] by the 
excitation of the hyperfine state corresponding to the angular momentum F = 3 
of the Cs atom. 

For a spin -1/2 system, the generalized density matrix can be written as 


l 


p= -4+2)-J, (11.103) 


which can be rewritten in terms of the multipole operators Tyg by using 


TOR, | ' ' 3 
i= (4 J+UDCG+ ,) Tio. 


& 7 
5 


| (11.104) 
a 
Jz =a (OU) Ty =. 


P| 


Let 77 be the unit vector in the direction (6, @), which we write in terms of 
spherical harmonics 


21 
n, = sind cos = —,/ — (M1 — N%,-1), 
=) 
2x : 
ny = sin@ sing = ,/ —i(%11 + N,-1), (11.105) 
=) 
4a 


nz = COSA = 4/ 3 Yio- 


Using (11.103)-(11.105) in (11.95) and (11.101), we obtain the Wigner 
function and the P-function for the state (11.103) 


| 42./37- OF (11.106) 


l 
W(6,¢) = — 
(0,9) re 


| 
PO.) = — [ 26H OF (11.107) 


SIT 


Noting that [2/5 < |, we find that both the P-and W-functions could be 
negative, which is a reflection of the quantum nature of the two-level system. 
Furthermore, as expected, P(@, o) has a higher level of negativity than the 
Wigner function. 


Table 11.2 Angular momentum: states and phase-space 


distributions. 


Coherent states 
10, p) = D(E)\ J, —J) 


= 2 ee ee 
= Be ts ) sin/+™ — cos/-™ —eY*™?| 5, m). ”) 
arnt +m 2 2 
Squeezed states defined via: 
(a) nonunitary transformation |y), =e“ be ity |j,m), a = Real, (2) 
(b) unitary transformation |y), = ei“! |6, g). (3) 
Phase-space functions [24] 
(0,9) =) > pxoYkofko. (4) 
KQ 


tko= y a for Wigner function (Sa) 


— FEB (R-1) 2/4x (25)! 
~ J@j—-KyQs+K+ 0! 
See eS eee Sa 
- V4x (2j)! 


for Q-function (5b) 


for P-function. (5c) 


The Wigner function of a coherent state le 0): top — planar 
representation; bottom — representation on a Bloch sphere. 


The Wigner function of the cat state +(|3, 2) + |3, — 2)). The 
regions of interference can be clearly seen. 


11.8 Phase-space description of EPR 
correlations of spin systems 


Consider a system of two spin-1/2 particles in the state 
l 
/2 


For this state it is easily proved that 


(J. a = (J .b) =0, (11.109) 


lv) = —(d tl) -—1471)). (11.108) 


7 =m is l .- Lis? 
(J) G7 .b) = =ai@: b) = gPG, b). (11.110) 


The state |w) is the well-known singlet state |0, 0) of two spins. It is an example 
of an entangled state. The correlations in the state |W) cannot be explained in 
terms of the local hidden variable theories which led to the well-known Bell 
inequalities [27, 28] 


\P(a, b) — P(a, b')| + |P(@’, b) + P(@’, b’)| < 2, (11.111) 
whereas the quantum-mechanical correlations satisfy the relation 
\P(a, b) — P(@, b')| + |P(a@’, b) + P(a@’, B’)| < 2V2. (11.112) 


The difference between (11.111) and (11.112) can be traced back to the 
negativity of the underlying phase space distribution that determines the 
quantum correlations. Using the results of the previous section we can 
determine the phase-space distributions, such as the P-, Q- and W-functions for 
the state (11.108). The density matrix for the state (11.108) in terms of the 
angular momentum operators me) and J for the two spins can be written as 


l =a - 
aes (eee (11.113) 
4 
It is clear from the results (11.106) and (11.107) for the state (11.103), that the 
P- and W-functions for the state (11.113) will be 


Ls ose 
P(O, 1, 2, G2) = (=) [1 — 9n, +n], (11.114) 
An 


1 \2 
W (61, 91, 92, G2) = (=) [1 — 37, - n>], (11.115) 
4a 


and would be negative in certain directions whereas the Q-function is always 
positive, 
: 


[l — a; -%] > 0. (11.116) 


l 
O(O,, 1, 92, 2) mF (; 


TT 


The mean value of (7 7) in terms of the P-function is 


(FOF) = / P(A, G1, 2, G2) (A1, G1 lJ?’ [A1, G1) (2, GIT |, gr) 
og sin 0; dé, dy, sin 6,d6,dQ 


=; | Pe 1, 92, 2) Ni Nz Sin 6; dO; dg; sin 62d62d¢g>. (11.117) 
Thus the quantum nature of the EPR correlations in the state (11.108) is due to 
the strong negativity of the underlying P-function given by (11.114) [29-31]. It 
should be noted that the calculation of (7 7) using hidden variables would 
be done using a relation like (11.117), except that the underlying distribution 
would be positive over the entire range of the integration variables. 


Exercises 


11.1 Verify the solution (11.28) for the precession equation (11.26). 
11.2 Prove the relation (11.58) by using 


e°Ae* =A +[B, A] + —[B, [B, A] +- 


11.3 Prove the BCH identity (11.49) for the SU(2) algebra. 


11.4 Prove that the product of two generators of angular momentum coherent 


States is 
D(&,)D(&2) = D(&3) exp{i® (1, &2)J-}, 
| . l— % cy Oth 
D( |) = -iin(7—S2), oC = ——_.. 
ain l= Fo. 1 — C0 


11.5 Find the explicit form of 7, defined by (11.63) using the general result 
for the rotation operators 


exp(id7- J)A exp(—id7' - J) = n(n-A) —i x (7 x A)cos@ + (i x A) sine. 


Here 77 is the unit vector. Choose { to be J, and take the z component of 
the right-hand side to obtain (11.58) 


11.6 Using (11.66) and the properties of the rotation operators, evaluate (11.68) 
and show explicitly that p,, = 0 for odd values of | + j. 


11.7 Prove the result given by (11.75) using (11.73). 

11.8 Prove the relation (11.113) for the singlet state (11.108). 

11.9 Consider two spins § and /* with arbitrary values, interacting via the 
Hamiltonian H = aS,F,. Clearly both S, and F, are conserved quantities. 
Obtain the operators §(t) and /*(t) in terms of the conserved quantities. 
Find fluctuations in F j.e. (F(t )) —(F,(t))? if both spins ¥ and f* are 
initially prepared in coherent states. This H (= aS,F,) is called the quantum 
nondemolition Hamiltonian, as we can use the conjugate variable F\, to 
obtain information on the variable S, without disturbing it. Such 


Hamiltonians have been used in realizing spin squeezing of atomic 
ensembles [19-21], where the spin F stands for the polarization or Stokes 


operator of the light (Eq. (6.12)). 

11.10 Landau—Zener problem: Consider a two-level atom interacting with a 
chirped field, so that the coupling constant g (Eq. (11.6)) is replaced by 
gel? Take the field on resonance @; = @,. Assume that the atom is in the 
ground state at time t = —co, Show that the probability of finding it in the 
excited state at t — +o is | —exp (—=), The limit 9 + 
corresponds to the adiabatic limit. The problem can be done by finding a 
second-order differential equation for the excited state amplitudes. The 


second-order differential equation can be solved in terms of the confluent 
hypergeometric functions [32]. 
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Cavity quantum 


electrodynamics 


In Chapter 7 we considered the absorption and emission of electromagnetic 
radiation when the interaction with the electromagnetic field was weak. 
However, it is possible to design cavities such that the interaction of atoms 
inside cavities with the cavity field would be strong. The interaction of an atom 
with the field in the cavity is essentially given by Eq. (7.6). We now write the 
quantized field as 


. 2a his : 
E@) = Driy *eadatta(?) + Hc. (12.1) 


Here the sum is over all the cavity modes @,, u,(j*) is the cavity mode function 


and V is the volume of the cavity. The cavity mode function is normalized over 
the volume V. For a two-level atom, we can restrict the field (12.1) to a single 
mode of the cavity field, if the atomic transition frequency , is close to the 


frequency @, of the mode. In this case, we reduce (12.1) to 


Tar han 
E@) =i,/ — Ce wulF) + E.G. (12.2) 


We write the dipole moment operator in the form 


p= Pegle) (g| + Pee|g) (e| 
= PegS+ + Doph<s (12.3) 


where the operators S, satisfy the algebra of spin -1/2 operators (Eq. (9.44)). 
The interaction Hamiltonian H, in the rotating wave approximation is 


H, = hgS,a + hg*S_a', (12.4) 


where the coupling constant is 


eo 
[2 W, ._, =i a ye 
B= ie: Peg). (12.5) 
Fl g 


Adding the unperturbed Hamiltonians, we have the full Hamiltonian 
H = hwyS, + hw.a'a + hgSa + hg*S_a. (12.6) 


This is the Jaynes-Cummings model for the cavity QED [1]. In a cavity, the 
coupling constant g could be made quite large. Several situations involving 
both Rydberg atoms and optical transitions have been extensively studied. In 
order to distinguish atom coupling effects g should be large compared to the 
incoherent or dissipative processes in the cavity. The important dissipative 
processes are (i) the leakage of photons through the cavity mirrors at the rate 
2k, and (ii) the spontaneous emission of the atoms to the side modes at the rate 
2y. The strong coupling condition means 


g> kK, Zg> y. (12.7) 


The condition g > k means that a photon emitted in the cavity mode can 
interact repeatedly with the atom before it leaks out. The condition g > y 
implies that the emission is primarily in the cavity mode rather than the side 
modes. 


12.1 Exact solution of the Jaynes—Cummings 
model: dressed states 


The Jaynes-Cummings model (JCM) has been the workhorse of quantum 
optics. Its predictions have been extensively investigated and in more recent 
years many other systems particularly in the context of superconducting qubits 
and quantum dots have been treated after the original JCM. The model is 
exactly soluble and this provides great insight into the new regime of quantum 
electrodynamics where the radiation—matter interaction is strong. For the 
unperturbed Hamiltonian we have two sets of basis states |n, g) and |n, e), with n 
= 0, 1, 2, ..., 0. The interaction Hamiltonian (12.4) has the important feature 
that 


[Fone | =O, H, = hw,(a'a + S,). (12.8) 
Thus H, is a constant of motion. Hence it is convenient to write (12.6) as 
H=H,+H,, [He 4t77| =O, (12.9) 
where 
H, = hAS, + hgS,a + hg*S_a', (12.10) 


and where A = @, — @, is the detuning between the atomic transition frequency 
and the cavity frequency. We will now treat H, as the equivalent of the 


unperturbed Hamiltonian. The advantage of this is that the basic states |g, n) and 
le, n— 1) have identical unperturbed energies. 
The interaction Hamiltonian H; has the property that it connects only two 


states for each value of n except for n = 0 


hA 
H|e,n — 1) = hg* /n\g, n) + —le, n—l1), 


ha 
H)|g,n) = hgJnle,n — 1) — Ig, n), 
| hA ; 
H,\g, 0) = ——lg, 0). (12.11) 


We illustrate these couplings in Figure 12.1. 

Clearly H;, has the block diagonal structure in terms of the states |g, n) and |e, 
n—1) and the Hamiltonian can be diagonalized in terms of these by using the 
diagonalization of 2 x 2 matrices of the form 


7 : : (12.12) 


_ 


Such a diagonalization is straightforward. In order to avoid the unnecessary 
phase factors associated with g, we assume g to be real and positive. Any phase 
of g can be absorbed in the definition of the angular momentum operators. 
Because of the structure (12.12) of Hj, all eigenstates would be linear 


combinations of |g, n + 1) and |e, n). Let us denote these by | w=) and are given 
by 2] 


_/ 
H\g, 0) = ———g, 0), 
| na 
H|\Vr) =h| @, abs |W> ) = ho= \wr), 
= e(n+1)+ A’, A = @ — @, (12.13) 
+) cos 6,, sin 6,, 
\wr) le,a+1)+ ~ |le,n), 
— sin 6, cos 6, 
i — 1 | ey ee oO, tan6é, = 2gVn+ 1/(Qna — A). 


The states | w=) are called the dressed states — these are the linear combinations 
of the atomic and field states as shown in Figure 12.2 The form depends on the 
coupling parameter g. Furthermore, the eigen energies of the dressed states 
depend on the coupling parameter. The parameter @ is the mixing parameter 
and depends on the coupling g and the detuning. For a cavity tuned to atomic 
resonance A =0, 6,, = 71/4, and then the mixing of states is maximum 


[w+) = —(4lg,n+ 1) +e, n)), 
J/2 (12.14) 


Qna = t2¢Vn + |. 


The quantity 20,/n +] and more generally Q,, is the n-photon Rabi 
frequency. In order to see this consider an initial value problem — where the 
atom field system has been prepared in the state |e, n). We want to calculate the 
time evolution of such an initial state. Because of the property (12.11), the state 


at any time ¢ is a linear combination of the states |e, n) and |g, n + 1) 
|W(t)) = c(le,n) + d(t)|g,n + 1), (12.15) 


where the coefficients c(t) and d(t) are given by 
, | A 
C= —iw@ |n+> }c—i-c— igvnt+ ld, 
’ l e' ; 
d= —-iw,. {n+ = d+ ld —igVvn-+ le. 


(12.16) 


These are to be solved subject to the initial condition c(0) = 1, d(0) = 0. It is 
straightforward to show that the probability of finding the atom—field system in 
the state |g, n+1) is 


Ao? l 9 it.) t 
ee = (12.17) 


Pen—gn+! (t) = 7 
nv oe 


Hence we have periodic transfer from the state |e, n) to |g, n + 1) and then back 
to je, n). The period of oscillation is given by 27/Q,,. This period or the 


frequency of oscillation Q,, depends on the number of photons. We call Q,,,, 


the n-photon Rabi frequency. The oscillation continues to occur even if there 
are no photons in the cavity. This is called the vacuum field Rabi oscillation, 
which has been experimentally studied by a number of groups [3] — the atom 
emits a photon into the cavity mode, which is then reabsorbed by the atom 


|e, 0) — |g, 1) > |e, 0). (12.18) 


The parameter 2g is the on-resonance vacuum Rabi frequency. The n-photon 
Rabi oscillation can be understood in terms of the dressed states. The state |e, n) 
can be written as a linear combination of the dressed states |) and |W, ), 
which evolve at the frequencies wr and ®, respectively. The relative 
frequency of evolution is wr — @,, which is equal to Q,,. A very clear 
demonstration of n-photon Rabi oscillation for n up to 2 was given by Varcoe 
et al. [4]. 
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The couplings in the Jaynes—Cummings model. 
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Formation of dressed states from bare states. 


In the case of resonant interaction @, = @o, we find from (12.17) that the 
probability of finding the atom in the excited state is 


Den-ven(t) = cos” gtV/n+ 1. (12.19) 


Using (12.19), Filipowicz et al. [5] predicted the existence of trapping states in 
the cavity field. Consider sending an atom in an excited state through the cavity, 


then under the condition 
geVvn+ lt = qn, q, n integers, (12.20) 


the atom comes out in an excited state, which was the state with which it went 
in. Hence if successive atoms under fixed interaction time come out in the 
excited state, then the cavity field must be a mixture of states |n) with values of 
n that satisfy (12.20). These are called as the trapping states and show up in the 
dynamics of micromasers at very low temperatures [6]. The trapping states 
have been used to generate single photons on demand [7]. 


12.2 Collapse and revival phenomena in JCM 


If the field in the cavity is in a state which is a superposition of different Fock 
states )', a,|n), then the probability for an atom to make a transition from the 
state |e) to the state |g) would be obtained by summing (12.17) over the 
distribution of |n) 


00 2 
4o(n+1) . ,tQha > 
Peg t) = dL Pa sin” a Pa= tel” (12.21) 
n=0 nd . 
A—0 o Ae oT | AAS & 
— ) Pn Sit” (gtvn + 1) = > — =Re ) pow) s (12.22) 
n=0 “ “ n=0 


A plot of p,_, g(t) as a function of gt for a field with a low number of photons is 
shown in Figure 12.3. The field is assumed to be a coherent state, i.e. p,, = |a|*"e 


“let” mn with |x|? = 9. The transition probability (12.22) has a very rich structure 
primarily due to the occurrence of the factor ./j + | in the argument of the 
sine function. For a small enough number of photons in the field, many terms 
in (12.22) contribute and each such term has a different period, leading to the 
collapse and revival of the Rabi oscillations [8]. Collapse and revival 
phenomena in nonlinear quantum dynamics have been extensively studied not 
only for the JCM but also for other systems such as H-atoms, square well 
potentials, and nonlinear oscillators [9, 10]. An understanding of the behavior 
can be obtained if the distribution p, is sharply peaked around 77, which allows 


us to expand ,/7 + | as 


gt mew aval t+" — SOO 4... (12.23) 


= 7) 
2n Sn- 


The dynamics is then governed by different time scales. The Rabi flopping 
time is 277 / (e/n ). The other time scales are 


¥ —I Oo —| 
Tp = 2x | = , Ten = 20 (— ; (12.24 
R It (<=) FR It ae) ( ) 


Here Tp is the revival time and Trp is the time for fractional revivals. The 


cubic terms in the expansion (12.23) lead to superrevivals at a time scale Tsp. 
Thus the very early stage of time evolution of (12.22) is determined by the 


Rabi oscillation, and the next stage is determined by Tp. The dynamics at 
longer time scales is determined by Trp and Tsp, etc. In the early stages there is 


dephasing of the Rabi oscillations due to the (n — 7) term in (12.23) until t 
becomes of the order of Tp, whereupon different terms in the exponent start 


interfering constructively, leading to revival of the Rabi oscillation. This can 
be seen much more clearly if we evaluate (12.22) for a field with sub- 
Poissonian statistics [10] 


| (n — ny? : 
—————— aK J ; A Rae Jn. 12.25 
a / 27 An . | 2(An)? | | | : | 


We show the result for the time dependent transition probability in Figures 12.4 
and 12.5 for t ~ Tp and t ~ Typ. Figure 12.4 shows the collapse of the Rabi 


oscillation followed by a revival for a time t ~ Tp. Figure 12.5 shows the 
fractional revivals in the region t ~ - Trp. The first experimental observation 


of collapse and revival is due to Rempe et al. [11]. Subsequently several 
refined observations were made [12, 13]. Raimond et al. [12] clearly identified 
several n-photon Rabi frequencies in an experiment done with a coherent field 
containing only 0.85 photons. This is one case where approximate analysis 
based on (12.23) does not apply as the dispersion Ay, = Jn ~ hh 
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“S25 _ The transition probability p,_ ,(t) as a function of t/Tp for 
times in the range where fractional revivals can occur. The 
parameters used are 7 = 50, An = 2 (redrawn after [10)]). 


12.3 Dispersive limit of the JCM 


A very useful limit of the JCM is the dispersive limit, where A is large 
compared to the coupling constant g and the leakage rate x of the photons. The 
Rabi frequency Q,,, can be approximated by 


2¢*(n + 1) 


Qna ~ |A| + ————_. (12.26) 
|A| 
The dressed state energies then become 
l IA] &(nt+1) 
= 5 
=o,(n+—)+— +—— 12.27 
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The parameter 06 > m2 for A > 0. Thus the - state 


n 
|W) — le, n),|Y7) + —|g,n+ 1). The time evolution of the states is 
very simple 


, ayn (—inti le 
e,n) > exp( aly (12.28) 
lg,n +1) — exp(—iw,t)|g,n + 1). 


In this limit, the states undergo a simple phase shift which is dependent on the 
number of photons in the cavity. In high-quality cavities, the n independent part 
of the phase shift @ = g*t/|A| could be large. For example, in the experiment of 
Brune et al. [14] t ~ 19 ps, JA] ~ 27 x 100 kHz, g ~ 2m x 24 kHz, o ~ 0.69 
radian. An interesting consequence of (12.28) is that if the atom is prepared in 
a superposition state (cle) + d|g)) and the field in the Fock state, then the output 
state will be (A > 0) 


A 
(cle) + d|g))|n) > f exp iF —ig(n+ | le, n) 


m' 
+d exp (iS a ion) lg, n) lala (12.29) 


We observe from (12.29) that the states |e, n) and |g, n) undergo frequency 
shifts g(n + 1) and g n respectively. The excited state has an extra contribution 
due to the vacuum of the cavity. The n dependence of such shifts has been 
measured by Brune et al. [15]. 


12.3.1 Generation of the Schrédinger cat 
states for the field 


The dispersive interaction can be used to produce entangled states of the atom 
and field. Let us assume that the field is prepared in a coherent state 


qn +=. a"e dal |7), then we use (12.29) for each n and sum over all n 
im vn 


values to obtain 
(cle) + dlg))|a) > e7 > E ett | 6) ye iv —inety 4 e'F|e)lae'?™) | , (12.30) 


which displays the atom—photon entanglement. The state (12.30) involves two 
coherent states which are phase shifted in opposite directions from the initial 
coherent state. The state (12.30) has the structure of the original Schrédinger 
cat state. To see it more explicitly, let us calculate the probability of finding the 
atom in the state |x) = c’ |e) + d'g), which is a superposition of the states of the 
atom. This probability can be obtained from the projection of (12.30) onto the 
state |y) 


cclte—it!-ig lae~ as) ae dd?! lae el +19) 


py, = c (12.31) 


The coefficients c, c', d, and d' depend on the initial preparation and the 
measured basis. The interferences in the probability p, are determined by the 


overlap of the coherent states |we ”) and |ae @<*?), which is equal to 
(we t+? yet“) = exp [—|ax|?(1 — 7”) ]. (12.32) 


The modulus of exp[-|a|2(1 — e~2i9)! = 2lal’sin’#) determines the visibility of the 
interference pattern. For small g, the visibility remains close to 1, as 
increases the overlap between two coherent states decreases and the visibility 
goes down. The size of the coherent state also determines how fast the 
visibility goes down. This is due to presence of the factor |a|? in the exponent 
in (12.32). The first successful demonstration of cat states in CQED was given 
by Brune et al. [14]. In their experiment, a Rydberg atom was prepared in a 
coherent superposition state by a 7/2-microwave pulse. Then it was sent 
through a dispersive cavity containing a coherent field with |a| = 3.1. The 
outgoing Rydberg atom was exposed to another microwave field (7/2-pulse) 


(Figure 12.6). These 7/2-pulses determine the coefficients c, c’, d, and d' in 
(12.31). Note that in the absence of the cavity, the setup is a Ramsey 
interferometer [16] and the probability p, would show interference fringes as a 
function of the frequency difference between the microwave field and the 
atomic transition frequency (Eq. (11.39)). The cavity would modify the 
interference fringes in the manner discussed above. Brune et al. measured the 
interference pattern for different values of the detuning between the cavity 
frequency and the atomic frequency. 
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Generation of cat states. 


The dispersive interaction can be used to produce a variety of superposition 
states. Zurek [17] introduced the idea of a compass state defined by 


|W) ~ (la) + lia) + | —@) + | —ia@)). (12.33) 


o>) 


Zurek especially noticed that such states in phase space can have sub-Planck 
structure, i.e. the area over which the two quadratures vary can be smaller than 
ji. The state (12.33) can be realized by using the dispersive interactions [18]. 
We need to send two atoms in succession and measure the joint probabilities 
for the two atoms. We already showed in (12.30) that the passage of a single 
atom produces a cat state. The passage of a second atom splits each coherent 
state in the superposition in (12.31) into two coherent states, leading to the 
generation of the compass state. 


12.4 Dissipative processes in cavity QED - 
the master equation 


In order to examine realistic systems in cavity QED, we have to include the 
dissipative processes in the cavity. The basic dissipative processes are (i) the 
leakage of photons from the cavity at the rate 2x (Eq. (9.38)) and (ii) the 
spontaneous emission of atom into all the other modes. The rate at which the 
population decays from the atomic excited state is 2y = A. We have already 
discussed in Chapter 9 the basic master equations for such dissipative 
processes. We can now put everything together to obtain the key master 
equation for cavity QED 


i = —=1H, p]—yv(1+n)(S,S_p — 2S_pS, + pS,S_) 
—yn(S_S,p — 2S, pS_ + pS_S,) 
—x(1+n)(a'ap —2apa' + pata) 
—Kin(aa' p —2a' pa+ paa'), (12.34) 
where 
H = hw,(a'a+ S,) + hAS, + hg(S,a + S_a'), (12.35) 


and where 77 is the average number of thermal photons. 
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Relevant times of a CQED experiment, plotted on logarithmic scale. Tat, Tr, Ta, and tj are defined 
in the text. | can be varied in the range depicted by the gray bar [12]. 


For trapped atoms in optical cavities, we can set -zero. Typical values of y 
and x [19, 20] are of the order of: y/(27) ~ 2.6 MHz, k/(27) = 4.1 MHz, and the 
vacuum Rabi coupling g/(2m) ~ 34 MHz. These are extremely high finesse 
cavities, F ~ 4 x 10°, with very small volume L ~ 42 1m, so as to make g large. 
The value of y depends on the atomic transition — the quoted value is for the D, 
line of Cs. It must be borne in mind that the CQED community continues to 
make unprecedented progress with the fabrication of better and better cavities, 


so as to make g > kK, y. 

The experiments with Rydberg atoms have been performed by sending 
atoms through open cavities [12] or almost closed cavities [21]. The majority 
of experiments, as done by Haroche et al. [13], correspond to time scales as 
shown in Figure 12.7. Here the atomic relaxation time T,, = (2y)!, Rabi 
flipping time Tg = (2g) |, cavity relaxation time T, = (2x), t, = interaction 
time. For Rydberg atoms, the thermal photons could be important unless one is 
working at very low temperatures. 

The master equation (12.34) is to be supplemented by adding the coherent 
term H, representing the coupling of the cavity to the external field. The 
coherent term can be written as 


er mr —_ ael@! ), ( 12.36) 


H, = ihe(a 


where ow, is the frequency of the driving field and ¢ is related to the power ga of 
the driving field via 


(12.37) 


Note that ¢ has the dimension of frequency. In order to obtain the output fields 
we need the input-output relations, i.e. we need to relate the output fields to the 
cavity fields. Consider the scheme shown in Figure 12.8 [22]. Let the leakage 
rates from each mirror be 2k, and 2k, so that k = k, + Ky. We would take the 


incoming quantum fields as satisfying the commutation relations 
[arin(t), djing) = 5-1) ete, (12.38) 


whereas the field inside the cavity satisfies [a, a] = 1. Then the input-output 
relations are 


Grout (f) + Grin(t) = ¥ 2k2a(t), 


Ajout (t) + ayin(t) = ¥ 2k, a(t), 


and we would generally take k; = ky. The parameter xk can be related to the 
finesse of the cavity defined by the reflectivity R of each mirror by 


(12.39) 


F2=nR'?/(1-—R)= ee for Rael 9 = HB; (12.40) 
KL if 


where L is the length of the cavity. 
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The input and output relations. 


12.5 Spectroscopy of the ladder of dressed 
states 


In Section 12.1 we obtained the exact eigenstates of a system consisting of a 
strongly interacting two-level system and a single mode of the cavity field. A 
natural question is now how one can probe the exact eigenstates. The two 
lowest states |y>) and |W ) (Eq. (12.13)) can be studied by monitoring the 
vacuum Rabi oscillation (Eq. (12.17) for n = 0). If the field in the cavity can be 
prepared in the Fock state |n), then the states | w=) can be studied by monitoring 
the n-photon Rabi oscillation as was done by Varcoe et al. [4]. Furthermore, by 
considering a small coherent field in the cavity and by examining the 
population of the atom, say, in the excited state, some of the low lying states |yW* 
) can be studied. 


12.5.1 Vacuum Rabi splittings in the 
absorption/transmission of a weak field 


In spectroscopy a standard tool to probe the spectrum or energy levels of a 
system is the absorption spectroscopy. This is especially useful in the optical 
domain. One can consider probing the dressed states by examining the 
absorption of a very weak probe field [23]. Consider an atom which is trapped 
[19] in a high-quality cavity (Figure 12.9). Let us assume that initially the 
cavity is empty and the atom is in its ground state. Thus the initial state of the 
atom-field system is |g, 0), which is an eigenstate of the Hamiltonian (12.6). 
Consider next the interaction of the atom with a very weak external field of 
frequency q@). The atom-—field system now makes transitions under the 


influence of the external field |g, 0) > |W g), lg, 0) - Wo ). Clearly the 
absorption must show resonances whenever 


| 


— ( 
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A 
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A? +4¢)'? +m+¢, ifA=0. (12.41) 


This is to be contrasted with the free-space result where absorption will exhibit 
a single resonance at @) = @o. Thus the interaction of the atom with the vacuum 
field in the cavity leads to a doublet that is resolvable if g is large. One refers 
to the doublet (12.41) as the vacuum field Rabi splitting [24] of the degenerate 
levels |e, 0), |g, 1), to We). The width of the doublet depends on the losses of 
the cavity and the spontaneous emissions into other modes; the doublet is 
resolvable when the width of each peak in the doublet is much smaller than the 


separation 2g. 
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Fig.12.9 [ two-level atom of transition frequency W is trapped ina 
high-quality cavity. The cavity has a photon decay rate 2k, 
while the atom has a spontaneous emission rate 2y. 


|e, 0) |g, 1) 


Y K 


|g, 0) 


The dissipative process would couple the states |e, 0) and |g, 1) to the state |g, 0). 


To estimate these widths we examine the states involved in vacuum Rabi 
splittings. The states |e, 0) and |g, 1) are coupled via the constant g. 


Furthermore, the dissipative process would couple these to the state |g, 0). Thus 


the processes involved are shown in Figure 12.10. Note that both the state |e, 0) 


and |g, 1) decay to states outside |e, 0) and |g, 1). Thus the dynamical behavior 


in the space |e, 0) and |g, 1) can be described in terms of the wave function. The 


equations (12.16) are now modified to 


6 = -iMo— iF-®, © = (‘). (12.42) 


where the matrix M is 


A_j o 
M= (2 ~~ 8 ). (12.43) 


g > ~~ ix 


The eigenvalues of M are given by 


(12.44) 


Thus for A 
eigenvalues are 


O and in the limit of strong coupling g > kx, y, the two 


kK+yY 
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Ag = tei (12.45) 


Each line in the absorption has a half width at half maximum equal to ( }. 
We show the behavior of the complex roots A, in Figure 12.11 for two values 


of the ratio of the decay parameter y/xk. For nonzero delta we show the roots in 
Figure 12.12. The imaginary part of the roots are shown as widths of the lines. 
The dressed state energies in Figure 12.12 are reminescent of the polariton 
dispersion curves in macroscopic dielectrics [25]. It should be borne in mind 
that we are considering a microscopic system of a single-mode cavity and a 
single two-level atom. The Purcell result for the atomic decay, which we 
derived in Section 7.7.1, also follows from (12.44) (Exercise 12.3). The 
vacuum Rabi splittings have been most extensively studied first in atomic 
systems [26, 27] and now in the framework of circuit QED [28, 29]. For details 
of how superconducting qubits work and how these can be used to realize JCM, 
we refer to [30]. The circuit QED systems are generally more flexible with 
regard to the change of parameters. 


12.5.2 Dressed states anharmonicity and 


interferences in two-photon processes 


Now we consider nonlinearities in cavity QED. We have already seen in 
Section 12.5.1 that in the regime of strong coupling the absorption from a 
probe field in a cavity, even for a single atom, is large. We thus expect that 
even single atom nonlinearities will be large. Let us consider the process of 
two-photon absorption. Let us first consider two-photon absorption from two 
different beams with frequencies w, and @,. The rate of absorption clearly 


depends on how the fields are tuned. We show the possible transitions in Figure 
12.13. For simplicity, we assume that the cavity is on resonance with the atomic 
frequency. We have the two-photon resonance condition 


w; +@) = 20, + V2¢. (12.46) 


With two beams we have the possibility of tuning @, say to one of the 
intermediate states 


0, =~ o,+g, (12.47) 


and thus two-photon absorption as a function of @, will exhibit resonances, 
provided the dressed state matrix element is nonzero, at 


w = w + (4V2 — 1g, lwo) > IW) 
= w, + (4V2 + 1)g, lwo) > Ivz). (12.48) 


| 


This would be doubly resonant two-photon absorption, say, for @; =, +g, @ 
= @aet+(+ SD —|)g. Note that the anharmonic nature of the Jaynes— 
Cummings Hamiltonian determines all such transition frequencies. The 
evidence of the anharmonic spectrum can thus be observed by doing two-beam 
two-photon absorption. Fink et al. [31] reported the resonances (12.48) using 
circuit QED experiments. Kubanek et al. [32] reported the excitation of the 
states | vr) (Eq. (12.13)) by measuring the g®) function of the transmitted field. 


(a) 


Re[A..]/x, Im[A..]/k 
2 


(b) 


The real parts (Solid) and the imaginary parts (dashed) of 
the scaled complex roots A,/k as a function of g/k for 
different values of y/k at A = 0. (a) y/k = 0.3, (b) y/k = 3. 


In addition, the cavity QED provides the possibility of observing the 
interferences of the type discussed in Section 8.7. Let us consider the case when 
the beam @, is tuned to the cavity frequency and @, is tuned to w,. + af? g. We 


now have two channels as shown in Figure 12.14 for two-photon absorption 


which can destructively interfere with each other leading to an interference 
minimum in two-beam two-photon absorption. 
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The scaled complex roots A,/kK as a function of A/k for 
different values of y/k and g/k = 10. The positions of the 
curves represent the real parts of the roots A,/k, and the 


widths of the curves represent the imaginary parts of the 
roots A,/K. (a) y/kK = 0.3, (b) y/k = 3. 
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Two-photon transitions among dressed states; there are 
similar transitions with @w, and ws interchanged. 
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Two channels for two-photon absorption leading to the 
possibility of interference in cavity QED. 


12.5.3 Photon blockade in two-photon 
absorption from a single beam 


An important consequence of the dressed states of a strongly coupled atom— 
cavity system is the inhibition of resonant absorption of a second photon if one 
photon is already resonantly absorbed. This possibility was called the photon 
blockade effect by Birnbaum et al. [20]. This is displayed in Figure 12.15. If 
the single frequency field is tuned to the dressed state Wo ), then the two- 
photon transition is detuned from both the levels lr). In this case the two- 


photon transition would be nonresonant and the probability for two-photon 
transition would be small. Clearly we can not make both single-photon 
absorption and two-photon absorption resonant at the same time. The 
transmission of a second photon by the cavity is blocked if the first photon 
excites one of the dressed states We): This leads to sub-Poissonian statistics of 


the transmitted light as predicted by Brecha et al. [33] and observed by 
Birnbaum et al. [20]. 


lpr) 


Wr) 
- hg(2—V2) 


Ibo) 


Io) 


|g, 0) 


The photon blockade effect. 


12.5.4 Probe of the full spectrum of dressed 
states 


In the previous sections we have seen how single-photon and two-photon 
absorptions can probe the low lying dressed states. Clearly in order to probe 
other dressed states we have to drive the system hard. The driving field could 
be either a coherent field or even an incoherent field. All the information on 
the dynamical behavior of the system can be obtained by solving the 
fundamental master equation of Section 12.4. A quantity of interest is the 
spontaneous emission by the atom, which is usually calculated [34] in terms of 
the spectrum defined as the Fourier transform of the dipole—dipole correlation 
function 


OO 
S(@) = Re [ dre” lim (Si (#)S_(¢+ 7)). (12.49) 
0 tO 
For the JCM, S(@) has resonances at frequencies given by 


l : 
O—- We = FZ (Qr-1,4 — QnA) for vr) > > lve 1) 


l . _. 
— EE (Qn-1,0 nA ) for Wr) > => |wr 1) (12.50) 
For A= 0, Qi, = 2¢/n + | and hence we have resonances at 


w— wo, = +g, +2(J/n+ 1 + ./n), te(J/n+ | — /n). (12351) 


The resolution of the peaks depends on y, x, and 7. Sanchez-Mondragon et al. 
[24] were the first to discuss the resonances at +g in the spontaneous emission 
spectrum by an atom in a cavity with infinite Q. The existence of other 
resonances in the limit Q — © is discussed in [35]. This paper also presents 
calculations in a realistic cavity showing the appearance of the peaks at 


w. + (/2 — 1)g, a £ (V2 + Ig: 

Furthermore, the absorption from a weak probe field can be obtained by 
using the well-known linear response theory [36] and is directly proportional 
to 


fe 8) 
A(w) = Re [ dre lim ([S_(t+ 17), Si(]), (12.52) 
0 t—00 


which is related to S(@)/n for no pumping field. Thus in a cavity containing a 
thermal field (7 < 1), dressed state resonances such as +o( me) + |) besides 
the ones at + g can be seen [35]. 


12.6 Multi-atom effects in cavity QED 


We now study the effect of many atoms interacting with a single mode in a 
cavity. The regime of strong coupling is of special interest. For simplicity we 
consider identical two-level atoms. The interaction (12.4) is modified to 


Hy, =h > @SY ‘a+ H.c.), (12.53) 


wd 


where g; is the coupling constant for the jth atom and SY) is the raising 


operator for the jth atom. The variation of g with j makes it difficult to 
calculate the eigenstates and eigenvalues and generally one has to resort to 
numerical methods. However, for certain cases g; can be approximated by a 
number independent of j. These include (a) Rydberg atoms where the distance 
between atoms is smaller than a wavelength, and (b) if the atoms can be located 
at the antinodes of the cavity. Then we can introduce a collective description 
for the atoms. We define the collective operators 


Lets, 225 8", (12.54) 
j J 


and then H, becomes 


Hy — hg(J,a + J_a"). (12.55) 


The multi-atom model (12.55) is known as the Tavis-Cummings model [37]. 
The collective description was first introduced by Dicke [38]. The collective 
operators satisfy angular momentum algebra. The eigenstates can be obtained 
from the addition of angular momenta. We level the eigenstates as |j, m, 7), 
where 


J_|j, m,n) = m\|j, m,n), —j<m<+yj, (12.56) 
J*\j,m,n) = jG + 1)|j,m,n), Pat. (1237) 


The parameter 7 is a degeneracy parameter. The maximum value of j is x The 
States (e m) have no degeneracy and are symmetric with respect to all the 


atoms. If all the atoms are initially prepared in a symmetric state, then the state 
would remain symmetric under (12.55). In what follows we consider only the 
symmetric situations. 


12.6.1 Some low lying dressed states of the 
multi-atom JCM 


In order to keep the analysis as simple as possible, we consider the special case 
of resonance, i.e. Wp) = @,. The total Hamiltonian is then 


H = hw.(J; +a'‘a) + hg(J,a+J_a'). (12.58) 


We consider the eigenstates with j = = Note that (J, + a’ a) is a constant of 
motion. - will use (J, + a‘ a) to label the eigenstates. The smallest eigenvalue 
of J, is -N >: The lowest state of (12.58) will be 


N . ; _ N _— 
lve) = —. Q), E= hoes: (12.59) 


- 


We next consider states where (J, + a! a) has es aoa (-—> Vi 1). Such 
states clearly would be combinations of | — >, 1) and | — > + 1, 0). Thus we 
owe to diagonalize the Hamiltonian (12.58) in 2 x 2 space consisting of |,) = 

| - ~ + 1, 0) and |@,) =| - x. 1). The corresponding matrix that needs to be 


diagonalized is 
Ay, Ay 
Hy, Hz)” 


Hy, = Hy = he, (-5 ~ 1) , Hy = Hy = hgJ/N. (12.60) 


The corresponding eigenstates and eigenvalues are 


] N N N 
vs) == (|-> +1, ) + >. ') he, (-5 & 1) thg/N. (12.61) 


/2 
We can now continue this process: we cau 1 write the Hamiltonian in a space with 
fixed eigenvalue of (J, + a’ a) say ( - + + p). For a given value of p, there 


would be p + 1 basis states | — = +d, Dp = oe q = 0, 1, ..., p. Therefore we have 


to diagonalize the (p + 1) x (p + 1) matrix. The matrix elements of H, in terms 
of these are 


r 


/ 


N 
(Jia+J_a') ae a g,P-q- i) 


N . 
~> +4q4,P—4 


= 67 ifvp— qt lV(N -—9q4+)qt+dy1/Pp— dv (q+ 1)(N —q). (12.62) 


For p = 2, we find the eigenstates and eigenvalues as [39] 


N-1 \!/2 | N \1/2 , 
wy) (y=) az (ay) |- - + 2, 0) 
0 a N \1/2 N—1 \1/2 N 
Ivy) _ —(a 0 (ea [ge I) 
v7) y-1\!/2 n_\!1/2 | — ¥,2) 
(ay—z) ~ 22 (aya) . 
N 
E* = (-+ 4 2) w, + g(4N — 2)", 
Da m3 ? 2.6 
= 5 +2 } a. (12.63) 


The energy levels are displayed in Figure 12.16. 
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Schematic diagram of the relevant dressed states of a 
system of a large number of atoms interacting with the cavity 
field. For large N, dot-dashed (solid) lines give the transitions 
due to the cavity leakage and spontaneous emission 
(external field). The allowed transitions depend on the 
number of atoms [39]. 


12.6.2 Atomic number dependence of vacuum 
Rabi splittings 


Let us now consider the process of single-photon absorption in a cavity on 
resonance with the atomic transition frequency. Clearly there are two channels 
of absorption | yy) — lwo) Thus, one will find resonances at 


@O = Wo + gN'/?, (12.64) 


The usual absorption resonance at Wg, splits into two resonances. The 


resolution will depend on gN' and the width of each resonance. This result is 
true down to N= 1. 

To make an estimate of the width of each peak in vacuum Rabi splittings we 
proceed as in ae 12.5.1. We need to examine the decay of the state - ; NX 


+ 1) to the state 5. - %). In terms of the states of each atom we have 
\ N 
> ~~? = |g geaeg g) 
2.65 
NN } ay | al4:02) 
to = — REIN SF PRET E OP oe 
,, 9) Ni Se Babe 7 
JN & 
Thus the spontaneous decay of 5. N+ 1)1 is due to a ate of |e; ). Therefore 
the dynamical behavior in the space r — ++ 1, 0), | ->, 1) is described by the 


matrix M (Eq. (12.43)) with ¢ > g/N. Hence in ie limit of large g./N, 
the half width of each doublet will be (k + y)/2. 

Bernardot et al. [40] studied the absorption spectra by using the transition 
39S. F = 3 +°°P3, in Rb atoms crossing a cylindrical superconducting Nb 
cavity at 1.7 K, with Q ~ 10°. They were able to resolve the vacuum field Rabi 
splittings down to effectively five atoms on average. By increasing the atomic 
flux they also verified the N'/* dependence of the vacuum field Rabi splitting as 
predicted by (12.64). It is remarkable to note that the line splitting is produced 
by coupling to the vacuum mode of the cavity and thus the response of the 
atoms is renormalized [23, 39] by the vacuum field. The equation (12.64) also 
suggests that the lines can be resolved by increasing the number of atoms. Fink 
et al. [41] have used circuit QED to make very precise measurements of the N 
dependence of vacuum Rabi splittings. They report results up to three qubits. 


12.6.3 Atomic number dependent two-photon 
absorption 


We now consider the atomic number dependence of the two-photon absorption 


spectra. Here the sum of the frequencies @, + @> of two photons must match 
the transition frequency between any of the levels | V7). lw ,) and the level |W). 
For example, if we tune, say, one of the external fields of frequency , on the 
transition [W,) > lwo ), then the two-photon absorption spectrum will display a 
resonance at 


W, = w, + [g(4N — 2) bf? gN'/7] for |Wo) > lwo) 
i+ ene for large N 
—> ow, + 2(2)? = 1) for N = 1. (12.66) 


For N = 2, the resonance will occur at w, + 2!/2g(3'/* — 1). Note also that for 
two-photon absorption from the same field @, = @) = a, the resonances should 


occur at 
w = w.+2(N —1/2)'? 
—> Wet gN'? for large N 
ney cee for N = 1. (12.67) 


q1/2 


Thus for N = 1 one will have new resonances at @ = w, + (g/2"*). However, for 


large N the two-photon absorption can be very large as it has a double 
resonance due to the single-photon resonance condition @ = @, + g./N being 


satisfied at the same time. 

The strength of the two-photon absorption is determined by the dipole 
matrix elements and hence we next consider the N dependence of the transition 
matrix elements. From Eqs. (12.61) and (12.63), we have for the matrix 
elements of the collective dipole moment operator 7 = d(J,. + J_) 


1/2 ] = d 2N = 2 a ny1/2 12 68 
+¢ 51/2! 4 q+ = 5 RON — 1]? ! | ¥ (12.08) 


where di. = (we |d| Wz) and diy = (wi ld| We): The transition matrix 
elements are strongly dependent on N. In the limit of large N, d;_ > 0, d,, = 


dN'’*. The N dependence of the matrix elements results in very large two- 
photon absorption cross-sections. For example, the transition Wg) = lwo }— 


Wy) will exhibit N* dependence, i.e. superradiant character, if @, and @, are 


chosen to be resonant with the corresponding transition frequencies. 
Moreover, the possibility of two-photon quantum interference will disappear 
as the pathway |0) — |-) = |1), which is allowed for N = 1, is forbidden for 
large N. We expect that circuit QED would be excellent system to probe size 
dependent two-photon transitions. 


12.7 Effective dipole-dipole interaction ina 
dispersive cavity from Lamb shift of the 
vacuum 


In Section 12.3, we have seen the great utility of the dispersive JCM. If many 
atoms interact with a dispersive cavity, then the interaction with a common 
mode of the cavity can produce an effective interaction between noninteracting 
atoms. This effective interaction turns out to have a number of important 
applications for quantum logic operations and for the production of 
multiparticle entangled states [42—45]. 

We now calculate the effective interaction. As discussed in Section 12.6, the 
Hamiltonian describing the interaction of many identical two-level atoms with 
the single mode of the cavity field is given by 


H = haoJ; + ho.a'a + hg(Jia + J_a'). (12.69) 


In a frame rotating with frequency ,, the interaction Hamiltonian becomes 
H = hAJ, + hg(J,a+J_a'). (12.70) 


The basis states for the atoms are the Dicke states x m) and Fock states for the 
field. Let us then consider an initial state |n, = m) and examine the shift of this 


state to second order in the coupling constant g. This is justified as we are in 
the dispersive limit. According to the perturbation theory, the correction to the 
energy will be 


nr|= 


; l(n, +, mlhg(J_a + J_a‘)|W,) |? 
AEy¥ m= dX —— 


N 
n,>,m 


E,.¥ m = hAm, (12.71) 


where |;) are the states connected to the initial state |n, es m) via the 
perturbation. Clearly, we have only two states |¥;) = |n— 1, x m+ 1); |n+1, x 
m-—1). Then (12.71) on simplification yields 


T 
\ 


hg N\° N 
hoy 12 ill uid ae 
AE i= A | oem + ( = R'E hit) 3 (42-72) 


rl= 


n, 


This energy shift is equivalent to an effective interaction 


V i ig? N(N | J 2 J Valen J 5 ie ie 
ch oy  ! — WJ) +Jz 4+ 2a'aJz|. (12.73) 


If the cavity is initially in the vacuum state, then 


hg 


uf 
A 


7 a (12.74) 


} eff — 


Combining (12.70) and (12.74), we get 


BY 


hg : 
H = hAJ, + —JiJ_, (12.75) 
A 
which on transforming to a frame rotating with frequency @,, becomes 
hg 
H=— Fil. (12.76) 
A 
For two two-level atoms, (12.76) gives 
he < m at (9 -d (2 (9) 
H=— (Si SS? SO) SO) 4. SSO) 4. SOS). (12.77) 


The last two terms in (12.77) are the interaction terms between two atoms. We 
thus conclude that the dispersive interaction with a common mode of the field 
produces an interaction like the dipole-dipole interaction. Note that for this 
effective interaction to be significant, the atoms need not be within a distance 
much smaller than a wavelength. The interaction (12.77) arises with no photons 
in the cavity. Thus (12.77) can be seen to arise from the Lamb shift of the cavity 
vacuum. 

The effective dipole-dipole interaction can be used in a number of 
applications. One can use it to produce quantum logic gates. It is well 
established [43, 44] that dipole-dipole interaction can be used to implement 
swap and CNOT gates. Thus cavity QED interactions can be used to realize 
CNOT gates [45]. 


12.8 Atomic cat states using multi-atom 
dispersive JCM 


In this section, we show that the unitary evolution generated by the Hamiltonian 
(12.76) transforms an atomic coherent state into a superposition of distinct 
atomic coherent states [42]. The superposition of atomic coherent states is an 
atomic Schrédinger cat state in the same sense that the superposition of 
electromagnetic field coherent states is a Schrédinger cat state. 

Consider an atomic system prepared in the atomic coherent state defined by 
(Eq. (11.51)) 


|Y(0)) = |6, >) 


2] 


- ( ') sin" = cos¥* — ej, k — j). (12.78) 


Here | j, k — j) is the Dicke state with cooperation number j and total z 
component of angular momentum equal to k — j. We would take j = N/2. The 
state (12.78) is an eigenstate of the component of the angular momentum in the 
(8, @) direction with eigenvalue N/2. The atoms in the state (12.78) are 
uncorrelated as (12.78) can be written as a product of states for individual 
atoms 


2),) ) (12.79) 


In particular, one will have 
(SOs) = (Sys), tH 7 (12.80) 


An atomic coherent state, like a harmonic oscillator coherent state, is most 
classical in the sense that it is a minimum uncertainty state of a pair of 
operators for two mutually orthogonal spin components orthogonal to the 
average direction of spin in the atomic coherent state. An evolution generated 
by a linear combination (q@ -j') of the atomic operators transforms an atomic 
coherent state to another one — this is equivalent to motion on the Bloch sphere. 
The atomic coherent state (12.78), under the action of the nonlinear unitary 
evolution generated by Eq. (12.76), transforms to 


|W(t)) = exp (-i7") 2, 6) 


N ON? . 6 ae: 
- > (“:) eke sink (5) cos7/—* (5) exp {—it[k(2j +1) —k]} lik — J), 


r= —. (12.81) 


From now on we consider Eq. (12.81) at special times t = m/m, where m is an 
integer, 


N I 
N ace 


27\ 2 py 6 we 2 10 : 
|W(t)) = = i ( al e kd sin’ (5) cos*/—* (5) exp Ji—k(k ~ 1)| lji,k —j), (12.82) 
k=0 = = 
, It , 
e =e Git). (12.83) 


To simplify (12.82), we would use the relations 


: m—1 
exp ae + 1)| = ) f,° exp € tr) ; 


q=0 


(12.84) 
m— 
271 
exp (= i?) = d. f, ‘(e) exp (= q k is 
for m odd and even, respectively, along with the inverse relations 
m—1 
fO =— Dee (-F tr) ex [= eet], 
(12.85) 


m—| iz 
‘(e | 
{t= 13 exp (-= tr) exp (—#) 
m m 


These relations are based on the periodicity of the left-hand side of Eq. (12.84). 
The importance of Eq. (12.84) lies in the fact that an exponentially quadratic 
form has been converted into sums of exponentials linear in k. On combining 


Eqs. (12.82) and (12.84) we obtain, for odd m, 


m—!1 


H 2j7+2—2q mA : 
oo o) : ) 
exp (-i5) 2, 4) = ) ip boa), f= . (12.86) 


m mg 


q=0 


and for even m, 


m—1 


a (-7") e.6)= on 


q=0 


9 
mg 


6,@¢+7 
m 


ad zA 


The expression (12.86) and (12.87) show that, at the particular time t = 7 
A/(mg?), an atomic coherent state evolves into a superposition of the atomic 
coherent states, i.e. it becomes an atomic cat state. The states in the 


superposition differ in phase. In particular, for m = 2 and g*t/A = 71/2 it follows 
that 


wo hala aloo) 


iz N-1 3 
+exp(——) bb+n = ) (12.88) 


Note that the value g*t/A = 7/2 should be feasible with better cavity Q values. 
One can similarly obtain expressions for the Schrédinger cat states for other 
values of m. For a detailed discussion and diagrammatic representation of the 
atomic cat states, see [42]. 

In the special case of @ = 1/2, @ = —n/2, the state (12.79) is the product state 


N 
+ 1 | 
a ->| =[]— (le), +ile),). (12.89) 


and then (12.88) goes over to 


IT "4 ] {I ] [ -\N 
iat =". —a let) 
2 5 fd P i: aaa 


iH 
ark 


e) ;] elt /4 


l ir / 
+ I] [Ig); — (+1 i le) ;] at : (12.90) 
j v2 


It should be noted that the two parts in the superposition state (12.90) are 
orthogonal 


(i el + ("; (el )( Ig); - (-i)" le), ) = 0. (12.91) 


The cat state (12.90) has the same structure as the multi-particle Greenberger— 
Horne—Zeilinger (GHZ) states [46] 


|W) cuz = — (Ig, g,---, 2) +e le,e,...,e)). (12.92) 


The only difference is that (12.90) is like a GHZ state but in a rotated basis. A 
rotation of the spin-1/2 state by 7/2 about the y-axis yields 


(12.93) 


To see this, we can write S, in terms of the Pauli matrix and then expand the 
exponential 


ix ;x l 
ett = e% — —(] — ioy) 
J/2 
l 
= —(l — 2iS,) = —~[1 -— (S, — S_)], (12.94) 
a 7 
and hence 
l 2) + |g 
-Th _S_ n(; = —(05 aa (12.95) 
72 i) Y2\g) — Ie) 
On combining (12.90) and (12.93), we see that 
H,|I I l : ; 
etee“s* ss) = hal a cca BY [SS caez e)), (12.96) 


where @ is 7/4 (—n/4) for even (odd) values of N/2. The last state is exactly the 


GHZ state. Clearly the dispersive interaction (12.76) can be used to generate a 
whole class of multiparticle entangled states. 
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U= elzJx 


Output 


Measurement Interferometer @ 


Atomic interferometer with cat states as input. 
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12.9 Application of atomic cat states in 
Heisenberg limited measurements 


We consider measurement of the phase @ by an atomic interferometer. The 
quantum mechanical uncertainty relation between the number N and phase is 


AN Ag ~ 1. (12:97) 
For coherent beams AN ~ ,/V and hence 


l - 


This is known as the standard quantum limit, and gives the maximum 
achievable accuracy in phase with coherent beams. However, the maximum 
fluctuation in the number could be equal to the number of particles and thus 


Ags, (12.99) 


Consider now the interferometric scheme depicted in Figure 12.17. The 
working of this interferometric setup can be modeled as a successive operation 
of the collective spin operators J, and J, on the input state. Hence the output 


state generated from the setup can be written as 
Wout = e127" el: lbs |W) in. (12.100) 
Note that if @ = 0, i.e. in the absence of the interferometer, we get 
[Pour = UTU|W)in = |)in. (12.101) 


We next calculate the output signal and the sensitivity of the phase 
measurements using the setup of Figure 12.17. In order to perform the 
calculation of the output state, we need to calculate the action of the operator 
U = exp [iz | = exp iz, so )] on the input state. Following the 
method of the previous section, we prove the following relations for even 
values of N 


[Ige- -«g) + (i) |ee-»- e)] , (12.102) 


ies (12.103) 


[lee- +e) + (i) 


OO «es 
oOo < 


09 
— 
—— 


Note that, for even N, the eigenvalues of J, are integers and therefore the 
eigenvalues of Mf 2 are of the form k?, where k is an integer. Thus in the basis of 
eigenstates of J “ operator U would have the eigenvalue (i5k? ). 

Let us anne the quantity (i ZK? ). This is periodic under k = k + 2m, then 
we have 


ar 2 Wis , 
exp (i—*) = exp (i—#) exp[4iz (m + k)], k and m are integers. (12.104) 
m m 


Therefore we can write a Fourier series for even values of m 


m—1 
exp (i— i?) = YA? ex (=F), (12.105) 


m—| . 
l 2imG 
fe =- Y exp (i 1) exp { — —* )\, (12.106) 
d i m m 


Since J? has eigenvalues k*, we immediately get from Eq. (12.105) 


m—1 
: a= 2 (e) p 2ing 710 
exp (i—J?) = es £2) CD (= w & )s (12.107) 


q=0 


Now for m = 2, we get 
44 : , ; . 
exp (i- J) = fo+ fi exp (izJ,), (12.108) 


and fo = (1 +i) = exp (iF); A = 3(1 —i) = z exp (—iF). Thus 


for any state |) we obtain 

a» l 8 1 
fle - ; =) n Grd. 2 
exp (i542) Y) 5 [ex (i=) IY) + exp ( i) exp (inh) |W). (12.109) 


The last term in (12.109) can be simplified by using the properties of spin-1/2 
operators S* 


el: = | | exp (i=!) = | (ied). (12.110) 
j _ j 


and therefore 


elon. e -g) _ iV 


ee-:-e). (12.111) 
Hence on combining Eqs. (12.109) and (12.111) we get 


14 l -N Re 
J Tc) — Xx — | — OO~«.++Oo 5 PX —)|])— IP eee D, 9 
U|gg---g) = exp (iz) Fi E g)+i exp ( i>) lee e)]. (12.112) 


A similar procedure can be used to prove (12.103). Using Eqs. (12.100), 
(12.102), and (12.103), we can calculate the output state |P) 


out 


IY) out = Uielm: U |g Fie a - g) 
al 


. : e -N_ 
=_ Vie Fe (lee: - g) + iN | 


CE++- e)) 


= 


‘ elt N; r N;: 
TT -> -N-lw> 
= U' (e 2"? |gg- ++ g) +1 ez? 


J 


which, on using (12.102), and (12.103) again (with i — (-i)), reduces to 


ee-+-e)), (12.113) 


iz iz 
e'4 v; @ 4 


tig pena _— N-1 epg es 
ya oy (88 g)+(-i)"” lee e)) 


iz = 


e 4 N; 7 ny _1& 
I. e2# (jy ] 


- 
te] 


(lee-++e) + (—i)""|gg--+g)) 


N eo Ce 
= Cos (5°) lgg---g) + (i)% sin (5) lee---e). (12.114) 


i — 


Note that the output state depends on N times the phase @g of the interferometer. 
This leads to both superresolution and supersensitivity of the atomic 
interferometer. Let the mean inversion (J,) be the signal. Clearly it is given by 


N 
Vz) = —~ cos Ng, (12.115) 


_ 


which shows that the superresolution of the signal as the number of fringes in a 
given interval is N times greater than what would be obtained if one had not 
used a cat state. Now the noise in the signal is given by 


N? 7 ar 
= /ao — cos Ng) 


N ; 
sin Ng, (12.116) 


and hence the signal to noise ratio is 


Oe. een (12.117) 
A. 


The sensitivity of the measurement can be defined by 


] 
(AJ)? ]? 1 
Feared N 


We have a precision of measurement at the Heisenberg limit. Leibfried et al. 
[47] first demonstrated the superresolution and supersensitivity of an atomic 
interferometer by preparing GHZ states of three trapped ions. They obtained a 
fringe pattern with sinusoidal oscillation that was three times faster and showed 
that the sensitivity of their measurement was about 1.45 times better (ideally 
,/3 times) than that for separable states. A later experiment [48] demonstrated 
superresolution and supersensitivity with up to six ion cat states. 


Engineering different interactions via pumping of the atom 
from the side and by tuning external parameters such as field 
strength € and frequency w). 


12.10 Engineering anti-Jaynes—Cummings 
interaction 


We now consider the case of an atom in a single-mode cavity where the atom is 
driven strongly by a coherent field. We will show how a class of interesting 
model Hamiltonians [49] can be tailored this way. Such models enable one to 
generate a variety of states with atom—photon entanglement. 

Consider a field on resonance with the atomic transition frequency, which is 
applied from the side, as shown in Figure 12.18. The Hamiltonian in a frame 
rotating with the frequency of the field is 


H = héala+ h>(S+ + S_)+ hg(S:a+ S_a'), 6=a.—- a, (12.119) 


where Q is the Rabi frequency of the applied field. We now define the 
interaction picture by using the unperturbed Hamiltonian 


Hy = hda'a + h>(S4 + S$_), (12.120) 
which includes the interaction with the external field. The interaction 
Hamiltonian in the interaction picture is then 


EN ies et Ho 
H; = exp i-t hg(Sia + S_a') exp i; 
1 1 


= hgexp (iQS,t) S. exp (—iQS,t) ae + H.c. 
g ex] I 


- -~ 


Q2r ae (> oe Q2Qtr wea aw. taal ‘s 
= he (co + 2iS, sin } S, { cos — — 2iS, sin — ae" + H.c. 


= hg [s. cos” on + S_ sin? aad — 18, sin(Qr } ae 3 8. (12.121) 
Let us assume that the Rabi frequency is large. Then we can tune the cavity in 
such a way that 6 is either Q or —Q. In this case, the interaction Hamiltonian has 
terms which are oscillating at frequencies like (Q + 6), etc. and these terms can 
be ignored. The approximation would be good as long as |Q + 6| >> g. Thus we 
get the following approximate Hamiltonians: 

Ld6=Q 


| aun i 
Hy © hga Fo it i 55] + Hc.. (12.122) 


Il. 6 = -Q 


et 


l 
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On introducing the eigenstates |=) 
write (12.122) and (12.123) as 


We (|g)=|e)) of the operator S,, we can 


hg ‘ 
fy, (al {| --a"|-), (12.124) 


hg A - 
Hnric ~ = (a|—}(-+ + a'|+)(-]). (12.125) 


The Hamiltonian (12.124) is the standard Jaynes-Cummings (JC) interaction 
where the atomic raising and lowering operators are defined in terms of the 
basis using the eigenstates of the S, operator. The Hamiltonian (12.125) is 


clearly the anti-Jaynes-Cummings interaction (AJC), which one would 
traditionally throw away. However, now the interaction (12.125) is slowly 
varying as we are already in the interaction picture defined by the unperturbed 
Hamiltonian given by Eq. (12.120). 

Another interesting model Hamiltonian can arise if the cavity’s detuning is 
nearly zero, and the Rabi frequency is large, then (12.121) can be 
approximated by 


HH; = = [ (Sy. +$_)a+ (Si + S_)a"] = hgS,(a+ a‘). (12.126) 
In this case, we get JC interaction with both counter-rotating and rotating 
terms. However, the counter-rotating terms can be as important as the rotating 
ones as these terms are no longer rapidly varying. The Hamiltonian (12.126) is 
rather simple and can be solved in terms of the eigenstates of S, and the 
properties of the displacement operator for the field. For example, consider the 
action of exp{ ;H/6} on the state |+) of S, and the Fock state |n) of the photon. 


In terms of the displacement operator D, we get 
i igd Fi 

exp | -H1/0 +, n) = exp | Fata} |+, n) =0(= *) l+,n), (12.127) 
fl az 

which can be simplified by using Exercise 1.7. Hamiltonians like (12.126) 


provide us with a cavity QED model for quantum random walks [50-52]. The 
quantum random walk can also be realized by using optical elements and we 


discuss it in detail in Section 19.5. 
Finally, we provide solution to the anti-JC interaction. Consider an initial 
state, say |+, n), then the action of Hyj;c produces the state |-, n — 1). The action 


of Hajc on |-, n— 1) produces the state |+,n). Hence in the space of two states 
|+,n) and |-, n— 1), the Hyjc has the structure 


_ 
a -F( : 7) (12.128) 


and therefore 


Haic ot.,/n | et./n 0 | 
> — — qe & RS canal SEES 9) 
exp ( i ; ‘) = cos —; + isin ; ( ») , (12.129) 


= - 


The evolution operator (12.129) has to act on the column vector era! It 


should be borne in mind that (12.129) is in the interaction picture and the state | 
+) are the eigenstates of S,. In order to obtain physical results, one finally has 


to transform to the original picture by using Eq. (12.120). 
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iets 12 \5) An array of coupled cavities containing atoms [56]. 


12.11 QED in coupled cavity arrays — single- 
photon switch 


We have discussed how different types of cavities can be used to produce new 
regimes of atom—photon interaction. Arrays of cavities containing two-level 
atoms or multilevel atoms have been proposed to simulate strongly correlated 
many body systems. Consider the scheme shown in Figure 12.19. Each cavity 
can contain a single atom or many atoms strongly coupled to photons in the 
cavity. Different cavities are coupled by a hopping like interaction. 
Furthermore, the atoms can be pumped externally or the cavity field may be 
pumped externally. The Hamiltonian of the whole system can be written as 


M 


7 — dX ha. ala + har dX I +h >. Bi (aia), 1+ ai ays) 


[=1 


+ dX hg (a\ Jt i+ i + pumping terms, (12.130) 


where f; is the hopping interaction and the sum over | is over all the cavities. 
For each cavity ./!, J! are the collective operators for the two-level atoms in 
that cavity. The Hamiltonian dynamics is to be supplemented by the effects of 
atomic spontaneous emission and cavity leakage. The above Hamiltonian has 
been extensively investigated mostly numerically [53-55] except in the 
semiclassical limit which yields the solitonic behavior of the field in the cavity 
[56]. The numerical simulations even for one or two atoms in each cavity 
clearly established the existence of Mott like phase transition in the excitations 
of the coupled array as the relative magnitudes of the Jaynes-Cummings 
coupling and the hopping between the cavities are varied [57]. Recent reviews 
of the subject are given in [58, 59]. 


12.11.1 Single-photon switch 


The coupled array of resonators allow the possibility of realizing a single- 
photon switch [60]. Let us imagine a single two-level atom placed in the pth 
resonator and imagine a single photon as an input to the entire system. The 
Hamiltonian (12.130) then becomes 


H = hoa, y: aha + haoS, +h ¥. B(aia},,, + ai ays ) 
I I 


+ hgp(alS_ + apS). (12.131) 
We only assume nearest neighbor coupling f£. A single photon can now be 


shared between different cavities and the two-level atom in pth cavity. Thus in 
the space of a single photon the allowed states are |{1,})|g) and |{0})|e). Here 


{1)} means one photon in the /th cavity. We now look for eigensolutions of 
(12.131) in the form 


H\w) =h(Q-—)|w), 
IY) = > erl{1r})Ig) + cel{O})le), (12.132) 
l 
which leads to coupled equations 
(82 — w0)Ce = ZpCp, 
(2 — wc, = ZpCeSp1 + B(Ci-1 + C141). (12.133) 
On eliminating c, we obtain 
(82 — w.)er — B(ci-1 + ¢141) = aad 
Note that if g, = 0, then (12.134) admits a solution of the form c; ~ ell, 
Q; = @.+2B cosk. (12.135) 


Thus, in the absence of the atom, the eigenvalues are characterized by the index 
k. We now find the solution of (12.133) for scattering of a photon with energy 
given by (12.135). For p # 1, we clearly can write 


elk! 4 pe-ikl D, 
2 ls jikl 


(12.136) 
te™, I> p, 


where r and t are the reflection and transmission amplitudes. We extend these 
solutions into the resonator | = p by demanding continuity 


elkp + re *P — telkP. (12.137) 


and then using (12.134) 


gc. . 
(82; — We)Cp — B (Cp_1 + Cp a a (12.138) 
k L B ( p-! met) QQ: = ai 
to obtain the reflection amplitude 
r= —ge P(e + 2iB(Qy — wo) sink(p + 1)e“?}". (12.139) 


This result for reflection amplitude leads to the possibility of a single-photon 
switch. In the absence of the atom g, = 0, B # 0, r = 0. In the presence of the 
atom, |r|* = 1 if the energy of the single photon /,Q, is equal to the atomic 
excitation energy /j@,. Thus a single two-level atom can reflect completely a 
resonant photon. From (12.139), on setting p = O for simplicity, we get 


, | 
e|- = ——_—_—_—__. (12.140) 
4(Q) —ap )- P Be . a 21 
1+ ~ eae sin? k 
It should be borne in mind that the line shape (12.140) is rather complicated 
[60] as Q depends on k via sim;? k = 1 — [(Q, — @,)/2B]°, although |r| = 1 for Q, 
= Wo. We have thus shown the possibility of a single-photon switch. It should be 


borne in mind that a full theory must include the input-output coupling of the 
photon to the field outside the structure. The single-photon switch can also be 
realized by using other schemes, such as_ plasmonics [61] and 
electromagnetically induced transparency [62-64]. 


Exercises 


12.1 Investigate the dependence of p, _, ,(t) (defined by (12.17)) when the 


radiation field is in a single-mode squeezed vacuum state with the same 
photon number as used in Figure 12.3. Compare your result with that 
shown in Figure 12.3. 


12.2 For the compass state (12.33) examine the regimes in phase space with 
sub-Planck structure. This can be done by studying the Wigner function 
for the state (12.33). (For details see [17].) 


12.3 Use the eigenvalues of (12.43) to derive the Purcell result for the decay of 
an atom in a cavity in the limit y > O and when the decay constant k > g. 
This can be done by showing that the complex root relevant for atomic 
decay is approximately equal to 


A ¢(A—ik) ¢ 
— + -______ -5 =, when A = 0. 
2 A++k- K 


12.4 Diagonalize the matrix defined by (12.62) to obtain the eigenstates (12.63). 


12.5 Prove the Fourier relations (12.84) and (12.85). 


12.6 Use the Hamiltonian (12.126) to obtain the generation of cat states of the 
cavity field. Assume that the atom at t = 0 is in the state |g). Find then the 
joint state of the atom field system. Find the conditional state of the field 
subject to the conditions, (I) an atom is detected in the state |g) at time t, 
(II) an atom is detected in the state |e) at time ¢. 


12.7 Consider a field in a coherent state |v) propagating through a Kerr 
medium with an effective Hamiltonian /jy a'a. Find the state of the field 
at time t. Calculate the state at a time x t = m/m, where m is a nonzero 
integer. Show that the state is a superposition of coherent states lying ona 
ring. Generalize the calculation to the case of a field in a single mode 
squeezed coherent state Eq. (2.40). Hint: use relations like (12.84) and 
(12.85). (For details see [65].) 


12.8 An exactly soluble model describing off-resonant Raman transitions 
between degenerate levels is given by H= figa'a(S,. + S_) [66]. Calculate 
the time evolution operator explicitly. Assuming that the atom is in the 
state |g) and the field is in a coherent state |a), find the probability of 
finding the atom in the excited state. Plot the result for |a/* = 10. For a 
whole class of exactly soluble models of cavity QED as applicable to 


three-level systems see [67]. A two-mode Hamiltonian 


hd|e) (e| + hg(|g)(gla'a + Je) (elb'b) + hg(ab'S,. + a'bS_) 


for Raman transitions is more useful for quantum gate operations [68]. 
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Absorption, emission, and 
scattering from two-level 


atoms 


It is well known that electromagnetic fields are important probes of the 
properties of matter. We can learn about atomic molecular energy levels by 
studying the absorption, emission, and scattering of electromagnetic waves. 
For example, the rate at which a system absorbs energy and its dependence on 
the frequency of the electromagnetic field gives information on the allowed 
transitions. From such studies one can determine the energy levels and their 
lifetimes. Similarly, scattering processes provide a wealth of information. The 
traditional probing of matter is restricted to weak fields; however, in Chapter 
11 we saw how strong fields dress the energy levels of a system. Strong fields 
also modify the transition rates. In order to study the characteristics of such 
modifications we need to probe a coherently driven system using a probe field. 
In this chapter we study the absorption, emission, and scattering processes in 
strongly driven systems. A novel characteristic of radiation from strongly 
driven systems is its nonclassical nature. 


13.1 Effects of relaxation: optical Bloch 
equations 


So far we have considered only interactions with external electromagnetic 
fields. In reality, one has to account for various sources of decay of the atomic 
population and coherences. For example, an atom can decay radiatively by 
emitting a photon. The resulting collisions change the populations and 
coherences. In Chapter 9 we discussed in detail how various relaxation 
processes can be included from first principles in the master equation 
framework. In Chapter 11, we obtained an effective Hamiltonian for a two- 
level atom in a rotating frame. On combining the master equation (9.56) and 
the effective Hamiltonian (11.13), we can obtain the basic master equation to 
describe the dynamics of a coherently driven two-level atom under the 
influence of various relaxation processes. The density matrix for the atom 
evolves according to the equation 


id ' : 
me = —i[AS, — (gS, + g*S_), p] — P'(S,S,p — 28,8, + pS,S_) 


— y(1+no0)(SiS_p — 2S_pS, + pSiS_) 


— 13.1 
— yno(S_S,p — 2S, pS_ + pS_S,), Shana? 


A = @ — @, g 


To recap: A is the detuning, 2g is the Rabi frequency, 2y is the Einstein A 
coefficient, [’ gives the rate of elastic collisions, and np is the number of 


thermal photons at the frequency @ . For optical transitions and the laboratory 
temperatures, ny can be set equal to zero. Using (13.1) we can obtain the 
equations for the mean values of the dipole moment operator (S,) and the 
inversion (S,), which we write in compact form as 

dy 


— =My-4f, (13.2) 
dt 


where the matrices M, w, and f are given by 


(S.) 0 
y = | (S_) f= | 0 
(Sz) n/Ty 
iA — +. 0 2ig* ae 
r; g 
M = 0 ey s ig 
ig —ig* 7 


Here 7 (Eq. (9.48)) is the equilibrium value of (S,), ie. the value of the 
population inversion in the absence of an external field. The variables T,; and 
T, are the longitudinal and transverse relaxation times defined by (9.49) and 
(9.57). For radiative relaxation 


where 2y is the Einstein A coefficient. Elastic collisions are included if we take 


l l l 

— se a5 Bee saat 

7, =y, RY tt: ae (13.5) 
where I is the collisional line width. The equations (13.3) are known as the 
optical Bloch equations and describe a variety of optical resonance phenomena 
[1]. Let us make an estimate of the Rabi frequency 2\g| for the 3s <> 3p 
transition in sodium: if we use |p| = 5.5 x 107'® esu, I = s-|E|* = 1 » W/cm’, 
then the Rabi frequency 2\g| is about 5 x 10° s 1. 


13.1.1 Steady-state susceptibilities and 
saturation behavior 


We first discuss the characteristics of the steady-state solution of (13.2). This is 
obtained in the limit t — oo, when all time derivatives d w/dt can be set zero. 
This immediately yields the solution 


— + (Ah)*)n 
1+ (Ah)? +4 |g?’ 
—2igh(—iATh + 1)n 


—<S ——_—_—__=__*~., 7 
©) = Ty AG? +4 oo 


For high fields 4|g|?T,T>/(A T>)* >> 1, (S,) + 0 and hence high fields equalize 


the population in the ground and excited states. In the special case where n = 
—1/2, the excited state population in steady state is 
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SEs) Saturation behavior of the two-level atom for a fixed 
detuning A T, =1. 
l 2\el°T F 
r= 9+ 8) = Ta AEA a 
2lat"Ti Te in the limit of small fields (13.9) 


1+ (AT) 


in the limit of large fields. (13.10) 


oe 


For small fields an increase of the field leads to an increase in the population 
of the excited state. However, for large fields nonlinear effects set in and the 
excited state population does not indefinitely increase but saturates as shown in 
Figure 13.1. The dimensionless parameter 4|g|*T,T, is the on-resonance 


saturation parameter S, for the two-level atom 
So = 4lel?T h. (13.11) 


Again for the sodium 3s — 3p transition, if T,; = 16 ns, T, = 32 ns, then the 
saturation intensity I, corresponding to S, = 1, is 8 mW/cm?. 

The excited state population as a function of the detuning exhibits Lorentzian 
behavior with a peak height S)/[2(1 + S,)] and a full width at half maximum 
2,/1 + Sp. Both peak height and width depend on the intensity of the field. 
The dependence of the width on the power of the field is called power 
broadening. The steady state fluorescence is a direct measure of the excited 
state population. We notice an important feature now — the fields can produce a 
finite dipole moment in the steady state (S_) # 0 (Eq. (13.7)). This is in contrast 
to the interaction with a thermal reservoir, which induces no dipole moment. 
Note further that the dipole moment depends on the strength of the field, which 
could be arbitrary. The dipole moment results in nonzero polarization which 
can be used to obtain nonlinear optical susceptibilities of two-level systems. 

We write the polarization p as p*,,( S_) + c.c.. From (13.7) and from the 
definition (11.6) of g, we can write the induced polarization as 


Pa = > Xap(or, E)Epe®" + c.c., (13.12) 
B 
(—2nh) (Poa (Peg) p(AN + i) 


ap(@), €;) = ; = 
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where n is the density of atoms. Note that this x depends on all powers of E 
because of the |g|?(a |E|*) term in the denominator. The usual linear 
susceptibility is obtained by setting g = 0 in the denominator, 


—2nTy (Depa (Peg) p 2 


| = 13.14 
Xap (@) R(AT; - i) (15 ) 
If p is randomly oriented, then we get an isotropic susceptibility 
(cy) nxo(Als +1) anh , 
oS =< — =_ — | ie 
OUTS" BBY + 1 an i 
nxo12(@o — 1) s 
Re x (@) = ——_-— (13.15) 
— 1 + (12(@0 — @))° 
Im x (@;) = a (13.16) 


1 + (15(@p — @))? 


Let us make an estimate of x,: on taking n = 10!° atoms cm, n = -1/2, T, = 32 
ns, |p| ~ 5.5 x 10°18 esu (3s <> 3p transition in sodium), we obtain ny, = 9 x 
ge 

For 7 < 0, Im y(@)) > 0. Such a medium is an absorber. For n > 0, we have 


the case of an inverted two-level medium and the medium is an amplifier. The 
parameter x, is the absorption at resonance. The behavior of the real and 


imaginary parts of x are shown in Figure 13.2. These display the dispersive 
and absorptive behavior as a function of the frequency w, of the field. The 


region of absorption is the region of anomalous dispersion, i.e. Re x (q@)) 
decreases as w) increases. Far away Re y(@)) exhibits normal dispersion, i.e. Re 
X(@)) increases with @). Note that the refractive index n(@)) = J/1 + 47 x (@) 
of a medium such as a gas of two-level atoms is approximately equal to 1 + 
27x (@)), since |x| << 1. 


Note that if a weak plane wave e” propagates through a medium of two- 
level atoms, then the field at the output face z = | will elAi/n(@). Because the 
refractive index n(q@)) is complex, the field suffers attenuation, and the intensity 


ik 4 


gets attenuated to exp{—2k,l Im n(@))}. Furthermore, there is a phase shift given 
by kl Re n(w)). A measurement of the phase shifts produced by a single trapped 


atom was reported by Aljunid et al. [2]. Their experiment was done using a 
Mach-Zehnder interferometer, one arm of which contained a single trapped 
atom. The phase shift showed the dispersive character (see Exercise 13.1) in 
conformity with the behavior of Re y(@,), and the maximum value of the phase 


shift was about 1°. 


In the limit of large A T>, (13.13) can be used to define Kerr media for 


which the susceptibility has a term linearly proportional to the intensity of the 
field 


(13.17) 


_ na Pexden [Ale TT 
Xap (w1, 1) = ———=_——— | 1 — 


hAT, (AT,) 


Re[X/ xo] 


(W|—Wo)T 


(Wj—Wo)Tr 


-4 -2 2 4 


The dispersion and absorption behavior of a two-level 
system. 


The second term in (13.17) can be used to define intensity dependent refractive 
index usually denoted by np [3]. 


13.1.2 Rate equations 


In certain situations the optical Bloch equations lead to a rate equation for the 
inversion. This is the case if the detuning is large or if T> is small so that the 


polarization follows the population adiabatically. In this limit, we can set 
= (S_(t)) ~ (), which leads to the following relation between the atomic 


polarization and the inversion 
—2ig(S_(t)) Tr 


S_(t)) = 
oy (1+ iA) 


(13.18) 


Now by substituting (13.18) in (13.2) we get the rate equation for the inversion 
AleP Th] on 
1+ A? SS T) ; 
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13.19 
dt aed 
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S.(t)) = ——(S.)] 1+ 
(S.(t)) 7 | | 
The rate equation for (S,(t)) can be easily solved for the time dependence of 


inversion. Even cases of time-dependent field envelopes, i.e. when g depends 
on t, can be handled. The second term in the square bracket in (13.19) is the 
stimulated contribution to the decay of inversion. 


13.1.3 Time-dependent solutions of the Bloch 
equations 


The transient behavior of the solutions of the Bloch equations can be obtained 
by using Laplace transform techniques. The eigenvalues of the matrix M 
determine the dynamical behavior. The following polynomial is the key to the 
dynamical behavior 


oY 


l 5 ry 7 l 
D(p) = det(p — M) = (o+ 7) c + (v+ =) + 4|g|* (o+ z) » (i320) 


where p is the Laplace variable. In the limit of T,,T, — ©, the roots are 


p=0, H+iV4lgl? + A2. (13.21) 


These roots give Rabi oscillations. For finite T; and T5, the zeroes of the cubic 
polynomial (13.20) can be obtained analytically in the limits 

l l 
(a) 7, = D, p=-=> + 1,/4]g|? + A2, (13.22) 
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In other cases the roots can be obtained numerically. In the case (b), we have 
either all three real roots or one real root and two complex roots. In the limit 
Alg| > FE _ zl; the roots are approximately —+. +2i|g| — = a 


l . 
2 Ty 
The roots corresponding to Rabi oscillations have a decay rate determined by 
both T; and T,. We will see in Section subsec 13.4.2 that the roots of (13.20) 


determine the behavior of the spectrum of resonance fluorescence. 


13.2 Absorption and amplification of radiation 
by a strongly pumped two-level system 


We next consider an important topic: how to probe the dynamical properties of 
a system dressed by a strong pump field. The strongly pumped system has a 
dynamical behavior determined by the dressed states (11.31) and the solutions 
of the polynomial (13.20). To probe a strongly pumped system, we can 


imagine a probe field of frequency @, acting on the two-level system shown in 


Figure 13.3 [4]. We take the probe field to be weak and thus consider the linear 
response of the atomic system while treating the pump field to all orders. In the 
rotating frame the interaction with the probe field €, can be written as 


i = —(g,S,e eit + H.c.), 
a oe (13.24) 
2 = Peg * EP giky R 5 =p —-o, 
~ h 
where kp is the direction of the propagation of the probe field. The optical 
Bloch equations (13.2) are modified to 


J : 

= =My+f+(M,e™ + M_e™)y, 

ar 
(M4 )23 — —2igp, (M..)3) = iZp, (13.25) 
(M_ )32 — —ig*, (M_))3 = 2ig * 
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where only nonvanishing elements of the matrices M, are given. It should be 


borne in mind that the matrix M depends on the pump field. We now have 
equations with periodic time dependence. These can be solved by a variety of 
techniques such as the Floquet method or by continued fractions [5]. For the 
present, we need to find a solution to the lowest order in g,. Then the solution 


of (13.25) in the long time limit can be expressed as 
Wy _ yO af yee 4. yele 
= [+15 — M]"'May™, yO =-M'f. 


It should be borne in mind that the solution (13.26) is in the rotating frame. We 
next examine the induced dipole moment in the original frame, which will be 


(13.26) 


pe) = Peg\S_(t)) +c.c. = pre Ol y(t) + c.c. 


eg® 


— ar = —_ — tk 
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The induced polarization at the probe frequency w, is given by poe”. The 
term at the frequency (2; — @,) corresponds to the four-wave mixing in a 


system of two-level atoms. Thus, as shown in Figure 13.4, the system of two- 
level atoms can generate newer frequencies by the process of nonlinear 
mixing. Note also that the solution of (13.25) to higher orders of the probe 
field yields many new frequencies such as «, + qd = @, + q(@, — @)), where q is 
an integer [5]. 


Pump Probe 


A probe field acting on the two-level system driven strongly 
by another coherent field. 
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Four-wave mixing in a system of two-level atoms. 


We concentrate on the response at the probe frequency. We write the induced 
polarization at @,, as 


P(t) = pryMe er! + cc. 


eg? 2 
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= x(w,)e* &,e-” 4+ c.c., (13.28) 
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where x(@,) is the single atom susceptibility which depends on all powers of 
the pump field. In writing (13.28) we assumed that is randomly distributed so 
that x is isotropic. This can be evaluated using (13.26) with the result 


1+ A272 ] 
[ 2g? Ty (AR +i)" (6h + 21) (6h + AT +i) 
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(13.29) 


The strong pump modifies the susceptibility in two ways: (i) it changes the 
overall numerical factor which is the new inversion (13.6); (ii) it leads to extra 
resonances in the susceptibility (second term in the square bracket). Let us now 
relate the susceptibility (13.29) to the rate at which the energy is absorbed from 
the probe field. According to classical electrodynamics the rate at which the 
fields do work is given by 

dp a ui 
= . ED = (—l@pp e~ rf 4. ©.c.) - C* oes + ¢.c.) 

C 

~~ Zwplm(x (wp) |Ep|7) = hapS4(p), (13.30) 


where we have retained only the dc terms and used (13.28). The quantity S,(@,) 


is the rate of absorption and has the dimensions of frequency. It is related to 
(13.29) via 


2 
— P 
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The absorption spectrum (13.31) was first derived by Mollow [4] and has been 
studied experimentally [6-8]. 


S4(@p) = Im(x (@p)). (13.31) 


We first note that in the limit of no pump field |g| — 0, (13.31) reduces to 
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The probe absorption spectrum as modified by the intense 
pump-laser field for T/T, = 2, A T, = — 5, and g = 10. 


This expression (13.32) is equivalent to the rate of absorption i derived 
in Chapter 7. For atoms in ground state n = —1/2 and S,(@,) > 0, the peak 
absorption for |g| — 0 is -Alg,/?T2n, where g, is defined by (13.24). We show 
the behavior of (13.31) normalized to -Alg,/?Ton in Figure 13.5 for a strongly 
driven two-level system, which is subject to radiative relaxation only, T>/T, = 


2 
We first note that the absorption S,(@,) exhibits new features at frequencies 


different from the atomic transition frequency. Furthermore, it has the unusual 
property that it becomes negative, which implies that the probe field gets 


amplified in the region given by 


Oy = ay — /A4lgl? + A?, (13.33) 
whereas in the region 
Op = a + VAlgi? + A?, (13.34) 


the probe is absorbed. The existence of the gain region can be understood in 
terms of the dressed states (Section 11.1.1) of a two-level system. Let us level 
the states of the pump and probe as |n, p), which consist of n pump photons and 
p probe photons. Consider the four-wave mixing process shown in Figure 
13.6. Clearly the excitation of the atom would be a resonant process if 


=) 


2@) — Wy = W, 1.e.5 = —A. (13. 


Los) 
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Such a three-photon process leads to the gain of the probe. Two quanta of 
energy taken out from the pump field are converted into a probe photon and a 
photon of frequency 2); — @,. For intense pump fields, the bare states of the 


atom are to be replaced by the dressed states whence the condition (13.35) is 
replaced by the condition (13.33). This is also seen from the denominator in 
(13.29). A direct absorption of the probe photon |g, n, p) — |e, n, p — 1) yields a 


resonance at @, = @g or 6 = A, which in the presence of a strong pump is 


modified to (13.34). In addition, a driven two-level atom produces a dispersive 
structure at 6 = 0, i.e. at @, = @). This structure is associated with the population 
oscillations. To understand all this more clearly, we give a discussion in terms 
of the semiclassical dressed states introduced in Section subsec 11.1.1. We first 
note that if initially the atom is in the state |g), then both the dressed states | ,) 
are populated. The interaction with the probe field is given by (13.24). It is 
easily seen that the probe interaction has nonzero matrix elements like 


e,n—2,p+1) 


e,n—1,p) 


lg,n—1,p+1) 


|g. ". P) 


Four-wave mixing process with n pump photons and p probe 
photons leading to the generation of a photon of frequency 


20) _ Op. 


(W+|Hp(t)|W+) F 0. (13.36) 


These nonzero matrix elements would lead to resonances at 6 = 0, since in the 
rotating frame a probe photon (effective frequency 0) is exchanged without a 
change in the dressed state. The nonzero matrix elements like 


(w+|H,(t)|W=) + 0, (13.37) 
would lead to resonances at 
+6=Q= /4g|? + A2. (13.38) 


Here we have an exchange of probe photon effective frequency 6 with a change 
in the dressed state. It should be borne in mind that the two dressed states are 
separated by the Rabi frequency Q. 


13.2.1 Holes in the absorption spectrum 


We next consider strongly homogeneously broadened systems where T> << T;. 
The Ruby crystal is a well-known example of such a system. We will show that 
in such systems the absorption lines exhibit a well-defined hole at the 
frequency 6 = 0. Such holes are caused by coherent population oscillations and 
are useful, for example, in the production of slow light (Chapter 18). 

To demonstrate the existence of holes, we take the value of T, ! to be large 
compared to the pump field Rabi frequency g and to the detuning of the probe 
field 6. In this limit, the susceptibility (13.29) of the driven two-level system 
reduces to 
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The frequency variation of the imaginary part of the 
susceptibility for different strengths of the pump field (e.g. 
(13.11)). 


where the pump field has been set in resonance with the atomic system, i.e. @) = 


@q. Figure 13.7 shows that a spectral hole is created in the probe response due 


to coherent population oscillations [9, 10]. The half width at half maximum of 
the spectral hole is given by 


1+47\ 7 
En ee a (13.40) 
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It is clear from the above expression that 6 has two contributions. The first 
contribution comes from the longitudinal relaxation and originates from the 
oscillations induced by the pump and probe fields acting simultaneously. For a 
weak pump field, the dip has a half width of 1/(2m T,) Hz. The second 
contribution arises from the intensity of the pump field, which causes the 
power broadening of the system. The hole diminishes as the pump field 
intensity goes to zero. The width of the hole increases with increasing intensity 
of the pump field. 

In the foregoing we have concentrated on the absorption spectrum. The real 
part of (13.29) would be important in connection with slow light (Chapter 18). 


13.3 Resonance fluorescence from a 
coherently driven two-level atom 


In the previous section, we have seen how the absorption of radiation from a 
weak probe is affected by a coherent pump driving the two-level atom. We now 
study the emission of radiation by a coherently driven atom and derive the 
Mollow spectrum [11]. We will see that the dressed states of the two-level atom 
determine the characteristics of the emitted radiation. Let the atom with dipole 
matrix element p be located at the point % = 0 and the spectrum be measured 
at the point 7 which is in the far zone me >> 1, as shown in Figure 13.8. The 
coherent pump is denoted by aelk?, Let FOF. t ) be the positive frequency 
part of the field at the detector. The steady-state spectrum S(j7, @) is then 
defined by Eq. (8.50) with a = E@) 


é eik-? 


Schematic illustration of the radiation from a coherently 


driven atom. 
l +00 . 
S(F,@) = all dre (EO (F, t)- EOF, t+ 7)), (13.41) 
2. E00 
so that 
+00 
(EO, t)- EO, t)) =| S(F, w)doa. (13.42) 
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The two time correlation function in (13.41) is the steady-state correlation, i.e. 
it stands for lim (E‘(F,t)-E (F,t+17)). In order to obtain the 


spectrum we need to relate the two time correlation function for the field to the 
dipole moment operators of the atom. 


13.3.1 Relation of the field operator £‘*) (7, 1) 
to the dipole moment operator 


In classical electrodynamics, the radiated field is related to the oscillating 
dipole moment. If the dipole moment is oscillating at the frequency a, i.e. 


p(t) = pe" + pro, (13.43) 
then the field in the far zone is [12] 
2 ik) r—ia,t 
tes wr _, ~ ~e es 
E(F,t) = ——n x (fi x py ———e *"* + c.., 
‘ ae (13.44) 
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From (13.44) we have the positive frequency part of the field 
" w elkir—iart oo Sa - 
EO, 1) = -ii x (ix Pp) eg Ee (13.45) 
ce r 

Note also the way we have defined p in (13.43), which is the positive 
frequency part of the dipole moment. We also note that if p(t) were a slowly 
varying function of time compared to the optical oscillations, then in place of 

(13.45) we would have 
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Note that the appearance of the retarded time t -|* — \/c in (13.46) is based on 
the classical description of sources and fields. The Maxwell equations in full 
quantum theory can be considered as equations for the Heisenberg operators 
for the electromagnetic fields and the sources are to be replaced by the 
corresponding polarization or current operators. Thus in place of (13.43) we 


would have, for the two-level atom, 
P(t) = PeS, (thet + PyeS_(t)e"™. (13.47) 


Here we have used the frequency @, of the driving field rather than the atomic 
frequency @,g. It is advantageous to work in the rotating frame. The correct 


expression for the electric field operator would be obtained by using (13.46) 
and by including the contribution in of the vacuum 


2 ikpr—icoyt > 5 
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where for brevity we use p for Beg: A complete quantum-mechanical 
derivation of (13.48) is given in Section 7 of [13]. 

We can now use (13.48) in (13.41) to obtain the spectrum of resonance 
fluorescence. The free field part & Sa would not contribute to the normally 
ordered correlation function. On dropping the retardation terms, we can 
express the spectrum of the radiated field as 


4 
— eee . 
S(r,@) = tL X Pgel“S(@), (13.49) 
c ré 
1] +00 
S(@) = | dre®™ (S$. (t)S_(t +T)), 5=w-a, (13.50) 
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where S(q@) is the spectrum of the correlation function of the atomic dipole 
moment operators. This is the quantity which is of main interest. Other factors 
in (13.49) are essentially geometrical factors. Using the fact that in steady state 
the correlation depends on t and that S_ = |, we can write S(w) in terms of the 


Laplace transforms 


| OO 
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IU 0 


p=—id 


The total radiation emitted is 
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where (13.6) has been used. 


13.4 Quantum dynamics of the two-level atom 
and spectrum of fluorescence 


The two time correlation (S,(t)S_(t + T)) can be computed from the solution of 


optical Bloch equations (13.2) and the quantum regression theorem (Section 
9.5). We first note that we can write the solution of optical Bloch equations as 


(S_(t+ 7)) = f(t)(S4() + g(t) (S_(|) + A(z) (SZ) + U(r), (13.53) 
and hence on using the quantum regression theorem 


(Sy ()S_(t + 7)) = f(tT)(S4. (S40) + 2(t)(S4(OS_(O) 
4+ h(t)(Si(t)S-(t)) + tS), (13.54) 


which on using the properties of two-level operators reduces to 


l l : . 
(S,(t)S_(t + 7)) = g(t) (5 + s.)) — sh(t)(S,.()) +(t)(S-). (13.55) 


The last line (13.55) requires the steady-state solutions given by (13.6) and 
(13.7). On combining (13.55) and (13.51), we get the spectrum 


' ‘- 
S(w) = —Re EoD (5 4. (5.00) — 4) (i118) = st-ia)) . (13.56) 
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From (13.2) it is seen that 
€=[(p—M)"'}n, h=[(—M)"}bs, 1=[(P—M)"bsp'f, (13.57) 


and therefore the explicit form of the spectrum can be computed. In next few 
subsections we will analyze different aspects of the spectrum (13.56). 


13.4.1 Coherent part of the spectrum 


In classical electrodynamics, a coherently excited dipole at the frequency w 
radiates at the frequency w. Thus we expect a similar result for the coherently 
driven two-level atom. This implies that S(@) must have a term like 6(@ — @)) 


with the coefficient proportional to the square of the dipole moment. In order 
to see this we note that no eigenvalue of M is zero (Section 13.1.3). The 
contribution from the pole at p = 0 arises from /, which we can write as 


i = [(p—M)M-! — p-!M—"pp f. (13.58) 


Hence we identify the coherent part of the spectrum by the contribution from 
the second term in (13.58). On using (13.58) in (13.56) and noticing from 
(13.3) that the steady-state value of (S_) is -(M“')53f, we get the coherent part 
of the spectrum 


S.(@) = \(S_)?—Re (=) 
= P/ ~is 


= |(S_)|?6(@ — @). (13.59) 


The intensities /. (Solid) and /,,, (dashed) as a function of 


the saturation parameter S, for A = 0, and for radiative 
relaxation n = —+,and = = 2. 


Thus we always have a coherent contribution to spectrum as (S_) (Eq. (13.7)) is 
nonzero. It is interesting to note that such a coherent contribution is present in 
spite of the T, and T, relaxation processes. Furthermore, (13.59) holds to all 


powers in the strength of field. Gibbs and Venkatesan [14] measured the 
coherent part of the spectrum for a weakly driven two-level atom. Héffges et 
al. [15] made very precise measurements of the coherent part of the spectrum 
by using heterodyning, i.e. by beating the coherently scattered light with a 
known signal. They showed that the width of the scattered spectrum was less 
than 1 Hz, thus confirming that the coherent part has a spectrum that is indeed a 
delta function. These measurements were not limited by the laser linewidth as 
the local oscillator was derived from the same laser that was used to excite the 
atom. The intensity I, of the coherent part from (13.7) and (13.59) is 
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Note that I, # I with I given by (13.52). Hence IJ,,, = I -I, is the net incoherent 
part of the radiation. We show in Figure 13.9 the behavior of I, and I — I, = Ting 


as a function of the saturation parameter S, (13.11) for A = O and n = 
L J 


(13.60) 


— . We note that for small So, the coherent part dominates whereas 


— Tj 


for large So, the incoherent part J,,, dominates. 


13.4.2 Incoherent part of the spectrum 


In view of (13.58) the incoherent part of the spectrum S,,.(@) is 


l a l 
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We first examine (13.61) in the limit of the weak driving fields i.e. we evaluate 
Sinc(@) to order g?. A calculation leads to 


eT; (7-1) | 
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The incoherent part of the spectrum to the lowest order in the driving field has 
a peak at the atomic frequency provided that 2T,/T, # 1. For radiative 


relaxation S;,(@) = 0 as 1/T, = 2/T>. Thus the spectral peak at the atomic 
frequency is produced by elastic collisions as then 1/T, # 2/T>. Collision- 
induced spectral features in nonlinear wave mixing and fluorescence are quite 
ubiquitous and have been extensively discussed in the literature [16-20]. The 
nonvanishing of S;,.(@) for 1/T, # 2/T> is also known by the name spectral 
redistribution of radiation [21]. 

The expression for S,,.(@) to all orders in g was first derived by Mollow 


[11] and is rather complicated. Using (13.61) it can be written as 


272 Ni(p) (Ip — 2T,) + No(p) 
Sy at eg ee eee (13.63) 
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Note that the spectral features of the incoherent part are determined by the 
roots of D(p)= 0. This is the same polynomial (13.20) which determines the 
transient solution of the Bloch equations. For an external field on resonance (A 
= 0) and for large Rabi frequency the roots are (13.23) and thus the incoherent 
spectrum would be a three-peaked spectrum with ee located at 6 = 0, 6 = 
+2|g|, and with widths (at half-peak height) = ie i + |) The nature of the 


Mollow spectrum at high driving fields is aie different than in weak fields 
(13.62). In case of radiative relaxation T, = 2T;, the result (13.63) simplifies 


considerably (6 = @ — @)) 
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Sinc (w) = 


which for the driving field on resonance with the atomic transition, i.e. A = 0, 
further reduces to 


294 Ct pri ' 
Sinc(@) = ee ee oe Le a ° (13.65) 
(qs + 2°) (a + PVG + PY + 48° +P) Y is 
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The normalized spectrum S,,,.(w) as a function of detuning 6 
for different values of g : g = 1 (solid), g = 5 (dashed). 


We show a typical behavior of the incoherent part of the spectrum in Figure 
13.10. The peak at the atomic frequency can arise only at high intensities. Note 
that (13.65) is of the order of g* at low powers. For large driving fields, 2\g|T> 
>> 1, (13.65) simplifies to 


Shap. : ot = 

Since (@) = — ee =, a Gorey acne he DoT? ck COND 

= 4a | (w— a) TS +1 (o— wp +2g)?T? + G)? 
3/4 


a a a oe (13.66) 
(w — wo — 2g)*Ty + (5) 


We have a very interesting feature of the incoherent spectrum: the height of the 
central peak is three times the height of the side peaks, whereas the side peaks 
are one and half times broader than the central peak. A detailed experimental 
confirmation of Mollow’s predictions is given in [22-25] by using low- 
density, well-collimated atomic beams with well-defined velocities. A clear 
physical explanation of the Mollow spectrum was given by Cohen-Tannoudji 
et al. using the dressed states of the two-level atom interacting with a quantized 
field [26]. The dressed states were discussed in Chapter 12 (Eq.12.13)). Let us 
consider two neighboring set of doublets (cf. Figure 12.2), as shown in Figure 
13.11. The wavy arrows give the transitions among dressed states occurring 
due to spontaneous emission. The frequency of the spontaneously emitted 
photon can be obtained for each transition with Q,,, defined by (12.13) 


Qn41 A Qn A 


+ . 
[Wrad) a |wr) : ia = = - ~~ Wi, 
QntiA . Qna 
[wr ) ae he) 2 ae 7 + = fe @ + Qo 
- abt Qnoia QnA 
ty, dies LA ) - @ — } * a “2 wy — Qo, 
Qnita , Qna 
[Sa) > WE): ap— ‘ —— 7 oy, (13.67) 
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Two neighboring set of doublets. H, is the interaction with 
the strong coherent drive. 


where the last line is for large values of n, i.e. for large Rabi frequency of the 
driving field, and where Qy ~ ,/A2 + 42. It should be borne in mind that 


the coupling constant g in Section 12.1 was the coupling with the vacuum of the 
field. The Rabi frequency (2g in the notation of Chapter 13) of the driving field 
will be Jn times the coupling to the vacuum. The widths and heights of the 
peaks can also be obtained by calculating the transition rates among the 
dressed states. A simpler approach is to use the semiclassical dressed states of 
Section 11.1.1 (Exercise 13.5). 


13.4.3 Photon-photon correlation functions of 
radiation from a coherently driven two-level 
atom —- antibunching 


In Section 8.3 we saw how the study of photon—photon correlations enables us 
to deduce the nonclassical character of the radiation field. In particular, we 
showed the possibility of antibunching, which is a nonclassical feature. The 
radiation from the two-level atom posseses such a feature as first demonstrated 
by Carmichael and Walls [27] and experimentally verified by Kimble et al. [28, 


25 |, 

Consider the measurement of the nth order correlation function (8.40). 
Since, according to Eq. (13.48), the field operator E“? is related to the atomic 
dipole moment operator S_, the intensity—intensity correlation function (8.40) 


YEO RDED Ft + DEY Ft + DEY ED) 
ap 


becomes proportional to the one involving atomic dipole moment operators 
forn=2 


n—1 n—l 
a= (ssens.t 4% )S- i +t +) ---Sy ( +) :) s_ ( +> :) 
i=1 i=1 


+S (t+ sto] (t; > 0). (13.68) 


The correlation function can be evaluated by the repeated use of the quantum 
regression theorem (Section 9.5) and the spin- property of the dipole 


operators. From the optical Bloch equation (13.2) it is Clear that (S,(t)) can be 
written as 


(S.(¢+1)) = A(t)(Sz(t1)) + A* (7) (S_()) + B(t)(S-(1)) + C7), (13.69) 


where A, B, and C are easily obtained from (13.2). We now make use of the 
quantum regression theorem to obtain for the two time correlation functions 


(Sx (t)S.(t + t)S_(t)) = A(T )(S4 (Sa (S_(D) + A*(t)(Si(OS_(YS_()) 
+ B(t)(S4 (OS (O)S_(1)) + C(t (Si (OS_(t)), (13.70) 


which on using the algebra of spin-4 operators simplifies to 


: ; nee l on 5 
(S. (t)S.(¢ + t)S_(t)) = [ (tT) — 500) | (S,(t)S_(t)), (13.71) 


and hence 


P¢,t+7) = (8, @MS8,(¢4+ t)S_@+ t)S_(@) 


ml — 


(Sz (t)S_(t)) + (Si (OS.(t + t)S_(1)) 


l — l 
(S, (t)S_(t)) E +C(t)—- Be) 


= f@)g(r), (13.72) 
with 
f(t) = (Sy @S_(@), 
l : l 
g(t) =~ +C(t)— =B(r). 


We have thus shown an interesting factorization property of the second-order 
intensity correlation using the operator algebra and the atomic dynamics. It is 
clear that the function g(t) does not depend on the initial state of the atomic 
system (i.e. it depends only on dynamics), whereas f(t) does. The function f(t) 
obviously gives the probability of finding the atom in the excited state if at 
time t = 0 it was in some initial state p(0). Let us now examine the meaning of 
the function g(t) by relating to f(t). From (13.69) one finds that 


| | 
(Si()S_(1)) = 5 + (S20) 
A(t)(S:(0)) + A*(t)(S_(0)) + BO[(S-(0)) + 0.5] +. ¢(), (13.74) 


f(t) 


| 


and thus if at time t = 0 the atom is in the ground state (S ,(0)) = ( S_(0)) = 0, ( 
S(0)) = -1/2, then 
(S, (t)S_(t)) = g(t). (13.75) 


Hence g(t) gives the probability of finding the atom in the excited state given 
that it was in the ground state at time t = 0, and thus g(0) = 0. It is also 
interesting to note that 


lim f(t) = lim g(?), (13.76) 
[> [> 


which follows from the act that the steady state should be independent of the 
initial condition. 


T/T 


The behavior of g(t) as a function of the delay time t for 


Clearly from (13.72) and the property g(0) = 0, we have I(t, t) = 0, which 
reflects the fact that once a photon is emitted the atom is in the ground state and 
it needs time to get excited in order to emit a second photon. It also then 
follows since g(t) > 0 that 


r(t,¢+t)>MT(t,t), (13.77) 


which is a violation of the condition (8.36) for classical fields and hence the 
radiation from a single two-level atom exhibits a nonclassical feature like 
antibunching. Another nonclassical feature of the radiation from a two-level 
atom is squeezing (which is discussed in Exercise 13.6). 

From (13.72), the normalized value of the intensity—intensity correlation in 
the steady state would be 


P@,t+t) — g(t) , 
% (Si(NS_()2 glo)” 


g? (r= = din 


We show the behavior of ee in Figure 13.12 for A= 0, and for the radiative 
relaxation 7 = anh = = =. The behavior depends on the Rabi frequency of 


the driving fields. arolttinnt on antibunching with single trapped ions are 
described in [30]. This experiment also reports how the data is deteriorated 
with increase in the number of trapped ions from one to three. Much more 
refined data on antibunching with a single trapped ion under minimal 
micromotion is presented by H6ffges et al. [15]. They also observed Rabi 
oscillations in g®(t) at higher driving powers as expected from theory (Figure 
13.12). 

We can prove a result similar to (13.72) for the higher order correlations 
like (13.68). All the higher-order correlations satisfy the factorization theorem 
[31] 


n—1 


P(t, (i) = £0 > g(a). (13.79) 
i=] 


It is quite remarkable that all order photon—photon correlations for the 
radiation from a single coherently driven atom can be computed in closed 
form. The proof for the higher-order correlation functions is similar to the 
one leading to (13.72). We use the operator algebra to write the nth-order 
correlation as 


n—1 n—Z 
| 2 
Gee er 4 Don)=5n (ets patty 4¥s) 
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which by using the quantum regression theorem and the operator algebra 
reduces to 


n—1 n—2 
i (i148 sauna 4D) = rales (i148 pS 4¥n). (13.81) 
i=l 


The Eq. (13.81) relates the nth-order intensity correlation to the (n — 1)th-order 


intensity correlation; hence by the repeated use of (13.81) we arrive at the 
result 


n—| n—| 


oy ee t+) or) =f >) g(t). (13.82) 
i=] 


i=] 


Such higher-order correlations can be used in calculations of the counting 
distributions, i.e. in the formula (8.41). 

A very different kind of measurement of photon correlations was done by 
Aspect et al. [32]. Here the correlations between the photons leading to two 
side bands in the Mollow spectrum were measured. One assumes that the 
detunings and driving strengths are such that the side bands are well separated 
and thus one can use frequency filters to separate each side band. In the 
experiment a highly detuned pump was used to excite the atom. In this case the 
side bands occur at @, and Wp given by 


wy, =a, + JV A? + 4e2 © 20; — wp, @ > @ 
OR = @ — Vv A2 + 4¢ wo, 


so that @, + Wg = 2). The occurrence of the side band can be understood as a 


perturbative process as shown in Figure 13.13. This is because |A| >> 2g. As 
Figure 13.13 shows there is a definite order in the emission of the two photons 
— @, is emitted first, followed by the emission of wz. Furthermore, one has the 


possibility of resonant excitation of the atom by the three photon process @, — 
@, + @, = Wo. Therefore the scale of the correlation function of the intensities 


of the A and B photons is determined by the life time of the excited state as 
demonstrated by the experiment [32]. 


Second-order nonlinear scattering process giving rise toa 
definite time order in which the side bands of the 
fluorescence triplet are emitted [32]. 


Exercises 


13.1 Use the results (13.12) and (13.14) for the dipole moment induced by the 
weak Gaussian probe field /* to obtain the scattered field by an atom in 
the direction 77 


nx (nx Pp). 

a Fr 

Assuming that the probe field is traveling in the direction z and with 
polarization vector € in the xy plane. Let the direction of the dipole matrix 
element Bes be given by the vector € 9. This would be the case for 
transition between levels with definite azimuthal quantum number. Find 
then €* - (f° + /,-) and relate the phase shift of the probe beam to 
detuning A. 


13.2 Using (13.17) and assuming that the dipole is randomly oriented, obtain 
the expression for n, using intensity I defined by I = =—|E|? and n = ng + 
Nol a 1 + 2ny(@)). 


13.3 Using (13.26) and (13.27) calculate the explicit form of the induced 
polarization for four-wave mixing, i.e. for the radiation generated at the 
frequency 2@) — @). 

13.4 Simplify (13.29) in the limit of large A up to order g*. Show that the term 
proportional to g* has a resonant character when 6 = 0 and that this has a 
half width 1/T,. Show further that this resonance disappears if the system 


is subject to only radiative relaxation. Discuss the regions of 6 when the 
probe is amplified. For experiments see [33]. 


13.5 Consider the dressed state transformation of the optical Bloch equations 
(13.2) for n = - | and A = 0. Let M, be the matrix obtained from M by 


> 


setting S = — = 0. Diagonalize the matrix M, such that S'!M,S = A, 


and show that 
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Then show that © = S"! © satisfies 


© = (By + Bi + A)O+S'f, 


= 0 0 
§,=.| 0 (4+) 0 
0 0 t(4+) 


0 0 0 

[iva 864 
Boot ae 
r(s z)(° 93 


Note that ®, is coupled to ®, and vice versa as the matrix B, is off- 
diagonal. However ®, (®3) also oscillates at the frequency 2g (—2g). For 
large driving fields, show that this coupling can be ignored leading to 


. ® 2 
a= ee “siz, 
T> 


® E (2 +7) +2 ®) + (S'f) 
=|=2 PS FS] Pel er re 2s 


. Lea 2 3 
®, = |]--{ — + — } -2ig] ®,4+ (S"'f)3. 
3 -3(=+z) 7 oer Fs 


These are the optical Bloch equations in the dressed state picture and 
under the assumption of large driving fields. These equations have great 
utility in optical resonance and in understanding the Mollow spectrum. 
The dipole moment or the Bloch vector is related to the dressed state 
components by P= SQ, ie. 


WV, : vio =] ®, 
YW] = : ga - D> 
W; : ie D3 


13.6 The uncertainty relation [S,, Sy] = iS, leads to A S,A Sy ( S,)\/2. Using 
optical Bloch equations, fluctuations like A S, can be calculated by using 


4 


AS? = (St) — (S,)’ = = — (S,)’. 


x 


Show using (13.6) and (13.7) that the condition for squeezing 
AS? < +|(S.)| for@ = x, y can be satisfied for radiative relaxation 
= = 2.0 = —tif (Ah) > (144277, 7) for « = x or (A T>)? + 
4g°T,T> < 1 for a = y. Therefore one can find squeezing in either the x or 


y component of the atomic dipole moment operator, for details see [34]. 
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Quantum interference and 
entanglement in radiating 


systems 


This chapter and the next deal with many aspects of quantum interference and 
entanglement in a system of radiating atoms. We treat Young’s interference and 
the Hanbury-Brown—Twiss effect using the radiation produced from 
microscopic sources, which could be neutral atoms, trapped ions, quantum 
dots, etc. Many of the ideas from Chapter 5 could be applied to radiating single 
atoms and in fact the interference between different quantum pathways enables 
us to understand basic phenomena, such as superradiance. Furthermore, the 
detection of photons can yield heralded entanglement among atoms. This is 
because atom—photon entanglement is intrinsic to any radiating system. Even 
the possibility of nonlocal entanglement among remote systems emerges. 


14.1 Young’s interference with microscopic 


slits — atoms as slits 
SSS a 


In view of the importance of Young’s interference (Section 8.2) in optics, it is 
natural to ask if such an interference would occur if the slits are replaced by 
atoms [1-4]. Consider the arrangement shown in Figure 14.1. Here two 
identical atoms located at ®, and fp, are coherently driven by a common laser 
field ,.,iki 7—iat. We take each atom to be a two-level atom as in Chapters 11 and 
13. We further assume that the atoms are far apart so that the interaction 
between them can be ignored. Each coherently driven atom would emit 
radiation as discussed in Section 13.3. We now examine whether the 
measurement of intensity in the far zone could display any fringes as the 
detector is moved along the screen. Using (13.48), the total electric field 
operator can be written in the form 


EVE 1) = EOE) + AEP EN +R), 


EP Ri = SY Hern 


(14.1) 
ow? eikir—ient 
€é = ——n x (Nx Pp) 
a 
We recall that the coupling constant g, as defined in (13.1), g= = EQih 


depends on the location of the atom and the direction of propagation of the 
laser beam. For a system with many atoms it is convenient to work with a 
single coupling constant g= ee However, we need to change the factor 
eR, in (14.1) to giti—ui)-R,. The expression for the intensity can be obtained 
from (14.1) as 


1G,t) =h > (SPOSVO)Oere™, bh=lef. (14.2) 
iJ 
Note that we have taken the atoms to be radiating independently and hence 
(SY (NSY (H) = (SPOMSL’CO) = KS-)P GAD. SPOSL OM) = 1/2 + (SH) 
. Furthermore, the intensity of emission from a single atom will be 
J@P(SYPS°) = (1/2 + (S(t). The steady-state values of (S_) and (S,) are 
given by (13.6) and (13.7) and hence (14.2) becomes 


| 
Get) S255 (5 + (s)) (1 +vcosd), 
- : (14.3) 
p= R. (k, — k;n), v= =, R= R, _ Rp. 


Clearly we get fringes for the microscopic system of two atoms which are 

coherently driven. The visibility of the fringes depends on the strength of the 
l 2 l 

= 7 =—3, and 


driving field and the detuning A. For radiative relaxation Th 
for a coherent field on resonance, we show the behavior of v in Figure 14.2. 


Interference fringes 
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Two atoms in a coherent laser field show interference 
fringes in the first-order correlation function, i.e. in the 


intensity, after [4]. 


At low driving powers, 4|2|?7h « A? AS and for radiative relaxation, the 


visibility becomes 50%, as from (13.6) and (13.7) we find 
. — = | 2\2l°T 
Sa) P= lef f/f ATh)*], —~+(S,) + — =. 14.4 
KS)P = leP R/U + ORY, 54+) aes (14.4) 
Eichmann et al. [3] observed such an interference by using an off-resonant 
excitation 6s7S);. — 6p?Pjj. of two '%8Hg* ions in a linear trap and by 
observing m-polarized fluorescence. They showed the dependence of the 
periodicity of fringes on the separation |p| of two ions. The visibility of the 
fringes was affected by the thermal motion of the ions in the trap. 
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The behavior of v as a function of 4|g|*7, T. for radiative 


relaxation re = =, = —4, and for a coherent field on 
resonance A = 0. 
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Measurement of photon—photon correlation from a two- 
atom system considered: a plane wave with wave vector ;;, is 
impinging on two atoms fixed at positions R, and Rp. The 
light scattered by the two atoms is registered in the far field 
by two detectors positioned at 7, and F>. 


14.2 Spatial bunching and antibunching of 
photons 


Having established that the radiation from two coherently driven independent 
atoms can produce interference fringes, we now examine the nature of the 
photon—photon correlation function for radiation from a coherently driven 
two-atom system. The scheme is as shown in Figure 14.3. Let us consider the 
intensity—intensity correlation defined by 


GR, 07.0) = (EO R.DES OES? A. NES G0), (14.5) 
aw. 


which gives us the probability of detecting one photon by the detector 1 at time 
t and another photon by the detector 2 at the same time t. We will calculate all 
the quantities in the steady state and hence t is redundant. Using Eq. (14.1), we 
can reduce (14.5) to 


G? (1, 2) =RG G1, 2), (14.6) 


where we have used the compact notation (a) for the space point (7,) and 
where 


6G (1,2) = (EF) +E (DIES? @) +E’) 
x [ESP (2) + EB? (2) EP? C1) + EB”? (1). (14.7) 
Note that the vacuum terms do not contribute to normally ordered correlations. 


Since the single atom operators satisfy the property of the spin-5 algebra, the 
terms like Ey | Ee, (2) do not contribute. Hence Eq. (14.7) reduces further to 


c(-) 


(1,2) = ([Ey (Es (2) + Ee (DEZ ’(2)] 
x [Ep" (2)E a C1) BEL? (2)ER’ (1))}. (14.8) 


~(—) 


We next make use of the uncorrelated nature of the atoms A and B to simplify 
Eq. (14.8) in the following manner 


G(1,2)= {EF DELP (WE (2) EP 2)) + (EPR EM AWE (1) ER” (1)) 
+ (Eq (EG? Q)KER ’(2)ER"?(1)) +..0.). (14.9) 


Clearly, the existence of interference terms in G@(1, 2) depends on the 
nonvanishing of the amplitude correlation function 


ates (2). (14.10) 


Note that G‘!)(1, 2), which is a measure of spatial coherence, is not necessaril 
4 p y 


/ 


zero even if if (€\-’(1)) is zero. We can rewrite Eq. (14.9) in the form 


G® (1,2) = [GY 1, 1)GP (2,2) + GP 2,26 1, 1)]-11+T@d,2)], (14.11) 
A B A B 


where 


. (GY), 2)G5?2, 1) +0.) 
rr? ,.2)9 = A a (14.12) 
(GY? (1, Gy? 2, 2) + GP 2, 2G, 1)) 

Note that Eq. (14.11) has resemblance to the well-known result for thermal 
light. However, it should be borne in mind that for radiation produced by 
coherently driven single atoms I‘)(1, 2) can also be negative, whereas for 

thermal light this is always positive. . - 
Using now the relation £7) (7, t) = SY? (t)e#—4 ® we obtain from (14.11) 


G1, 2) = 2(S,S_)7[1 + cos ky — 2) - Ri, r= ir. (14.13) 


The prefactor in (14.13) depends on the driving field. The square bracket gives 
interferences in (©) as the detectors are moved around. Note that the fringes in 
G would have 100% visibility obtained for example by fixing one detector 
and by moving the other detector around [5]. Note further that the interference 
fringes in (14.13) always survive even in the limit of large driving field when 
(S,S_) > = whereas in this limit the fringes in mean intensity (Eq. (14.3)) 
disappear. We also note the remarkable antibunching property of G°) which 
occurs when (7; — 7) - R = x. This is the spatial antibunching property [4] as 
we are varying the locations of the detectors. Similarly, for (#7, — 7) - R = 0 
or 27, G?) —» 4(S,S_)*, and one thus gets spatial bunching [4]. 


Detector position 7; 


G12) 
=) 
nN 


Detector position 7; 


671.2) 


8 > 
Detector position r; 


77) Second-order correlation function G®)(1,2) as a function of 
detector position 7. 


Figure 14.4 shows the character of G2 (1,2) = G21, 2)/4(S,S_)? 
depending on how the detectors are scanned. Note the very interesting 
possibility obtained by moving the two detectors simultaneously in opposite 


directions. In this case, one gets twice as many fringes, and this clearly has 
implications in the consideration of superresolution of atomic positions [6]. 

For quantitative characterization of bunching and antibunching, it is useful 
to introduce the normalized g®) given by (14.3) by dividing G® by the product 
of the mean intensities 


i G®)(1, 2) 
(2) 2) ; AY 
ee (14.14) 
T(1)I(2) 
where I is given by (14.3) and hence 
) 1 + cos(d; — 42) “ 
g"(1 ,2y= siete (14.15) 


2(1 + vcosd;)(1 + ucos 52)’ 


where 6; is given as in (14.3) with #i + ij. 

For unequal times we can relate G®) to the quantities that we introduced in 
Section 13.4 in connection with single-atom resonance fluorescence. Many 
additional terms now appear in (14.8). A closed form expression can be found 
in Skornia et al. [4]. A measurement of g(1, 2, T) was reported by Gerber et 
al. [7] using two independent ion traps. In their experiment a relative random 
phase was introduced between the fields collected from the two traps. Under 
these conditions G®) is given by (14.8) with two additional single-atom 
contributions of the form (&/(1)Es?(Q2EM (QE (1)) (i = A, B). The 


indices 1 and 2 now stand for (j,, t) and (j*5, t + T) respectively. 


14.3 Interference in radiation from two 
incoherently excited atoms 


Let us examine the possibility of Young’s interference with two incoherently 
excited independent atoms. This would be the case if the atoms were excited by 
a m-pulse. Then (Sy) = () and hence there are no interferences according to 
(14.3) as »y -— (0), This is exactly as in the classical double slit experiment (Eq. 
(8.22)). The next question is then: can there be interference in the intensity— 
intensity correlation (14.5) and, if yes, then what is the physical mechanism 
leading to such an interference? The derivation of (14.13) remains valid with 
(S\2S°) + 1 leading to 


G (1,2) = 2[1 + cosk (a — im) - Ri). (14.16) 


Thus we conclude that the radiation from two incoherently excited independent 
atoms exhibits interference fringes even though there are no interferences in 
the corresponding Young’s interference experiment [5]. We now explain why 
one sees interferences in the intensity—intensity correlations. Note that there are 
two distinct quantum paths leading to the simultaneous clicking of the two 
detectors as shown in Figure 14.5. The two quantum paths correspond to 
transitions via different intermediate states as shown in Figure 14.6. The initial 
and final states of the two atoms are identical and hence, according to the 
general discussion of Section 7.7, these two paths would lead to interferences 
in the two photon process of detecting two photons, one at each detector. 

The interference in G®) can also be understood in terms of the entanglement 
produced by detection. We start with the uncorrelated state |e,, ep). The 


detection of a photon by a detector in the direction 77, projects the state of the 
atomic system to 


D-(F| )pDt (F ) 


oT SS coe (14.17) 
1 {D* FD (Ad) 
where 
D-(F1) = (g)el)a tel™™ Fle) (el)g, = R= Ry — Rp. (14.18) 
If p = le4, eg) (e4, eg|, then pp = |V)p p(¥|, where 
,e + ihn R 4. 
i) = lg4, ea) +e C4» 8B) (14.19) 


WI 


which is an entangled state (EPR state). The detection of the second photon 
would now produce interference fringes. This follows from (14.2), which 


shows that the interference fringes would be present provided that 
that (SOs) + (). For the state (14.19) we can show that 


eam R 


(Ss) = (14.20) 


- 


which is nonzero. Thus the interferences fringes in G®) can be considered as 


due to the entanglement of the initially uncorrelated atoms produced by the 
process of detection. 
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Different paths contributing to intensity—intensity 
correlations. 
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Two different quantum paths in terms of the states lead to 
detection of one photon at each of the detectors D, and D>. 


The remarkable property of the interference in G®) is its visibility which is 
100%. If the visibility of the interference pattern is more than 50%, then the 
underlying field is nonclassical. We will now use a version of the Cauchy— 
Schwarz inequality (Section 8.3) to establish the nonclassicality. On using 
(14.16), we can define 


G?) (1,2) 


(T(1)) U(2))' 
l 


271, 2= 


[1 + cos ky(7i, — Hf) - Rj. (14.21) 


> 
Let us consider the derivation of the Cauchy—Schwarz inequality starting from 
the obvious property 

((w51(1) + B51(2))?) >0  =Va, B, (14.22) 


where 6 I(1) = I(1)- ( I(1)) and where the quantum-mechanical ordering as in 
(14.5) is implied. If the underlying function P(@) associated with the density 
matrix of the field has the properties of a classical probability distribution then 
(14.22) leads to 


(S1(1)d2(1))(S1(2)82(2)) = (62 (1) d1(2)) (82 (2 )d1(1)). (14.23) 


Any violation of (14.23) would imply the nonclassical nature of the field. We 
can write the inequality (14.23) in terms of g®) as 


(2 (1, 1)—'1)(e@ (2, 2) —1) > (ge (1, 2) —1) @@ 2, 1) = 1). (14.24) 


Note that for g® given by (14.21), g™(1, 1) = g(2, 2) = 1 and hence the left- 
hand side of (14.24) is zero, leading to complete violation of the Cauchy— 
Schwarz inequality 


0 > sin*[ky(@ — m) - R/2]. (14.25) 


Thus we have established the nonclassical character of the radiation produced 
by two independently excited atoms. Quantum interferences in photon—photon 
correlations have been observed by Beugnon et al. [8] in radiation from two 


incoherently excited independent atoms, in two-ion systems by Maunz et al. 
[9], and in a system of two quantum dots by Flagg et al. [10]. 
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Emission from two coherently excited independent atoms. 


Since we have discussed a variety of situations where interferences are 
possible it is good to summarize these: 


(A) Two coherently driven independent atoms, Figure 14.7. 

e Interferences in intensity measurements — an analog of the Young’s two 
slit experiment at a microscopic level. 

e Interferences in intensity—intensity correlations; spatial bunching and 
antibunching for photon—photon correlations measured even with zero 
delay. 

(B) Two incoherently excited atoms, Figure 14.8. 
No interferences in mean intensity; however, intensity—intensity correlations 
exhibit interferences with 100% visibility. 

(C) Single excitation in the two-atom system, Figure 14.9. . 
For an initial excitation to an entangled state wa €4, 2B) + e|gZ4, ep)), 


intensity exhibits interferences in radiation on the transition |e) 5 |g) (cf. 
our discussion following Eq. (14.19)). However, radiation on the transition 
|e) — |f) exhibits no interferences. This is because for the transition |e) — |f) 
the interference can occur according to (14.2) only if the mean value of the 
corresponding operator ((\e4)(/4|)(|fe)(eg|)) is nonzero, which is not the 
case for the initially prepared entangled state. Scully and Driih [11] have 
shown that by using a weak laser pulse on the transition |f) — |e’) (Figure 
14.10), one can restore interferences in the radiation emitted on the 
transition |e) — |f) if a simultaneous detection of the photons emitted on the 


transition |e’) = |g) is also made. This is the idea of the quantum eraser [11, 
12], where path information for photons emitted on the transition |e) — |f) is 
erased by excitation from |f} to |e’ ) followed by the detection of photons on 
the transition |e’) — |g) (see Exercise 14.4). 
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Emission from incoherently excited atoms. 


|€,) lez) 
fa) 
lg) ‘ lge) 


Emission from two atoms in an entangled state containing 
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Quantum eraser scheme. 
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The A-type atomic system in which a photon with either 
polarization is emitted. 


14.4 Atom-photon entanglement 


In Section 7.6 we have discussed the decay of the excited state of an atom. We 
found that the wavefunction of a system consisting of an atom and a 
spontaneously emitted photon can be written in the form (7.64), ie. 


lyr) = c(t) |) (0}) + Deg, COLA g,)- (14.26) 
is 


The state (14.26) is an entangled state of the atom—photon system and thus in 
the process of spontaneous emission, entanglement arises naturally [13]. The 
state of the photon is also an entangled state as the photon can be found in any 
of the infinitely available modes. More remarkable consequences of photon— 
atom entanglement appear in spontaneous emission in multilevel systems 
where one can use the extra degrees of freedom, such as polarization. 

We illustrate the important features by considering the A-system as shown in 
Figure 14.11 where the two lower states are the Zeeman states. Thus in terms of 
the angular momentum of the states this would correspond to the j = 0 toj =1 
transition. We have a left (right) circularly polarized photon emitted in the 
transition |e)  |—) (|e) — |+)). By analogy to (14.26), the wavefunction at time t 
will have the structure 


IW) = ce(t)le)|{0}) + ¥ > e_-O|-)lk oat 5 c,2(t)|4)IK, ©), (14.27) 


k 


where lk, « 5) denotes the state of the left circularly polarized photon in the 
direction f. In the long time limit c,(t) — 0, we have entanglement between the 
atom and the photon with the important property that the entanglement is long 
lasting as the states |+) are long lived. The amplitudes c can be determined by 
following the procedure of Section 7.6. 

The atom—photon entanglement can be used to produce atomic coherence. 
Suppose we detect, as shown in Figure 14.12, a photon in the direction ¢ but 
with arbitrary polarization, ie. we detect the photon in the state 
o4|k, ¢ 9) a. lk, ¢ )), then the wavefunction of the atom gets projected to 


IW). =ac_zl—) +a2c,;7|+). (14.28) 


The conditional atomic wavefunction is a coherent superposition of two 
Zeeman states as long as |a , |, |a_| are nonzero. An observation of atom— 
photon entanglement was made by Volz et al. [14], who considered the decay 
of the state 2P3,,, F = 0, mp = 0 of®’Rb atom by first exciting it using a laser 


pulse from the ground state 2S), F = 1, mp = 0. The linear polarization of the 
detected photon was seen at different angles (a, # 0). The conditional 
superpositions like (14.28) were detected by using the stimulated Raman 
adiabatic passage technique [15]. In another experiment [16] where atoms were 
continuously pumped, coherence in the ground state was produced by the 
detection of the first photon (as in (14.28)) and was measured by the detection 
of a second photon. 
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Atom—photon entanglement and projective measurement by 
choosing the polarization of the emitted radiation. 


14.5 Atom-atom entanglement via detection 
of spontaneously emitted photons 


Consider now spontaneous emission from two identical Lambda systems. We 
will assume that the atoms have a relative distance which is much bigger than a 
wavelength so that one can consider the atoms as independent. Initially each 
atom is in the excited state. Let us label the atoms as A and B. Then the 
wavefunction for each atom at time t will have the form (14.27) and the 
wavefunction of the combined system of two atoms will be a product of 
wavefunctions of the form (14.27). Consider now a detection scheme where the 
two photons are detected. We thus need a projection of the wavefunction in the 
space consisting of two photons. After multiplying wavefunctions of the form 
(14.27), the part containing two photons is 


IV’) photons ~ > e——(E, DI—)al—)alk, OIG O) + ey 4% Dl+)al+)al&, Ol, ©) 
kq 
a c_+(k, @|—)alt)alk. O)G, ©) + c4_(k, G+) al—)alk, ©) 1g, ©). 
(14.29) 
Now suppose we detect the left circularly polarized photon in the direction ¢ 


and a right circularly polarized photon in the direction ¢, then the conditional 
state of the two atoms would be 


Wig = c-4k, P—)al ta +04 1) +)al-)a, (14.30) 


which is an EPR state, i.e. an entangled state. It is clear from the structure of 
(14.29) that we can produce all four Bell states of the two atoms by selecting 
appropriately the polarization of the detected photons. It should be noted that 
such Bell states are stable as both |+) states of the atom could be long-lived 
ground States. 
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The relevant energy levels in a Yb ion that produce atom— 
atom entanglement. The ions are excited by ao polarized 
pulse from the state |O, 0) to the state |1, - 1), after [17]. 
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A three-level atom with levels |g), |e), and | f ). A weak laser 
pulse excites the atom from |g) to |e). 


This method of atom—atom entanglement does not require any interatomic 
interactions. The atoms could thus be far apart. In fact, entanglement between 
remote atoms can only be produced by the detection process. Moehring et al. 
[17] demonstrated entanglement between two ‘!7!Yb ions contained in two 
different traps a meter apart. The principle of their scheme is similar to what 
we outlined earlier; however, in their scheme (Figure 14.13) the polarizations 
of the two detected photons are identical but the two photons differ in 
frequencies, which are denoted by v,. We briefly discuss their scheme to make 
it clear that the polarization degrees of photons are not the only ones that can 
be used. The states are labeled in terms of their F and m, values. The solid line 
shows the excitation pulse. The collection of o photons would produce an 
atom—photon entangled state (|1, 0)|v_) — |0,0)|v,))//2. with relative sign 
determined by the Clebsch—Gordon coefficients. When o photons are detected, 
one with frequency v_ and the other with frequency v,, then we would generate 
entangled states of two ions. 

The atom—photon entanglement discussed in Section 14.4 can also be used to 
produce an entangled state of an ensemble of atoms [18]. Let us consider an 


ensemble of atoms with a level scheme as shown in Figure 14.14. Let us 
assume that the ensemble is excited by a very weak pulse leading to the 
scattering of a Raman photon, say, in the forward direction. Thus in the 
ensemble only one atom at a time would produce a scattered photon. Thus the 
state of the atom—photon system would be 


N 
ly’) ~ Igige-+-gw)l0) +) > ejlgige +++ fj-++ gw) Il), (14.31) 
j=l 


where |1) and |0) represent the states with 1 and O scattered photons. Hence 
conditional on the detection of the scattered photon, we produce an entangled 
state of the ensemble 


N 
Ib) ~ > ejlgiga «++ fi-++ gn), (14.32) 


which is the W state. This idea can be extended to produce entanglement 
between two remote ensembles [18, 19]. This is shown in Figure 14.15, where 
L and R are two atomic ensembles. The laser photons are filtered out and only 
the scattered photons are collected by optical fibers and made to interfere at the 
beam splitter BS. A click in D, or D, prepares an entangled state of the form 
(lb); + |deel”)//2, with + depending on which detector clicks and 9 
represents the phase difference between the two photons arriving at the BS. 
Chou et al. [20] demonstrated such an entanglement between two remote 
ensembles with each ensemble containing about 10° atoms. The entanglement 
between two ensembles was detected by using read pulses which produce anti- 
Stokes photons and by doing tomography on the anti-Stokes photons. These 
ideas on creation of entanglement by detection have been extended to produce 
entanglement between two remote Bose-Einstein condensates [21]. 
Furthermore, Duan et al. [18] have extended these ideas to propose long- 
distance quantum communication based on entanglement. 
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Schematic of generating entanglement between two remote 
atomic ensembles. 


Finally, we mention that a Rydberg dipole blockade can also be used to 
entangle two atoms [22]. Consider two atoms each with a lower state |g) and a 
Rydberg state |e). When both atoms are in the state |e), then there is strong 
interaction between them leading to a shift of the level |e,e). The amount of 
shift AE depends on the distance between two atoms. The situation is shown in 
Figure 14.16. For example, for ®’Rb, one can choose |e) = |58d3, F = 3, mp = 


3) [23]. In this case one has a quasi-degeneracy between |e,e) and the Rydberg 
state (60p,,, 56f</) for two atoms. This leads to the Forster resonance, which 


results in even larger shifts +AE. The effect of the shift is that the double 
excitation becomes off-resonant and thus strongly suppressed. Furthermore, if 
the atomic locations are perpendicular to the direction in which the excitation 
field is traveling, then both the atoms see the same coupling to the external 
fields and the antisymmetric state |a) is not excited. Clearly under these 
conditions, the two-atom system gets excited to the state |s), which is a Bell 
state. The inhibition of the doubly excited state (dipole blockade) was 
demonstrated in [23, 24]. 
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Entangling two atoms by a Rydberg dipole blockade. 


14.6 Multi-atom entanglement 


We have seen in Section 14.5 how the detection of photons can lead to the 
production of entanglement between two atoms. A natural question is: can these 
ideas be applied for the production of multi-atom or multi-particle 
entanglement? The answer is indeed yes. Greenberger et al. [25] introduced a 
new paradigm in the study of nonlocality of quantum mechanics by 
introducing three particle entangled states of the form 


|IGHZ) = —(|+ ++) -|-—--)). (14.33) 
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Using these states, they could demonstrate nonlocal character of quantum 
mechanics without requiring Bell-like inequalities. Methods to produce such 
states are of great interest and one has already demonstrated such states using 
type-II downconverters [26]. Another class of states for three atoms are W 
states of the form 


i ee fy, (14.34) 
f3: 
The |W) states are more robust to decoherence. For example, the |GHZ) states 
completely decohere under the loss of one particle, whereas the |W) state still 
retains its entangled character. 

In this section we discuss the possibility of realizing such multi-particle or 
multi-atom entangled states. The basic idea is to generalize the procedure of 
Sections 14.4 and 14.5 to N atoms. Following the discussion of Bastin et al. 
[27], we use the arrangement of Figure 14.17 to produce multiparticle 
entanglement. As indicated in Section 14.4 (Eq. (14.28)), the detection of a 
photon by a detector, say the jth, with a polarizer with orientations defined by 
a;, Bj la = a,, B = a_] can come by the emission from any of the N atoms, with 
each detection projecting the atomic state into combinations like (14.28). Thus 
many different final states of the atomic system can be produced depending on 
the kind of detections performed. Let us specifically consider the case of three 
atoms. We show in Figure 14.18 all possible paths leading to different final 
states. The final state which is the sum of all the states in the box is arbitrary up 
to an overall normalization factor. Figure 14.18 shows the interesting result 
that if as and fs are chosen such that 


of 02 B3 + a) Boa3 + Bya2a; = 0, 
a; 2 B3 + Bor B3 + Bi Poa, = 0, 


(14.35) 


then the final state will be the GHZ state up to a normalization factor 
|GHZ) = aa203| — ——) + Bi B2B3| + ++). (14.36) 


The condition (14.35) can be _ satisfied if © we choose 
ie ig - Y 7 d : 

a; = TF B; = won A = :. A= F+ £0 = - +£, ie. the 6;s are the 

roots of unity except for the factor Using these values, the GHZ state (14.36) 


reduces to 


i 
aa) are ete ,—i¢ wares oe! , 
|GHZ) = Gere | 1D (14.37) 
Furthermore, a simple choice 
a, = la = 1,@; = 0 (or Bj = 1, fo = 1, Bs = 0) would produce the W 


state (14.34) (or the one obtained by the interchange |+) — |=)). As explained 
by Bastin et al. [27], the method is applicable in principle to any number of 
atoms and one can produce certain classes of entangled states. 
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Proposed experimental arrangement. N excited emitters are 
aligned in a row, each of defining a three-level A system. A 
long-lived entangled state is obtained in the N emitter qubits, 
defined by |+), after detecting the N spontaneously emitted 
photons with N detectors equipped with polarizers. The final 
N-qubit state is tuned and determined by the polarizer 
Orientations, after [27]. 
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Pyramid of entanglement paths for the case of three 
emitters initialized in the excited state |e,e,e), after [27]. 


14.7 Quantum entanglement in Dicke states 
and superradiance 


We introduced Dicke states in Section 12.6. There we considered a collection 
of N two-level atoms and defined collective angular momentum operators 


N 
F=>S%, ada] = leapyh. (14.38) 


The eigenstates (12.56) and (12.57) were labeled as | j,m,n) with n standing for 
the degeneracy parameter. The parameter 7 is zero if j = N/ 2. Let us label the 
states of a single spin as |4,—1,0) = |g), |4, 4,0) = Je). Then it turns out that 
many of the Dicke states are entangled states. For example, for N = 3, we list 
the Dicke states that exhibit entanglement 


3 1 | 
> >? ) — FR eeg) + lege) + |gee)), 
3 I " (14.39) 
Ea 
5 -3.0) = 7 (less) + Ieee) + leee)), 
/- 2 14.40) 
x" = 7g (Plere) — leez) — lege): pq lenles) — lee), (14.40) 
_ a ee ee ee (14.41) 
=~ aN) = geg) + |gge) — 2legg)), g) (leg) — |ge)). (14.41) 


The Dicke states |2,+1,0) are W states, generally denoted here by Wy, v—»,. 
where n, (N - n,) atoms are in the state |e) (\g)); the Dicke states |+, +, n) are 
3.43, 0). 
In fact all the Dicke states for j = N/2 (except for m= +N/2) can be written as W 
states of the form (14.39) such that n,(n, = N — n,) atoms are in the states |e) (|g) 
) with m = n, — N/2. It may be noted that in Chapter 6 we discussed how the 
polarization of light as well as the orbital angular momentum can be discussed 
in terms of the spin operators. For example, a photon traveling in a given 
direction has two orthogonal states of polarization which we can identify as |e), 
|g). Thus for a collection of N photons we can construct an analog of the Dicke 
states or the entangled states of the form (14.39)-(14.41). We saw in the 
previous section how the W states can be produced by projective 
measurements. In fact, all the symmetric Dicke states of the form (14.39) as 
well as asymmetric Dicke states of the form (14.40), (14.41) can be realized by 
projective measurements [28, 29]. Such Dicke states for a system of four and 


doubly degenerate. The only Dicke states with no entanglement are 


six photons have been experimentally realized [30-32]. 

We next discuss how the quantum entanglement in Dicke states is responsible 
for the superradiant emission. From (14.2), it is clear that the radiation emitted 
by an N -atom system would be 


I(t) =I Y(SP (SY )) gir (R—R,) (14.42) 
ij 
where 
4 
w) ~ PD ; 
hh = ai x pl /r’. (14.43) 


Let us assume that the atomic system is prepared in an initial state IF. m) which 
is completely symmetric. This state has no degeneracy. We can use this 
symmetry property to evaluate all the expectation values that we need in 
(14.42). Note that 
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and hence we find atom—atom correlation in the state |, m) 


a —m 


sOgY) = ; 
(54 5 N(N — 1) 


Ps J; (14.45) 


which is maximum for m = 0. On using (14.44) and (14.45) in (14.42) we find 


N XN)" — — 3 
ro 5 +m ai e L. ; elkin (Ri—R,) (14.46) 


Dicke considered a system whose dimensions were much smaller than a single 
wavelength, then by setting all exponentials to unity, (14.46) reduces to 


N N 
I=h(> +m) (>-m-+1). (14.47) 


For m = 0,7 « N2*. This is superradiance when half the atoms are in the 
excited state and half are in the ground state. Clearly this behavior results from 
the nonvanishing of the atom—atom correlation (SP SY '\ (Eq. (14.45)), which 
takes a maximum value for the Dicke state that exhibits superradiance. The fact 
that the correlation is nonzero is also the property of the entangled state IZ, (). 


Thus we conclude that the superradiance arises from the entangled nature of 
the Dicke state 5, 0). 


14.8 Multi-path quantum interference as the 
source of Dicke superradiance 


In this section we develop a physical picture for Dicke superradiance. We show 
that the Dicke superradiance can be considered as arising from multipath 
quantum interference [33]. 

Let us examine the transition amplitude for each individual photon detection 
event. The net result would then be obtained by coherently summing over all 
the paths via which photons reach the detector. In the following we will 
demonstrate that the interference of various quantum paths gives us a 
transparent physical picture of the superradiant emission from symmetric W 
States. 

Let us first investigate the different quantum paths of the initially separable 
state |S» 9) = |e, e) (cf. Figure 14.19) which lead to a successful photon detection 


event. For a particular event the detector cannot resolve from which of the two 
atoms the photon was emitted due to the far-field condition. There are thus two 
distinct possibilities: either the photon (black arrow) was emitted by the first 
excited atom (black circle) transferring it into the ground state (white circle), 
where a phase e—'¥: is accumulated by the photon, or the photon was emitted by 
the second atom resulting in the accumulation of the phase e—i”. Each quantum 
path leads to a different final state, so in principle they are distinguishable, and 
we do not expect interference terms to appear. Explicitly, from Figure 14.19, 
we obtain the intensity distribution 
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Possible quantum paths of the initially separable state |S5 9). 
Black circles denote atoms in the excited state and white 
circles denote atoms in the ground state. The middle row 
depicts the different quantum paths. The lower row displays 


the final states of the atoms and the phases accumulated by 
the photon along the different quantum paths. See text for 
details, after [33]. 
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Possible quantum paths leading to the detection of a 
photon emitted by atoms in the W state |W, }). 


where the norm of the state vector |) is denoted by || [Pt = ( P]P). Let us 
compare these results to the superposition of quantum paths and the intensity 
distribution obtained in the case of an initial W state |W, ,) with two excited 


atoms and one in the ground state. From Eq. (14.34) this state reads 


| 
W2 1) = —(leeg) + 
Waa) = (lees) 
Figure 14.20 depicts the different quantum paths leading to a successful 
measurement event. Let us exemplify the emerging interference by considering 
only the first term in the coherent sum of |W, ;). The state |e e g) basically leads 
to the same quantum paths as the state |S, 9): either the first atom emits the 


ege)+|gee)). (14.49) 


photon leading to the final state |g e g) and to an accumulation of the phase e?! 
or the second atom emits the photon, so that the final state is |e g g) and the 
accumulated phase corresponds to e "?*. However, different from the separable 
state |S) 9), we have here a superposition of three different terms in the state 


|W, ;) leading to six quantum paths in total. These quantum paths can lead to a 


constant contribution to the intensity as in the case of an initial separable state; 
however, they are also capable of interference, namely, with another 
indistinguishable quantum path. Taking into account the normalization factor 
| /./3 we find the same constant contribution to the intensity in the case of the 
W state |W, ,) (namely 6/3 due to the six quantum paths that do not interfere) 
and in the case of the separable state |S, 9) (namely 2). However, photons which 
were emitted from the atomic state |W, ,) can occupy more than one quantum 


path leading to the same final state (cf., e.g., the far-left and far-right quantum 
paths in Figure 14.20, both leading to the final state |g e g)). Furthermore, for 
all quantum paths the initial states are equal from the detectors’ point of view — 
the detector is unable to identify from which atom the photon was emitted due 
to the far-field assumption. Thus we obtain interfering quantum paths 
exclusively for nonseparable states which are leading to interference terms in 
the intensity distribution. 

Let us explicitly calculate the intensity produced by the state |W, ;) to 


quantitatively investigate the validity of our quantum path interpretation. From 
Figure 14.20, itis clearly equal to 
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whose maximum value is four, which is twice that from a separable system of 
two excited atoms — the extra contribution arises from interfering pathways. In 
the following we demonstrate that the enhanced maximal emission of radiation 
by W states can be explained purely by additional constructive interference 
terms created by indistinguishable quantum paths. To this end we cast the 
foregoing argument into a formula for the maximum of the intensity from a W 
State 


[ly] = [lysy J + (PP) x F) x (NY). (14.51) 


In Eq. (14.51) (P?2") abbreviates the number of interfering quantum path pairs 
leading to the same final state, which when multiplied by the number of final 
states (f) allows us to arrive at the total number of interfering quantum paths 
pairs, i.e. interference terms, contributing to the intensity maximum of the 


signal. Together with the squared normalization constant (\/) of the 
corresponding W state the expression (P?") - (f): (A) equals the constructive 
contribution of the interference terms to the maximum of intensity. 

Now we adopt the foregoing reasoning to an initial generalized symmetric 
W state |W, .w-ne) With n, excited atoms and N — n, atoms in the ground state. 
The general formula for the maximum intensity of the W state |W,,.,y-ne) = |W) 
can be derived using combinatorial considerations and the maximum of the 
intensity n, of the separable state ce N-n,): It reads 


[lw J tom [(PP") x (f) x N)] 9, 


N N —| 
= ne + ely +1) x ( Joel 
— Ne — | Ne 


N \ (N N - 
=nelng+1)=(S+m)(>-m41), m= —— +N. (14.52) 
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Let us investigate the different terms of Eq. (14.52) in more detail. As stated 
earlier, \V = ‘ah is the squared normalization constant of the generalized 
symmetric W state. The number of final states (f) can be derived by taking into 
account that after the detection of a photon there are n, —1 excited atoms left 
which are able to occupy N different position in the chain of N atoms, which 
leads to f* 3. The crucial term 7???" needs more explanation: n, different 
single quantum paths lead to a detection event for every term of the initial W 
state (cf., e.g., Eq. (14.50)). If we now multiply these single quantum paths by 
the number of terms of the initial W state (given by (* )) we arrive at the total 
number of single quantum paths. The number of single quantum paths leading 
to the same final states — abbreviated by PS8!¢ — is then obtained by dividing 
the total number of single quantum paths by the number of final states: 


Psingle _ re =n i: (14.53) 


These ng + 1 single quantum paths which lead to the same final state now 


interfere among each other, producing in total n(n, + 1) interfering quantum 
path pairs [33]. 
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Entanglement of photons emitted from the excited level |e) 


to the levels |b)) and then to the level |*). 


14.9 Entanglement of photons produced in an 


atomic cascade 


Consider the emission of radiation from the excited level |e) to the levels |b;) 


and then to the level |f) as shown in Figure 14.21. The levels |e) and |f) can be 
taken with angular momentum j = 0, m= 0. The levels |b;) correspond to j = 1, 


m = +, 0. The generated photons are entangled in momentum and polarization. 
As indicated in Figure 14.21, the polarization of photons depends on the 
atomic transition. The |e) = |f) transition with the emission of circularly 
polarized photons proceeds via different pathways. The two pathways 
involving the first emission of a © (©) photon followed by the emission of a 
© (©) photon lead to quantum entanglement. The cascade emission is 
extensively discussed in the literature [34], because of its importance in the 
first experiments on the nonlocal character of quantum mechanics and tests of 
the violations of the Bell inequalities [35-37]. 

We follow the Weisskopf—Wigner approach to evaluate the wavefunction of 
the generated photons. In analogy to (7.64), the wavefunction for the combined 
system of atom and field can be written as 


lw) = ce (t) le) |{Oz,}) + oc c g(t)lbs){1g,}) +o cag OUP) {zs lgoe}). (14.54) 
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In analogy to (7.65) we can write the Schrédinger equation for the amplitudes c 
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The unperturbed frequencies of the atomic levels are defined as in Figure 
14.21. The coupling constants have forms like (7.66) 
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The initial condition is c,(0)=1, ¢ 7, = = (). As in Section 7.6, Eq. (14.55) 


Cr = 
: ksgo 
is solved by the Laplace transform technique leading to 
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(14.57) 
[p + i(@; + wx) Je jks(P) = — ig'z,Ce (p) — ud 
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where p is the Laplace variable. It should be borne in mind that, according to 
Figure 14.13 for each o, there is a definite nonzero dipole matrix element 7 ;;, 
ie. the value of j is fixed by o. Hence j’ = j in (14.57). Furthermore, the 
summation in (14.57) can be handled in the same way as in (7.70) by assuming 
weak coupling to the vacuum of the radiation field. In such a case (14.57) leads 
to 


; | Big,Ce(P) 
Ce ——4— =. aa dao (14.58) 
= P+1(@j + ax) + 3A b 
where A), is the Einstein A coefficient for the state |b;). Now using (14.58) and 
following a similar procedure for c, and introducing the A coefficient for the 
State |e), we get 
| 


Ce(p) = a a (14.59) 
P+ioa, + 5A. 


On substituting (14.58) and (14.59) in (14.57), we get the two-photon 
amplitude 


(14.60) 
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and hence in the long time limit A,t, A,t >> 1, we obtain our final result for the 
two-photon amplitude 
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The two photons with polarizations ¢) and ,» are clearly entangled: the 
wavefunction for two photons traveling in directions ¢ and g would have the 
form (| ©, O) +| ©, ©))/V2- 

Having obtained the form of the two-photon amplitude, we now find the 
nature of the two-photon correlation function (8.29) produced by cascade 
emission. The probability of detecting one photon at (*,, t,) and another at (75, 


t>) is 


GFA.) = D(EOR. WES A. WE mE ~.t)). (14.62) 
wp 


Now the action of E“E® on a two-photon wavefunction would yield the 
vacuum state and therefore 


GF. ti 7.b) => Wap Asti. b)P, (14.63) 
ap 
where 
Wap (i, tiih,b)= (O0|ER (, ty Disa Cae ty |v), (14.64) 


which on using (1.22) becomes 
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Note that the dimension of w is energy per unit volume. We next have to use the 
value obtained from (14.61) 


(00|agaaz,\W) = Ciao + Zaks (14.66) 


in (14.65) and carry out the summations by letting V = o. The resulting 
integrations can be done using methods from complex variables. We cite the 
result [34] 
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where the © function is defined by 


elt ( l ifa >0, 
Y(a) = af = = (14.68) 
co Tle 0 ifa <0. 


The © functions basically give the arrival times of photons at the detectors. 
These also reflect the fact that, in a cascade, photons are emitted in a definite 
time order. As already mentioned, the cascade emission is extremely important 
as it enables one to obtain definitive tests of Bell inequalities [37]. 


Exercises 


14.1 Generalize the results of Section 14.2 when the source A is an excited 
single two-level atom whereas the source B is an arbitrary independent 
source. In (14.1) use S®) —. a, where a is the Bosonic operator. Show that 
the visibility in terms of the Mandel Q parameter of the source B is 
i= 1/[1 + +(7%,; + Om)]. 7) = (aia). A whole class of special cases are 
discussed in [38]. 


14.2 Consider Hong—Ou—Mandel interference between a single photon source 
and another one with arbitrary statistics, described by its density matrix p. 
The operators c and d are related to a and b via (5.3) and (5.7). Calculate 
the joint probability (c'(t)d'(t + t)d(t + 1)c(t)) of detecting one photon in 
each of the ports c and d at times t and t + T respectively. Find the 
maximum and minimum value of the joint probability as a function of the 
statistical properties of b and for (a'(t)a(t + 1)) = e!!. Calculate the 
contrast when the source b is a thermal source, assuming that { b'(t)b(t + 
t)) ¥ ( b'b), and ( b'b) < 1. For experimental work see [39]. 
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14.3 Prove the inequality (14.23) for the intensity—intensity correlations. 


14.4 Calculate for the case of two identical atoms located at R, and Rp and 


with the scheme shown in Figure 14.10, the probability of detecting 
jointly a photon y from the transition |e) — |f) and another one @ from the 
transition |e’) > |g), i.e. calculate the correlation function 


GO, t, p,t) = (EOF NEO, t+ DEX (pt + EM (1). 


Show the existence of interference terms in G®), for details see [11]. Note 
that each field operator would be given by an expression like (13.48). The 


corresponding dipole moment operator S_ is |f} (e| [ |g) (e'| ] for y [o] 
photon. 


14.5 Prove (14.67); for details see [34]. 


14.6 Show that for a system of four two-level atoms, all possible Dicke states 
for j = 1 are given by 
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Near field radiative effects 


Dipole—dipole interactions between atoms or molecules profoundly affect the 
light absorption that occurs in matter. The spectral characteristics of light 
absorption can be strongly modified. For example, the weak field absorption 
spectrum splits into a doublet [1]. The separation of the doublet depends on the 
strength of the dipole-dipole interaction. Furthermore, the photon 
antibunching exhibited by a single-atom fluorescence starts becoming 
bunching due to a nearby atom [2]. The dipole-dipole interactions also give 
rise to fascinating applications in quantum information science, such as 
quantum logic operations in neutral atoms [3]. The dipole-dipole interaction 
can transfer excitation from one atom to the other and this transfer process 
produces entanglement between two atoms. For two atoms with the first one in 
the excited state |e,, 9p), the excitation would be on the atom B, ie. |e,, Jp) > 
Iga, ep) after a certain time. Clearly halfway through one would expect the state 
of the two atom system would be of the form (|e,, gg) + |ga; ep))/./2; which is a 
state of maximum entanglement The dipole—dipole interaction is known to aid 
the process of simultaneous excitation of two atoms leading to the possibility 
of nanometric resolution of atoms [2,4—6]. There are other types of dipole— 
dipole interactions, such as van der Waal interaction [7] which involves two 
atoms each in a state, which could be an excited state or the ground state. The 
level shifts associated with these interactions can strongly modify the laser 
excitation of adjacent atoms leading to the dipole blockade effect [8—11]. Thus 
the first excited atom prevents any further excitation in a confined volume, by 
shifting the resonance for its nonexcited neighbors. This results in the 
production of singly excited collective states which naturally exhibit 
entanglement. The entanglement resulting from dipole-dipole interactions is 
deterministic and hence quite useful. This is in contrast to the heralded 
entanglement discussed in Chapter 14. 


15.1 Near field radiative effects — coupling 
between dipoles 


It is well known that the electrostatic interaction between two dipoles ? , and P? 
p Located at r a and r p respectively, is given by 
Pa: Pa —3(H- Pa): Pp) 


I — ral? 


Q42 = 


where /? is the unit vector in the direction 7, — #,. The interaction (15.1) can be 
thought of as arising, say, from the electric field at the position of the dipole A 
due to the dipole B 


ms 3n( Pp - Nn) — DP, 
E(F;) = ae see 


> —a5 Qap = —pa- E(F4). (15.2) 
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Let us now consider the electromagnetic version of (15.1). Consider a dipole 
which is oscillating at the frequency w, then from the Maxwell equations, we 
can write the electric field as 


wo ~ _— — —> S 
Ew, @o)= a hoe Gij(F4, rR, @)PBj, (15:3) 
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where G,; is the free space Green’s function (tensor) given by [12] 
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We write the real and imaginary parts of G as 
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The Green’s tensor is symmetric under #7 = — 77. Note that in the static limit 


| 2 ss 
c> W(x 30), Q:; > —(6;; —3ninj), Vij > dij, (15.8) 


and therefore (15.3) goes over to (15.2), ie. 


l 
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For c # ©, the force on the dipole A is given by e£(7,,r), and therefore its 
motion given by 


i? ) > : 
(<5 +68) Ba = SE G.0) (15.10) 
dr2 


is determined by the complex Green’s function. Note that F(#,,¢) would have 
two contributions: one from the dipole B and the other from the dipole A. The 
contribution from the dipole A (self-contribution) is obtained from (15.3) as 
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where we have used (15.8). The imaginary part of £(#,;, w) leads to radiative 
damping and for a detailed discussion see [13] (especially Eqs. (16.3) and 
(16.71a)). It is well known that the real parts of the self fields diverge and a 
proper treatment requires renormalization of mass and frequencies. We would 
drop this divergent contribution by assuming that the dipole’s frequency has 


been properly renormalized. Writing P a and Ps in terms of slowly varying 
quantities @ and P 


By = de" + ec., n= be ™ -c.c., (15.13) 
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and dropping a, 6, (15.10) and a similar equation for Ps reduce to 
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The result (15.14) shows how the radiative effects lead to the coupling of two 
dipoles besides the radiative damping of each dipole. The coupling terms 
depend on the distance between dipoles. The behavior of some components of 


= 


¢2 and Y as a function of x is shown in Figures 15.1 and 15.2. Note the 


= 
oscillatory character of these quantities. Also note the divergent behavior of &2 
asx > 0. 

The radiative effects couple dipoles and this coupling can lead to the 
entanglement of dipoles in a fully quantum-mechanical treatment. The above 
discussion has been classical. We now present a quantum treatment of dipole— 
dipole coupling. Let us consider the situation shown in Figure 15.3, which 
shows the transfer of excitation from one two-level atom to the other. This 
transfer occurs via spontaneous emission from atom A and absorption of the 
spontaneously emitted photon by the atom B. We calculate the probability of 
transferring excitation from atom A to B. The interaction with the vacuum of 
the electromagnetic field in the interaction picture can be written as 


H(t) = — ) > Pu E Fa, t) lea) (Sale + Hc. ,a = A,B. (15.15) 


a 


In (15.15) P, is the dipole matrix element for the dipole moment operator for 


the ath atom py, = (e,|Plg~). The wave function up to second order in 
perturbation is 


lWw(t)) = Ra xc 2 Ay (t) )H2 (tz )le4, ge, {O}), (15.16) 


where {0} denotes the vacuum of the electromagnetic field. We need to 
calculate the transition amplitude: A = (g4, eg, {O}|W(t)). A calculation shows 
that 


aA ioe | an 
en Gla, F4,@o)* Pas (iS: T?) 
ot he 


= 

where G is the Green’s dyadic (15.4). It is remarkable that the result of the 
quantum-mechanical problem is related to the dipole fields (15.3). To prove 
(15.17), we simplify (15.16) by substituting the initial and final states and we 
take time derivative to reduce the double time integral to single integral 


Behavior of the real part of some of the components of G 
as a function of the distance between dipoles. The inset 
shows the behavior for much smaller distances. We have 


chosen a coordinate system such that 77 is along the z axis. 


dA a er See ae ioyt 
— > -—= (Dp - E (Fe, T)P4 - E(F4,0))e" dr 
or he 0 
i 
- na (p4* -E(F4, t) pp - E (Fp, 0))e-"" dt, (15.18) 
v Jo 


where the expectation values are with respect to the vacuum of the 
electromagnetic field. Writing E in terms of the mode decomposition Eq. 
(1.22) and using the properties of the vacuum, (15.18) reduces to (15.17) 
(calculations are similar to the one in Exercise 1.9). The two terms in (15.18) 
correspond to two different quantum-mechanical pathways via which an 
excitation is transformed from the atom A to the atom B — a resonant one |e,, 


Jp) > |Ga> Gp) > |9a> ep), and a nonresonant one |e,, gg) > ea, ep) > |Ja> &p)- 


fa 


Behavior of y,, and y,, as functions of x. 
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Electromagnetic-vacuum-induced transfer of excitation. 


15.2 Radiative coupling between dipoles and 


dynamics 


In Section 15.1, we discussed how the field emitted from one dipole can 
interact with the other dipole leading to an effective coupling between dipoles. 
We presented both the classical argument as well as a simple quantum- 
mechanical perturbation analysis to demonstrate this coupling. Such couplings 
determine the dynamical evolution of the dipoles. In this section we give the 
basic equation for the dynamics of two atoms interacting with the vacuum of 
the electromagnetic field. The master equation can be derived by following the 
procedure of Section 9.1. In place of the Hamiltonian (9.2), we would have for 
two atoms 


H; = Y “(Ecle)el +. E.\g) {g| js Hz = s: heosa. ay,, 
j=! ks 


——— 


Fine 3 ie | 2 hos — ikF; H.c 15.19 
sa =— ) | Pegle)(gl + Hc.);- [i] ——eeage 7 + Hc. ]. (15.19) 
is 


j=l ‘ 
The initial state of the field is given by (9.5). We need to simplify (9.27). The 
variable H<p(t) appearing in (9.27) is obtained from (15.19) by attaching 
exponentials to various operators |e)(g| — |e) (gle!™, az, > azo et, The 
algebra is long and is left to the reader as Exercise 15.1. The final result can be 
written in terms of the basic quantities that we already introduced in Section 
15.1 [14-16]. 
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It is assumed that the frequency w, has been renormalized. The vacuum-field- 


induced dipolar coupling, given by the Q term in (15.20), modifies the energy 
levels. The effective unperturbed Hamiltonian is now 


H = hon Y SY + hQ(SPSO 4+ SOS), — Q= Qu. (15.25) 


J 


Its eigenstates are as displayed in Figure 15.4. Here |s) and |a) are the 
symmetric and antisymmetric states of the two-atom system 


ls) = (le, g) + lg, e))/ //2, la) = (le, g) — |g, e))/V2. (15.26) 


The basic master equation in the basis of states |s), |a), |e,e) = |e), |g,g) = |g) has a 
very simple form 


Pee = —4Y Pees Peg = —2(Y + 100) Peg, 
Dias — —2(y + 192.) Pas, Pus — —2y* (p., mare Pee)s 
Piss om —2y~ (Paa — Pee), y* =— FP = = Y12- (15.27) 


The diagonal elements in the collective basis satisfy rate equations and off- 
diagonal elements are coupled to off-diagonal ones only. The doubly excited 
state |e,e) has two channels of decay (Figure 15.4) |e) — |s) at the rate 2; le) = 
|a) at the rate 2y . The symmetric (antisymmetric) state decays at the rate 2y"(2y 
~) to the ground state. Note also that if the two atoms are so close that y,5 * y, 


then the antisymmetric state hardly decays. However, the effect of Q is 
dominant at such distances. The rate equations (15.27) have simple solutions 


Pee(t) -_ Pee Oe", Peg(t) -_ e 20 Heo yw Peg(), 


pelt) =e Ap (0), 
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J aes: = i aon 
zfe ae hig Oey (15.28) 


Paa(t) = Paa(O)e2”* + pee(0)? 


Y 


These solutions can be used to obtain all the dynamical features of spontaneous 
emission from a system of two atoms. 
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Transitions as implied by the master equation (15.20). 


15.3 Vacuum-induced deterministic 
entanglement 


We saw in the previous section that the interaction of atoms with the vacuum of 
the field essentially couples them. This coupling gives rise to atom—atom 
correlations and deterministic entanglement between atoms. Let us first 
consider the possibility of the atom—atom correlation (si sy being nonzero. 
Let us assume a excitation at t = 0, in the state |e;,gy), then on 
expressing SS) = ({e:) (g1|)(\g2) (eo 


sree: states 


) in terms of the symmetric and 


(SOS) == (Oe'— Pas Poa ~ Pas)s (15.29) 


and using the solutions (15.28), we find 


yt 7 l 9 yt ner 
(SWS) = qe" to¢% Tes sie” sin 2Qt. (15.30) 
Clearly the near-field effects have produced atom—atom correlation. If the 
atoms are far apart, then y* > y and (si 5) becomes small leading to almost 


no correlation. The entanglement due to near field radiative effects can be 
characterized in terms of the concurrence C introduced by Wootters [17]. This 
parameter is especially useful for mixed states. The parameter C is defined by 


ee — — — 


C = max (0, V At — VJ A2 _— VA3 — V Aa), ( | 5.31 ) 


where the Ajs are the eigenvalues of p f, where p is defined in terms of the 
Pauli matrix oy 


p =o, (X) 0,p*o, &)o. (15.32) 


If the state is separable, then C = 0. The parameter C = 1 for a maximally 
entangled state. Given p, we can calculate the concurrence. We take the result 
given by Tanas and Ficek [18]. For an initial density matrix with nonzero 


elements Pgq Pee: Pge> Peg Paw P pps Pap: PBa with Ig) 7 91,92) le) = |e1,€2), |cx) = 
|91,€2), |B) = |e1,g2), the concurrence is (see Exercise 15.4) 


C= max (0;C7, 4), 
C; = 2 (| Pee — ./PaxPBp )s = 2 (Pup — / PgePee): 


For two atoms starting in the initial state |e,, gy) = |B), C = 0; however, during 
the course of time development C # 0. Using (15.28), po, = 0, Pge = 0, Cy < 0, 


Cy = 2|Pgp| and hence 
C(t) = 2|pap(t)| = 2(S\?S™)| 
= eV! y sinh? (2y;2f) + sin?(2Qr) > 0. (15.34) 


In the long time limit C(t) — 0 as expected. The time dependence of the 
concurrence is shown in Figure 15.5. We have thus shown how the vacuum of 
the electromagnetic field can produce deterministic entanglement between two 
separable atoms. This happens because both atoms see the same 
electromagnetic vacuum. This property is quite generic and applies to many 
different types of baths. In general for the situation shown in Figure 15.6, we 
would always produce deterministic entanglement between two systems A and 
B. Other examples of the situation of Figure 15.6 are known in the literature 
[19, 20]. The entanglement that we have discussed in this section is different 
from the one discussed in Section 14.5, for example, which was the result of 
the measurement process. 
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Time dependence of concurrence with one atom in an 
excited state. The parameters are:x = |r, —| = 7/6, cos 
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Idea of bath-induced entanglement. 


Finally, we note that if the two atoms are coherently driven, then the master 
equation (15.20) is modified by the presence of an extra term 


id 2Sv + gS, p| on the right-hand side. Many publications discuss 
coherently driven two-level systems [21—23]. Such cases are best studied by 
numerical methods and therefore we do not discuss these. 


15.4 Two-photon resonance induced by near 
field radiative effects 


In this section, we discuss another remarkable effect arising from the near field 
radiative effects. We show how two-photon absorption in a system of two 
unidentical atoms becomes allowed due to dipole-dipole interaction effects. 
Consider the absorption of two photons by a system of two unidentical atoms 
(Figure 15.7). Let the two atoms be initially in the state |g,, gg). The incident 


field is nonresonant with each of atoms as @ 4 @, @) ¥ @>. 


However, the absorption of two photons with the simultaneous excitation of 
each atom would be a resonant process if 2m, = w@; + @». We calculate the 
probability or rate for two-photon absorption using the second-order Fermi 
Golden rule (8.70). If the two atoms are noninteracting and if we ignore the 
near-field radiative effects, then the Hamiltonian for the two-atom system 


= > ho S? —h y (gS? ec" + c.c.). (15.35) 
i=A,B i=A,B 


There are two pathways by which the two atoms get excited (Figure 15.8) and 
the rate of excitation is obtained by summing over the two contributions 
coherently 
ge. gage | = 
amir ae + es wi 5(@, + w@ — 2a). (15.36) 


W| — @] @) — Wy} 
The two terms are according to the two pathways shown in Figure 15.8, and the 
matrix elements in (8.70). The Eq. (15.36) on simplification yields 


2m |g g 2 7 _— 
R.. = __ amigas! + @) — 2a) “3 (w +@) — 2;) = (), (15.37) 


(@, — @ )-(w — WwW )2 
The rate of simultaneous excitation is zero due to destructive interference of 
the two pathways of Figure 15.8. The near field radiative effects make the 
interference of the two pathways incomplete leading to the possibility of 
simultaneous excitation of two atoms [2,4—6]. The Hamiltonian (15.35) is now 
modified to (c.f. (15.25)) 


h=H +hasys® +505), (15.38) 


where we can now evaluate Q at (@, + @5)/2. The coupling term modifies the 
bare energy levels. Let us consider now the unperturbed Hp as 


Hy = >> haS0? + RQ(SSO + SOS”). (15.39) 
The states |g,, gg) and |e,, eg) are unaffected by the coupling Q. However, the 
states |e,, gg) and |g,, eg) are affected by the coupling. The new states and 
eigenvalues are obtained by the diagonalization of the 2 x 2 matrix A(G bss in 
which we have subtracted the energy —2 (a + ) of the state |g,, gg ). This 


has the eigenvalues fi(@, + w, + A)/2 and eigenfunctions 


IW.) = cos Ales, ga) + sin Alga, er), 


. (15.40) 
lWw_) = cos @|g4, eg) — sin @le,4, gp), 
where 
a /(@, —@) Q2 
a ee tan? = ————_————————_, 
2 S14 J + OP (15.41) 
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Absorption of two photons by two unidentical atoms. 


le4,€p) lea, €p) 
Mm 2 @ 
an ; 
lea, 2p) 
lg; €p) 
Mm 1 @ | wa | 
lga- 2p) lga, 8) 


The two pathways for two-photon absorption by a system 
of two unidentical atoms. 
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Pathways in the presence of the dipole-dipole interaction for 
resonant two-photon absorption, w, = (W@, + W>)/2. 


The two paths of Figure 15.8 would now change as shown in Figure 15.9. 
The transition rate is now equal to 


(g4cos6 + gpsin§)(ggcos@ + g4sin@) 
A 4 (ot _ w) 


} a — eS 


(g4cos@ — gpsin§)(gpgcos6 — gy sin@) : 


d +a 5(@, +@ —2@;). (15.42) 
—* - ae ae — Ww) 


The first (second) term in the two-photon matrix element is via the 
intermediate state |W.) (|W_)). Each energy denominator consists of the energy 


of the state |.) relative to |g,, gg) minus the energy of the absorbed photon. 


The numerators are the matrix elements (e4, eg|H)|W+)(w+|Ai\g4, ge), where 
H, is the interaction with the external field. In general, R,, # 0 as long as Q #0. 


The two-photon matrix element at resonance @, + @» = 2q@, simplifies to 


16(¢7, g,) sin;* 6 cos* 6/A*, which is nonzero as long as Q ~ 0, i.e. as long 
as the near-field radiative effects are accounted for. A very detailed discussion 
of the near-field-induced two-photon resonance for the case of intense fields is 


given in [6]. Hettich et al. [2] experimentally studied the effect of intense fields 
on such a two-photon resonance. They were able to study two emitters within a 
distance of the order of A/50, thus making Q very large. They also showed 
how the fluorescence from such a doubly excited system exhibits photon 
bunching. The bunching basically arises as in presence of strong near field 
radiative effects, the probability of simultaneously emitting two photons is 
very high. 


15.5 The dipole blockade 


The near field radiative effect that we have so far discussed couples the state 
lea, Jp) tO |ga, ep). This results in a number of interesting effects like the 
generation of quantum entanglement. It also helps us in discriminating near by 
atoms within nanometers [2]. There are other kinds of interatomic interactions 
that can arise even when the two atoms are in the ground state. These include 
the well-known van der Waal’s forces, which vary as R® for short distances 
and as R’’ for large distances, where R is the distance between two atoms. 
These are obtained by using fourth order perturbation theory [7] in terms of 
the interaction of atoms with the electromagnetic field. One consequence of 
such van der Waal’s interaction is the possibility of dipole blockade between 
two Rydberg atoms, i.e. the interactions forbid the excitation of a second 
nearby atom if the first atom is excited. We have already discussed briefly in 
Section 14.5 how the Rydberg blockade can lead to the entanglement between 
two atoms. We can build up a simple model to see such a Rydberg blockade 
effect [11]. 

We consider two atoms at fixed positions R, and R, with internal levels |e) 
and |g), dipolar transition frequency wg = 21c/A. In experiments of [8], the two 
atoms are located more than 20A apart. The system is conveniently described in 
the Dicke basis |ee), |gg), |s) = (leg) + lge))/,/2 and |a) = (jeg) - lge))/,/2 . We 
consider that the two atoms strongly interact when in state |ee) resulting in a 
shift AS of this doubly excited state. They are driven by a resonant external 
laser field with wave vector k, and Rabi frequency 2g. In the rotating-wave 
approximation, the coherent evolution of the system is described by the 
interaction Hamiltonian 


H = hidlee)(ee| + hg(e is 4 cS 4 Hc.), (15.43) 


where s — (§)! (i = 1, 2)is the atomic raising operator le)(g|. The term h 
dee) (ee| accounts for the shift of the doubly excited state of the system induced 
by the dipole-dipole interaction. For Rydberg atom experiments, the shift is 
produced by the Forster interaction as discussed earlier in the context of 
Figure 14.16. Let 4, be perpendicular to the two-atom line and the reference 
frame is properly chosen so x, . R; = k, - Ry = 0- We further allow for the loss 


of atomic excitation via incoherent processes at the rate 2I, so that the density 
matrix of the two-atom system evolves according to 


: 2 
p = 21H, p]—T Y(SPSp + pSPS — 28 ps). (15.44) 


i=1 


This is the basic equation that we use to establish the phenomenon of dipole 
blockade. We can obtain bath transient and steady-state solutions. 
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Time evolution of the excitation probability p, (dashed 
curve), its square (dotted curve), and the probability p,,. of 
having both atoms excited (solid curve), for (ajQ/F = 5, o/F = 
5: (bDNQ/F = 5, O/T = 30;(c)Q/F = 15, d/F = 30. The dipole 
blockade effect is well marked in (b), where pz. < p%, [11]. 


In the presence of the dipole blockade mechanism, the doubly excited state 
|ee) is expected to be poorly populated although not totally unpopulated. This is 
illustrated quantitatively in Figure 15.10 where we compare the time evolution 
of the square of the probability p, = (e/Tr ple) = (e|Trzple) of having one of the 
two atoms excited with the probability p,, = (ee|p|ee) of finding both atoms 
excited, considering them initially in the ground state. When the dipole-dipole 
interaction is not strong enough (Figure 15.10(a)) it has negligible effect and 
the atoms act as independent systems (p,,. * pr. For a greater dipole—dipole 
interaction (Figure 15.10(b)), the double excitation is blocked and the 
population of the |ee) state remains at insignificant levels though not zero. 
More importantly the double-excitation probability p,, is much lower than ze. 
giving a direct signature of the blockade mechanism. When the laser intensity 
is increased (Figure 15.10(c)), we observe that p,, is again very similar to p?,. 
The dipole blockade is lifted and the atoms behave again as if they were 
independent without mutual influence. The dipole blockade effect can thus be 
circumvented by using strong laser fields. Figure 15.10(b) corresponds to what 
is observed experimentally [9]. 
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‘is 1) Time evolution of the concurrence C of the two-atom 
system, for (aJQ/F = 5, O/T = 5;(b) Q/F = 5, O/F = 30; (C)Q/T 
= 15, o/F = 30, after [11]. 


The experimental results reported in [8, 9] clearly imply the entanglement in 
the twoatom system. We can quantify such an entanglement. From the master 
equation (15.44) we can obtain the complete time-dependent density matrix, 
which then can be used to compute the concurrence [17] — a well-known 
measure of entanglement. For this purpose we use the prescription as given in 
(15.31) and (15.32). We calculate the time-dependent density matrix from Eq. 
(15.44) and use these solutions to calculate the eigenvalues and the 
concurrence. We show the results in Figure 15.11. The concurrence is 
maximized when the dipole blockade mechanism is itself optimized. In Figure 
15.11(a), the dipole-dipole interaction is too weak and the two-atom system 
behaves as a collection of independent atoms. No significant entanglement is 
produced. In Figure 15.11(b), the dipole blockade prevents the doubly excited 
state from being significantly populated and the two-atom system shares a 
collective single excitation. More population in the entangled (|eg) + lge)\/./2 
state is expected and significant amount of entanglement is produced. In Figure 
15.11(c), the dipole blockade is lifted and more population in the separable 
doubly excited state is expected. The concurrence is again less important than 
in Figure 15.11(b). 


Exercises 


15.1 Using Maxwell equations obtain an equation for the electric field in the 
frequency domain assuming a source of polarization and an electric field 
of the atom 

DF, t) = ps(F —Fp)e" +.c.c., 
E(7,t) = E(@, a) +c... 


Then prove Eqs. (15.3) and (15.4). 
15.2 Simplify (15.18) so as to derive the result (15.17). 
15.3 Derive the master equation (15.20) using the method of 9.27). 
15.4 Prove the result (15.33). 
15.5 Derive the results (15.40) and (15.41). 
15.6 Show the validity of (15.42). 
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Decoherence and 


disentanglement in two-level 
systems 


In Chapters 11-15 we discussed how coherence in atomic systems can be 
produced by using coherent driving fields. Furthermore, we have discussed 
how quantum entanglement can be produced by near field radiative effects. 
Clearly the applications of coherence and entanglement require that these 
characteristics should survive over the scale of time at which applications 
would be carried out. However, all systems are subject to interaction with the 
environment (Chapter 9). The interaction is typically determined by two time 
scales T, and T>. These time scales also determine the scale over which 


coherence and entanglement would survive. 

In this chapter, we discuss both loss of coherence and entanglement due to 
environmental interaction. We also discuss some of the methods to protect 
against such deteriorating effects of the environment [1-10]. 


16.1 Decoherence due to the interaction of a 


two-level system with the environment 


In order to understand how decoherence arises, let us consider the interaction 
of a two-level system with the environment, where the environment is treated 
as a bath. We can then use the master equation (9.56) for a two-level system, 
which in terms of the two states |e) and |g) (for spin |e) = |t), |g) =|1)) is 


O Pee (0) 
——a ee 2 hy 
or Ty p Pec 


O Peg . 
z - nae it + IW egs 
a1 ( I, - 


where po is the population of the state |e) in equilibrium. Here 1/T, gives the 


(16.1) 


dephasing rate and 1/T, gives the relaxation rate for the population difference 


between two levels. The solution of (16.1) is 
Peg(t )= Peg (0 je tt ; 
: , (16.2) 
Pee(t) = pl) + (pee(0) — pe. 
Let us assume that the two-level system is prepared in a coherent superposition 
of the states |e) and |g) 


IW) =qle)+Blg), lal +16 = 1. (16.3) 
On combining (16.2) and (16.3), we get 


* .—lwt—t/ Tr 
c ; 


Peg(t) — ap 


- (16.4) 
Pee(t) = p+ (lal? — pD ye“. 


In most solid-state environments, the transverse relaxation is much faster than 
the longitudinal relaxation. Therefore, the coherence term decays quickly and 
then p becomes an incoherent mixture of |e) and |g) states. The vanishing of the 
off-diagonal terms is called decoherence [11] and a pure state becomes a 
mixed state. Hence we need methods which can protect against decoherence. 
We discuss a particularly useful technique in Section 16.4. For purely radiative 
processes T, and T, are comparable and strategies to protect against 


decoherence are more difficult to realize. For radiative decay 
1/T, = 2y,1/T = y, p&) = O and (16.4) becomes 


—?y 


Pe ue = =, Pee(t) = |a|7e77”". (16.5) 
Note that the coefficient e-*” represents the decay of the state |e). In the limit yt 
» 1, the state je) completely decays and p — |g){g|. For radiative decay the loss 
of coherence is connected with the decay of the state |e). However, if the 
environment is such that the state |e) does not decay completely, then complete 
decoherence does not occur. An example of this is the photonic crystal 
environment for which we have shown (Section 7.7.2) that the excited state, 
under the condition that it lies close to the band edge, does not completely 
decay. More generally, for survival of coherence we need to have a situation 
where the bath has a nonzero correlation time, i.e. the environment is non- 
Markovian [12, 13]. A simpler example is discussed in Section 9.7, albeit in the 
context of oscillator dynamics — see especially Figure 9.4. This figure shows 
that an initially prepared coherence survives over much longer intervals than 
in Markovian theory. To see this consider that the oscillator is initially in a 
coherent state |a), then (9.94) implies [(a(t))|? _— |v(t)|7|a|?. Thus survival 
of v(t) over long times implies the survival of coherence. 


16.2 Disentanglement in two-level systems 


The relaxation of the diagonal and off-diagonal elements of the density matrix 
also leads to the loss of entanglement between the two systems. Consider, for 
example, the entangled state 


l 
J? ee S &) ; Je 
os (16.6) 
p = s(le, g){e, gl + lg, e)(g, el — le, g)(g, el — lg, e){e, gl). 


If terms like |e, g){ g, e| were absent in (16.6), then the state would be a 
separable state. Thus if such terms decayed much faster than diagonal terms 
like |e, g){e, g|, then the state would become disentangled. Let us then examine 
the interaction of the system with the environment. First assume that the two 
systems are far apart, so that each two-level system decays according to (16.1). 
Then the off-diagonal terms in (16.6) would decay as 


Denzel) = Pgge(D) Exp (—ie — 5 + iwt — =) = -5 exp (-=) ‘ (16.7) 
Thus the term which is responsible for the entanglement of the state (16.6) 
decays at the rate 2/T,, which is twice as fast as the decay of the superposition 
(16.3). The state (16.6) is fully entangled. However, on interaction with the 
environment it becomes a mixed state and we need to calculate the time 
dependence of both coherence and populations to have an estimate of the 
entanglement at time ¢. 


16.2.1 Pure dephasing-induced 
disentanglement 


We next discuss a very simple situation where the relaxation arises purely from 
dephasing, as is the case in most solid-state environments. This amounts to 
letting T, + ©. In this case 


—iwt—t/Th 


Peg(t) = Peg(O)e Pee(t) = Pee(O), — Pgg(t) = Pgg(0). (16.8) 


Let us consider an initial density matrix for a system of two two-level atoms 
having nonzero Pgg, Pees Pua, PBB Pa, where 


lg) = gi, 92), le) = lei, e2), lw) = |gi, e2), |B) = lei, g2), then 
according to (15.33), the concurrence is given by 


C = max(0,C)), 
= 2(|Pap| — ./PggPee). 


We need C, > 0, if the initial state is entangled. For the dephasing environment 
Pee and p,, do not evolve and pgg evolves according to (16.7) and hence 


Cy = 2 (| Pup! exp{—2t/T} ~ af PggPee): (16.10) 


This gives us explicitly the amount of entanglement as a function of time t. If 
Poe = 0, then we have monotonic decrease of entanglement. However, for 


(16.9) 


NONZETO Pgg, Pee One has an interesting situation — the entanglement becomes 
zero at finite t determined by 


iD, ce 
tp = — log (441). (16.11) 
_ </ PggPee 


The term in the bracket is greater than unity since the state is entangled at t = 0. 
The vanishing of the entanglement for finite time has been called the sudden 
death of entanglement [14]. It may be added that this is the property of the 
initial entangled state rather than the dynamics. Needless to say, one can obtain 
similar results for other models of interaction with the environment. The 
concurrence can be obtained from experimental data by first doing quantum 
state tomography [15]. Almeida et al. [16] devised an alternate method by using 
the Bosonic representation of two-level systems (Eqs.(6.12), (6.13)). They thus 
used the polarization of photons to study the sudden death of entanglement in 
two-level systems. 


16.3 Decoherence-free subspace 


Sometimes it can happen that the interaction of, say, a system of spins with the 
environment is such that the spins interact with the environment via the 
_— oN ol) ro oA) 
collective operators J, = are Se hye = pe S~’. In this case certain 
types of entangled states do not decay or do not undergo any decoherence. For 
example, consider the singlet state of two spins 
l 


7 


This state is such that 


Ivo) = Ube S Zag vhs (16.12) 


JelWo) = (SO + S)|Yo) = 0, S,|Wo) = 0. (16.13) 
Consider for simplicity the master equation (9.56) for dephasing alone 
dp ii ies 5 aes 3 ; 
oe = —ia[S-, p| — T(S2S,o — 2S,oS, + pS-S-). (16.14) 


This equation was for a single spin or a two-level system. However, let us now 
assume that the two-atom system interacts with the dephasing environment via 
collective spins. Then Eq. (16.14) remains valid with S, now representing the 


collective spin J,. From the property (16.13), it is clear that 


d a 
—(|Wo)(Wol) = 0. (16.15) 
dt 


Thus for the dephasing model with collective interactions, the state |W) does 
not disentangle [17, 18], and one says that |W) lies in a decoherence-free 


subspace. Kwiat et al. [18] gave a very simple realization of the decoherence- 
free space by using photonic realization of spins. The decoherence is 
introduced via three quartz plates in each of the two paths for photons. 
Furthermore, the decoherence was made collective by choosing the relative 
orientation of the quartz plates. 

Another very important case of environmental interaction is the one where 
the environment causes transitions between the states of the two-level system. 
Spontaneous emission is an example of this. On replacing the single two-level 
system operators with the collective operators and by setting no = 0, ! = 0, we 


obtain from (9.56), 


a 
i = —io[J., p] — yJ4J_p — 2J_pJ, + pJJ_). (16.16) 


Using Eq. (16.13), we obtain from (16.16) 


a . 
ay Wo) wol) = 9, (16.17) 


i.e. no disentanglement takes place. Note that, for two spins, the collective 
operators have triplet (~ (| t, 4) + | J, 4)) and singlet (Eq. (16.12)) states. 
The singlet state is decoherence free against both dephasing (16.14) and 
radiative decay (16.16) models. This singlet state would then also be 
decoherence free under the combined influence of dephasing and state 
changing environmental interactions. Equation (16.16) allows dynamical 
evolution in the triplet space and therefore the triplet state is not decoherence 
free under environmental perturbations given by (16.16). 


B -B B SS 


A sequence of 7t-pulses is applied at times 77. 


The model (16.16) is the well-known description of the dynamics of Dicke 
superradiance from a small sample [19-21]. Its time-dependent solutions have 
been extensively studied for different number of atoms. We can realize a model 
like (16.16) in a cavity QED set up. We consider the case of a bad cavity and the 
atoms located at the antinodes of the cavity. Then the single-atom master 
equation becomes (16.16) if we replace the single-atom operators by the 
collective operators J,. 


16.4 Protection of decoherence due to 
dephasing via dynamical decoupling 


In this section we show how a sequence of short, essentially instantaneous, 71- 
pulses can protect against decoherence due to dephasing. In Section 9.8, we 
discussed a simple non-Markovian model of dephasing. The interaction of a 
two-level system (spin) with the bath is given by (9.107) 


H = hs, dé (ae + ale’) = hS_B(t), (16.18) 


where we work in the interaction picture. Consider the action of a 7-pulse 
along the x axis. The operator S, is then transformed to 


el: 5 el: — 218, S,(—2iS,) = —4S,S,S, = —Sp. (16.19) 


Thus the action of the m-pulse transforms H into —H, ie. it reverses the 
direction of evolution and this is the reason why the action of pulse is called 
dynamic decoupling. Consider then the evolution over a time interval t and 
apply m-pulses at T,, T>, ..., Ty as shown in Figure 16.1. Thus the evolution 
under the bath from t = 0 to t = T; is with (16.18), from t = T; to t = T, is with 


(16.18) with B — —B. We showed in Section 9.8 that the off-diagonal element 
of p evolves as (Eqs.(9.111) and (9.112)) 


Peg(t) = Peg (O)E(t), 


t (16.20) 
ct) (T exp {i / Bir)ar} ) 
0 


where T stands for the time-ordering operator and the averaging is done over 
the state of the bath. We now need to modify (16.20) according to the scheme 
shown in Figure 16.1. We need to replace B(t) by B(t)f(t) with 


N-1 

f(t) = Y\(-1)/0(t = 0 (Tix — 7), T= 0. (16.21) 
j=0 

Thus f(t) =1ifO<t < f, f(t) =—l if] <t < 7), etc. Hence, 


under the influence of the 7-pulses ¢ (t) would be 


C(t) = (w(t)), 


t (16.22) 
w(t) = T exp {- Boe) f(r) . 
0 


The rest of the steps are similar to the ones in Section 9.8. By analogy to 
(9.123), we now obtain 


l 5 
¢(t) = exp {i®(r)} exp {- / daw/ (aw) - (no) _ 5) Ifo, oF | ; 
fi ] 
flo, t) = -} edz f(z), n(@) = eho/KeT — |” (16.23) 


O(f) = [oo [ dt2J (w) sin[w(t, — ™)] f(t) f(t), 
where J(q@) is the spectral function of the bath. For an ohmic bath it is given by 
(9.106) 
J(w) = 2aw@(wp — w) or 2awe~?!””, (16.24) 
For a Lorentzian bath it is 
I /x 


J = ——.. 
() Tr? + @ 


Jo, (16.25) 


where J, has the dimensions of frequency squared. The decay of the coherence 
Peg(t) is given by exp{—B(t)}, where f(t) is obtained from (16.20) and (16.23) 


1 . 
Bu) = [ cto) (no) ~ 5) | f(@, t)|°. (16.26) 


The function f(@, t) can be evaluated to be 


N 
1 : : 3s % 
f(@,t) = —] 14 (-1I)% te 42S (-1e |. (16.27) 
a) = 
j= 
For zero temperature n(@) = 0, and if no pulses are applied, then 
sin? (wt /2 . 
pi) 2 | dasa). (16.28) 
ow? 


For large t, the function sin*(@t/2)/@* is sharply peaked and hence for a 
Lorentzian bath 


: t 
Bi)~rJONt=—, h= (16.29) 


ie 7 mJ (0) Jo 


For a Lorentzian bath f(t) (Eq. (16.28)) can also be evaluated in closed form 
for all t 


Jp rt f 0 
Bt) = =i —l+e"‘]. (16.30) 


We next want to show how the application of two different types of pulse 
sequences makes the decay of coherence much slower. 


16.4.1 Equidistant pulse sequence 


One very well-known pulse sequence, first developed in the context of nuclear 
magnetic resonance, is the Carr—Purcell-Meiboom-Gill (CPMG) sequence. 
This consists of a set of N m-pulses uniformly distributed in the interval 0 to T, 
so that 


jt 
fs, 
1 N+1' 


The pulses being applied at T,, T>, ... Ty. The observation is done at time T. 
The series (16.27) can be evaluated using (16.31) with the result 


‘ 4 se wt , {ot y 
P= — ir cos*|—}, Nev 
lf(@, t)| a an 4D cos 3 even 


4 wt fart 
= — tan? ——— }sin©- | — ]}, WAN odd. 
we 2N +2 2. 


A number of experiments [22—24], have established the great advantage of the 
CPMG sequence in slowing down decoherence particularly if the bath is 
described with Lorentzian spectral function (16.25). Using (16.26) and (16.32) 
we can evaluate f(t). It can be shown that the integrals are well defined (see 
Exercise 16.5). We display I’ T,B(t) = (T?/J)B(t) as a function of t =I t in 


Figure 16.2 for zero temperature. We show the behavior for two different 


Ty 21 = 7. (16.31) 


(16.32) 


numbers of pulses. Figure 16.2 shows how the CPMG helps in slowing down 
decoherence. Even for a small number of pulses, such as four or six, the scale 
for the survival of coherence has increased by a factor of about ten. Sagi et al. 
[24] demonstrated the application of CMPG sequence in increasing the 
coherence time by a factor of 20 in a dense cold atomic ensemble of ®’Rb 
atoms. Other experiments have used solid-state systems [22, 23]. For example, 
Lange et al. [22] demonstrated enhancement in coherence time by a factor of 
25 of a single nitrogen vacancy defect center in diamond coupled to a spin 
bath. 


The behavior of the parameter B(f) (Eq. (16.26) with n(w) = 
0) as a function of tT = Tt, when the CPMG sequence is 
applied. The values for N = O are one tenth of the actual 
values. 


16.4.2 Uhrig pulse sequence (UDD) 


Uhrig [25] proposed a pulse sequences in which pulses are applied at 
nonuniform intervals given by 


T, =T sin? (74) , (16.33) 


It turns out that such a sequence is especially useful if the spectral density of the 
bath has a sharp cut off as in the ohmic case (16.24).In this case the function 
f(@, t) can not be evaluated in analytic form. Uhrig [25] has given an 
asymptotic form valid for wt/2(N + 1) <1: 


2~ 16 _ cot 
(@, OF = SGN + I)Iyai | > )- 16.34 
lf (@ )| 2 1) N+1 ( 7 ) (10.54) 


The function f(t) can be evaluated numerically. We show in Figure 16.3 the 
behavior of 1 — exp{—f(t)} as a function of wpt for 20 pulses for both UDD 
and CPMG sequences. For ohmic baths, the advantage of UDD sequence is 
apparent. The UDD works even for strong coupling with the bath. Many 
experiments [26, 27] report the relative merits of the UDD and CPMG 
sequences. In experiments on an array of ions in a Penning trap, Blercuk et al. 
[27] could even manipulate the spectrum of noise and for different noise 
sources reported the performance of the UDD and CPMG sequences. 
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Dotted: uniform CPMG sequence; solid: nonuniform Uhrig 
sequence for a = 0.25, 0.1, 0.01, 0.001. 


16.4.3 Protection against disentanglement 


So far we have considered how the dephasing induced decoherence in a single 
two-level system can be controlled by using dynamic decoupling. We can 
extend the idea of dynamic decoupling to protect entanglement against 
deteriorating effects of environment. For EPR states like (16.6), the key 
quantity is the off-diagonal element p,,. (Eq.(16.7)). If the two spins are 
interacting with identical environments, then the decay of this quantity would 
be governed by 


Peg.ge(t) ™ Peg.ge(0) exp{—2B(t)}, (16.35) 


where f(t) has been discussed in Sections 16.4.1 and 16.4.2. Clearly methods 
used to protect decoherence are equally valid to protect entanglement [28] as 
also confirmed by experiments [29, 30]. Even the p-particle GHZ state 


I 
lw) = —~(leee...e) — |ggo. : . 2) ) (16.36) 


2 


can be protected. The disentanglement in presence of the pulses would be given 
by exp{-pfB(t)}. Incidentally this also shows the dependence of the 
disentanglement on the size (p) of the entangled state. 


16.5 Control of the spectral density of 
environment for protection against 
decoherence 


In Chapter 9 we showed that the relaxation times T,, T, are determined by the 
structure of the correlation functions (Eq.(9.29)) of the bath. More specifically 
in the context of the Markovian theories, the decay rate is determined by the 
spectral density evaluated at system’s frequency (Eq.(9.38)). Clearly if we can 
externally manipulate the spectral density such that its value at the system’s 
frequency becomes small, then the environmental effects on the systems 
coherence and entanglement would be minimized. We consider this possibility 
by appropriately modulating the frequency of the system which effectively 
changes the characteristics of the relaxation induced by the bath [5-7]. 
Let us consider a modulation of the frequency of the two-level system 


Wo —> Wo — mv Cos vt. (16.37) 


Let us consider the interaction of the two-level system with a bath of oscillators 
so that we write the Hamiltonian as 


H=h ‘> wja\a; +h DY (gjajS4 + H.c.) + h(@p — mv cos vt) S,. (16.38) 
j j 
In the interaction picture (16.38) leads to 


Hy(t) = BY (gyaje oo e—imsinn's | 4. Hc.). (16.39) 


We would keep the analysis as simple as possible. We would take the bath of 
oscillators to be at zero temperature. Let the atom be in the state |e) at t = 0. We 
work in the Schrédinger picture. The wave function at any time can be written 
as 


W(t) = ce(t)le, {0}) + } > es@lg, {1)}), 
/ (16.40) 
ce(O) = |, cj(0) = 0. 


We also use the well-known expansion 


e—im sin vi = = Jy (mew. (16.41) 


qa=—-& 


Using (16.38) and (16.41) and the Schrédinger equation, we obtain equations 
for the amplitudes 


Co — —j > acce"re omen’ (m ej (t ), 


Iq 


. . * i(@;—Wp )t igvt 
é;= iD) gel, (me ce(t). 
q 


(16.42) 


We can now formally integrate (16.42) for c(t) and substitute in the equation 
for c, to obtain 


t 
: . 2 .—i(@;—@p )t—igvt i(w@;—a@p )(t— ig’ v(t— 
C= lz;| e 1(@ ;—@p )t—Iqv Jy(mJy(m) | ell F @p )(t—T )+ig' v( e.(t)dt. (16.4 3) 
0 


AQT 


We assume v is large compared to the width of the bath so that we can do a time 
averaging over the scale of the order of v +, then (16.43) reduces to 


Ce=— ; lg; 
iq 


On taking the in Laplace transform, we obtain from (16.44) 


t 
“J; (m) | e—Maj—o)t—-QVT (rz )dr. (16.44) 
0 


pee(p) — 1+ x lgil’J2 (m)[p + i(w; — wo) + iqv]'é.(p) = 0. (16.45) 
Jd 
On defining 
ey . . = 
U(p) = ». IgilJ5 (m)[p + 1(@; — @o) + iqvy, (16.46) 
Iq 


the amplitude for finding the system in the state |e) is then 
Ce(p) = [p+ E(p)]". (16.47) 


The form of ¢,(p) is similar to what we discussed in Chapter 7 (see, for 
example, Eq.(7.83)). The case discussed in Section 7.7.1 corresponds to v = 0. 
However, we can now use the modulation to fix the contribution coming from 
the bath. For example, we can choose modulation so that Jo(m) = 0. If we 
continue to assume that the coupling to bath is weak, then we can use the 
approximate expression 


é.(p) =[p+ x(0*)]'," (16.48) 


ol lates >, Ieil?J7 Om) [p + (ej — 9 + qv)". (16.49) 
i,.qH#0 


Clearly the relaxation is now determined by the spectral density of the bath at 
the frequency (@  — qv). For structured baths (nonwhite noise spectrum) with a 


width I (Eq.(9.100)), we can evaluate X(p) 


Baar | 
ro= > | (m) = (16.50) 
T++(w—@)- pt+i(@—a@o) + iqv 


which for @ = @y reduces to 


) KT 
E(p) = Y‘J2(n) .-——___.. 16.51 
” ~ TE p+ iq) _— 


Let us now compare the real part of X(0*) in the absence and presence of 
modulation 


Red(0*) > k ifm = 0, 


> 


<= 


> Pr = 
~ KJ? —— if J = 0, (16.52) 
KJ; (im) P24 py o(m) 


KK ify >I; 


The result (16.52) shows clear advantage of using modulation of the system’s 
frequency in effectively reducing the decoherence effect of the bath [5]. 
Needless to say, given the form (16.51) of X(p), we can evaluate the time 
dependence of c, and we need not rely on the weak coupling approximation. 


The weak coupling is used to illustrate how modulation can substantially 
enhance relaxation times. 

In the above we considered the survival of the population in the state |e) over 
longer periods. As discussed in Sections 16.1 and 16.2, the amplitude in the 
state |e) also determines the time over which coherence and entanglement 
would survive. Thus by using fast modulation both coherence and 
entanglement survive over much longer periods. 


16.6 Modulation produced protection against 
disentanglement in cavity QED 


Finally, we discuss the question of survival of entanglement in cavity QED. 
Consider two two-level systems in a bad cavity on resonance with the 
frequency of the two-level system. The interaction Hamiltonian in the 
interaction picture is 


H = hefa(S\? +S) + Hic]. (16.53) 
The effect of frequency modulation is to replace (16.53) by 
H = hgfa(st? + Sem" 4 H.c.]. (16.54) 


The field in the cavity decays at the rate 2x. Let us assume for simplicity that 
the initial state is a single-photon state 


lv) e, g) + |g, e))|0). (16.55) 


l 
= —( 
/2 
Then the state at time t would have the form 
Iw(t)) = (a, (t)le, g) + a2 (|g, e))|0) + aa (lg, g)|1) + a-@lg, g)|0). (16.56) 


The last part (a,) represents the eventual decay of the excitation out of the 


cavity. The entanglement in the initial state and the state (16.56) can be 
calculated. The concurrence is 


C(t) = 2max{0, |a (t)||a2(t)|}, E(0} — 1: (16.57) 
The equations for a1, a and aq are 


@, =—ig(t)ag, @=—ig(t)ag, ag = —ig*(t)(a; +a2) —Kag, 
—imsin vt , l : - ; (16.58) 
g(t) =.ge , a (0) =a2(0) = 5. aa(0) =ay¢(0) = 0. 
These equations can be integrated numerically or by using the method of 
Section 16.5. As in Section 16.5, we use a value of m such that Jo(m) = 0. 
Furthermore, for large v we expect retention of coherence and entanglement 
over much longer periods. For the case of a bad cavity g « k and for m= 0, we 
obtain approximate equations 
~ —i9" 
Od Ig" (a idiot (16.59) 
a) = —g (a + @)/k, a2 = —g (a + a2)/k, 


and hence 


> ? 


I 2g 
a(t) =az(t) = Va a (16.60) 
leading to time-dependent concurrence 
. 4? 
cw) = exp {= - i. (16.61) 
K 


The loss of entanglement is given by twice the decay rate of the atom in the 
cavity. In presence of modulation we can integrate the set of Eqs. (16.58) by 
using the Runge—Kutta procedure. We show in Figure 16.4 the result of using 
fast modulation.Clearly the fast modulation considerably slows down the decay 
(16.61) of concurrence and thus entanglement can be made to survive over 
much longer times. This figure also shows that if m is not chosen to be a zero 
of Jo(m) (case m = 0.5), then the modulation is not of much help. The bottom 
two curves in Figure 16.4 are hardly distinguishable from the decay given by 
(16.61). 
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The time evolution of the concurrence of the EPR state 
(16.55) for two atoms in a bad cavity. The figure shows how 
fast modulation can protect entanglement over much larger 
periods. 


Exercises 


16.1 Consider a two-atom system initially prepared in a Werner state defined 
by the mixed density matrix 


, |1-—F 
p=Flw)(w|+ qh 

where |W) is the singlet state (16.6) and I is the unit operator in four- 

dimensional space. Note that Trp = 1. The state is known to be entangled if 

F > 1/3 [381]. Assume that each two-level system decays independently 

according to (16.16) (S, spin-1/2 operators). Then find the density matrix 


at time t. Use the time dependence to find concurrence as a function of F. 
Can the concurrence vanish at finite t for all values of F > 1/3 [1]. 


16.2 Estimate Tp given by Eq. (16.11) for the Werner state of Exercise 16.1. 


16.3 Using (16.4) find 1 - Tr{p(t)}, which is a measure of how far the state 
deviates from a pure state. 


16.4 Using contour integration prove the result (16.30). 


16.5 Consider the integrand in (16.26) for Lorentzian bath and for CPMG 
sequence, Eq.(16.32). Show that there are no singularities on the real w 
axis. It would be useful to express as cos px, sin px for integer values of p 
in terms of powers of cos x and sin x. 


16.6 Consider the decay of the field in a cavity as described by the master 
equation (9.37) with ng = 0 


0 + : 4 

= = —K(a'ap — 2apa' + pa'a). 
One can use a feedback technique by measuring the field by a photo 
detector and by using the photocurrent to modulate the phase of the cavity 
field. In this case the master equation is modified to [10] 


fy) : _ 
= = —K(alap + pala —2e'"*4 


1 ia at 
apa'e Uta ~~. 


Show that under this feedback the cat state |v) + i] — a) will remain a cat 


state with a + ae“. The general theory of feedback is developed in [32, 
ao | 
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In Chapter 13 we saw how the optical properties of a two-level system can be 
modified by the application of an additional strong coherent field. For 
example, the absorption of light by a two-level system depends on the strength 
and frequency of the driving field. Figure 13.5 showed that in certain 
frequency regions we can amplify a probe beam. We assumed in Chapter 13 
that the coherent light beam was acting on the same optical transition as the 
weak probe beam. However, the atomic/molecular systems have many energy 
levels and we can take advantage of this to produce a variety of ways of 
controlling the optical properties. This would offer much more flexibility as 
different optical transitions would have different frequencies and hence one 
could use a variety of sources. In this chapter we present results for the optical 
properties of a multilevel system. We show that coherent control can make an 
Opaque medium transparent. We also show that the dispersive properties, which 
are important for the linear and nonlinear propagation of light, can be 
manipulated by light fields [1-3]. 


17.1 A simple model for coherent control 


Let us consider the situation shown in Figure 17.1 where we have a plane wave 
travelling through a medium of length /. The medium is characterized by a 
complex optical susceptibility y(@), which depends on the frequency of the 
electromagnetic wave. The output field is 


wo 
Fou (@) = exp|i=n(o)!] Ejin(@), (11) 
z 


where n(q@) is the complex refractive index of the medium given by 

n(w) =1+47x(o), (17.2) 
which for atomic vapors (|y(@)| < 1) reduces to 

n(w) = 1+27x(). (173) 


The intensity I,,, of the output is 


out 
lon (@) = exp[—a(@)/|lin(@), (17.4) 
where a(q@) is the absorption coefficient of the medium 


; 
/ 


a(w) = “Im(x(o)). (17.5) 
P 

The real part of x(@) corresponds to the phase shift of the beam. The real and 
imaginary parts of y(@) satisfy the Kramers—Kronig dispersion relations. The 
susceptibility y(@) typically depends on the intrinsic properties of the medium, 
i.e. on the energy levels, life times, and various other relaxation processes (cf. 
result 13.14) for two-level systems). For two-level systems a(@) is maximum 
at resonance @ = Wy 


Th|p\- nao 


(17.6) 
hie 


a(Wo) = An 


where n is the density of atoms. This absorption coefficient is about 10 cm! 


for a density of 10'° of Na atoms and for the transition 3s — 3p(see the 
estimates after Eq. (13.16)). Thus the input beam would be attenuated over a 
distance of the order of 0.1 cm. In order to control the optical properties, the 
idea is to add another laser beam, which we call the control field and which 
would be acting on a different optical transition from the one on which the 
probe beam is acting. The application of the control field modifies the 
susceptibility y(@) to x(@,E)), which can, in principle, depend on all powers of 


the control field E;. We might be able to choose the parameters of the control 
field in such a way that a(@,) becomes nearly zero and thus making the opaque 
medium transparent. Harris et al. [1] termed this the electromagnetically 


induced transparency. We now present explicit results of optical properties for 
a model system [1, 2]. 


Ejn, @ Eout, @ 


A plane wave propagates through a medium. 


Consider the three-level system shown in Figure 17.2. The optical transition 
of interest is |a) > |b). Many alkalis, such as sodium and rubidium, have this 
type of level structure. For example, for ®’Rb vapor, we can choose 
|b) = 57S, 2 (F = 1), |e) = 5°S\)2 (F = 2), and |a) = 5? P17 (F = 2), where the 
hyperfine components |b) and |c) have an energy separation of 6.8 GHz. The 
probe and control lasers would be diode lasers. We consider the copropagating 
pump and probe fields 


E = E,elh Tor 5. Bette Tlert 4 oc, (17.7) 


The Hamiltonian of the three-level system, located at 7, in the rotating wave 
approximation is 
H =fhi(@,|\a)(a| + |b) (b| + @.|c) (c]) 
— fi(g,|a)(ble"@"" + g:|a) (cle + H.c.), 


(17.8) 
a = Pab * Ep Ep alk? = Pac Er hr 
oe h r e h ; 
We remove all the optical frequencies by using the transformation 
Pab _ Pase’?", Pac = pase, 17.9 
= — a—lept+leyt a — ( = ) 
Phe = Phc& > Paa = Paa- 


We include the radiative decay of the upper state |a) at the rate 2y,, (2y,,) to the 


state |b) (|c)). We also include the possibility of phase changing collisions. Thus 
each off-diagonal element p,g of the density matrix decays at the rate Dy, 


which now includes contributions from radiative decay and phase changing 
collisions. We would thus use Eq. (9.67) to include all the decay processes. The 
working equations for the three-level model are obtained by using (9.67) and 
(17.8). These are given by 


Pab = —iApPar — VabPab + iZp(Pps — Paa) + 181 Pcb; 

Pac = —i1A] Pac — VacPac + i8pPbe + igi (Pce — Paa); 

Pcb = i(Ay — Ap) pcb — Vac Pcb — Zp Pca + i] Pab; _ 

Paa = —2(Yta + Yea) Paa + i&pPba + i81Pca — iF7,Pab — i8} Pac» oy 
Pbb = 2YbaPaa — 1p Pba + 18}, Pabs 

Poe = 2YcaPaa — 181 Pca + 187 Pac: 


where for brevity we have dropped the tilde from the density matrix elements 
and where 


Ay = Wg — ©. — ©), Ap = Wg — Wh — Wp. (VTTT) 


[>) 


A / -type three-level atomic system interacting with probe 
and control fields. 


17.1.1 The electromagnetically induced 
transparency 


We assume that initially the atomic population is pumped into the state |b). The 
equations (17.10) can be solved to all orders in the fields g) and g,,. However, in 


the spirit of the probe field, which, by definition, is a weak field, we calculate 
the coherence p,, to lowest order in the weak field, i.e. to first order in g, and 


to all orders in gj. We first note that if g, = 0, then the solution of (17.10) is pp, 
= 1 and all the other elements of p are zero. To obtain p,,, we need to solve two 
coupled equations for p,, and p,, in the steady state with the results 


IZ) 


ba = ea? (17512) 
: Sil" 
(C4, +1A,) + ————— 
Tae + i(Ap — Ar) 
y* 
= sIEP (17.13) 


~ |g? + Das + iAp) [Pc + (A, — AD] 


The induced polarization p,, can be used to define susceptibility Xo)(@y) for 
the transition |a) <— |b) as we did in Section 13.1.1 (Eq. (13.12)). 

Putting everything together and replacing dipole matrix elements by their 
rotational averages, the modified susceptibility for the transition |a) < |b) is 


x) (wp) - Xoni (17.14) 
\gi|? | 

(C4, + i1A,) + —————_ 
e ’ Pb +1(A,:— Az) 


where n is the density of atoms. At two-photon resonance A, = A, ie., @) — @) 


= @,», the susceptibility reduces to 


(ab) ¢ xonil sp. 


7 o,) = ————— > 0 ifT,.—> 0,  |g;| 4 0. (17.15) 
: lg ae + \A,) - l27|- 


Thus, at two-photon resonance, both the real and imaginary parts of y{?) 


become zero if the levels |b) and |c) are infinitely long lived. Furthermore, even 


if T,. # 0, Im(y@?) can be made much smaller by increasing the power of the 


control laser. The vanishing of the imaginary part of x) was called the 
electromagnetically induced transparency (EIT) by Harris and collaborators 
[1]. We show the behavior of the real and imaginary parts of the susceptibility 
(17.14) in Figures 17.3 and 17.4 for the case when the control field is at 


resonance, A; = 0 and I’, = 0. We normalize all frequencies in units of [’,, and 
write xy’ + 1x" = ste, G = |g;|/T.,. The transparency window can be 
clearly seen. We now present an estimate of the width of the EIT window when 
the control field is at resonance, i.e. A; = 0 and when I, = 0. The susceptibility 


Xe) can be written in the neighborhood of A, = 0 as 


xon A, —_ lgil? 
es 2c? /2T as 


Note that yon / [’,, is the imaginary part of the susceptibility if there is no 


(17.16) 


Im(x ‘” (wp)) © 


control field. The transmission (17.4) in the neighborhood of A, ~ 0 can now 
be expressed as 


ceo] A* AT Wah Yon 
Dout ~ Tin oo(- : ) , aol = ied «LL (Te 17) 


20° cl is 
The width of the window is governed by the power of the control laser and it 
increases linearly with the laser power, since o is proportional to the laser 
power. 

Another important consequence of the control field is the creation of atomic 
coherence p,,. ~ 0 between the two long-lived levels |b) and |c). This coherence 


oscillates at the frequency (@, — @)). This coherence has many applications in 


storage, retrieval of pulses, and in creating memory devices for quantum 
information (Chapter 18). 
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Fig. 17.3 The behavior of the absorption in the medium for G 
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Fig. 17.4 The behavior of the dispersion in the medium for G 


Figure 17.4 for the behavior of the dispersion in the medium shows that in 
the region of line center the anomalous dispersion changes to normal 
dispersion. Furthermore, one can have steep dispersion depending on the 
power of the control field. The steep dispersion can be used for making the 
propagation of light ultraslow, as discussed in detail in Chapter 18. We also 
note that the nonlinear generation of radiation [3] can be enhanced by using 
both EIT and control of dispersion. 


17.1.2 Nature of the quantum interference 


We now discuss what leads to EIT. For this purpose, we examine the 
susceptibility (17.14). The behavior of the susceptibility depends on the roots 
of the denominator in (17.14), which for A; = 0 occur at 


i fo] , _ 
Ap — 5 Pap + Te) + \ |2;|- — a‘ Cx — ig rs ( | i. 18) 

l 

% (Va + Moe) £ lel, lgil > F1P as — Vici, (17.19) 
i fi ; : | 

= 57 Pa + Va) = 'y rh Pap — ge )- — lgi|- if l27| < 5 lPas — i= 

ey iD, e+ ileyl?/(C a =e). Pos > Vie (17.20) 
i va | pe 

= = (Vas +T;.), if || = =P ab _ nem R (17.21) 


The case (17.19) is referred to as Autler-Townes splitting [4]. The two 
complex roots have distinct frequencies with identical width. In case (17.20) the 
two roots are purely imaginary and since generally [’,, > T',,, the one root at 


A, = 0 has a very small line width. In case (17.21) we would have a double pole 


in the susceptibility. Note that the case G = 0.5 in Figures 17.3 and 17.4 
corresponds to (17.21), where the dip is much narrower due to the double pole. 

These roots enable us to understand the nature of the quantum interference 
that leads to the vanishing of absorption. The imaginary part of the 
susceptibility (17.14) for control field on resonance A; = 0 can be written by 


using the roots (17.19) in the form 


(a T Xon ; 
Im(x' ”) (wy)) = ms [Lw (Ap — |gi|) +Lu(Ap + lzi|)] 
Tw fl 
ao F [Dw(Ap — gil) — Dw(Ap + lel], (17.22) 
gi] 2 


where L and D are the Lorentzian and dispersive profiles defined by 


D/IT X/IT 
Lott) = a DG) = on (17.23) 
x- + wr x + @-* 
l l 
w= = (Pas +T;.), B = = (Pas —T;,). (17.24) 


At the line center A, = 0, which also corresponds to two-photon resonance 
since A; is assumed to be zero, one has 


' w p 
Im( (A, = 0)) = 2 xon RE: RR, Ce ee ee a ee 
ep) kA | er Re 


n Dn-Xon 
X0 = (w lis B) = a, 
- we + |gil? 


sng (17.25) 
w- + |gi| 


On the other hand, if we had ignored the dispersive contributions (the D,, 
terms), then 


n l 
Im(x@(Ap = 0)) = <a (Pas + Pres (17.26) 


w + |27|- 


which would never be zero. The absorption for I’, = 0 goes to zero only due 


to the combined presence of both Lorentzian and dispersive contributions in 
(17.22) [5, 6]. We thus have the picture shown in Figure 17.5 in terms of the 
dressed states obtained by diagonalizing the part of the Hamiltonian (17.8) 
containing the states |a) and |c) (see Section 11.1.1). A single channel of 
absorption becomes two-channel absorption. Furthermore, the absorption, 
which typically is Lorentzian, is now a combination of both Lorentzian and 
dispersive contributions. This is because the weight factor of each line is 
complex. 


|b) 


Two channels of absorption starting from the state |b) to 
the dressed states |+). 


The first observation of the EIT was made by Boller et al. [7] using an 
autoionizing transition in neutral strontium. The probe transition was 5s5p! P, 


+ 4d5d! D,. The autoionizing level decays rather quickly and is coupled by a 
control laser to the level 4d5p! D,. They observed the changes in transmission 


from e~° to e!. These observations were extended to a medium with very 
strong collisional broadening by Field et al. [8]. Remarkably enough, EIT 
experiments at single-atom levels have also been reported by several groups 
using both high finesse cavities and ion traps [9-11]. The EIT has been 
experimentally studied when the probe is replaced by the squeezed vacuum 
[12]. Since at two-photon resonance the absorption is zero in the absence of 
collisions, one would expect that the degree of squeezing would not be affected 
by the medium. However, in practice there is degradation in squeezing as the 
squeezed light would have finite bandwidth, and different frequency 
components, other than at two-photon resonance, would suffer some 
absorption. In another experiment, Eisaman et al. [13] used the propagation of 
single-photon pulses in an EIT medium and demonstrated that the quantum 
nature of the single-photon pulses is nearly preserved. 

In the discussion so far we have considered the A-scheme of energy levels 
which has the great advantage that the levels |b) and |c) which are not directly 
connected by optical fields are long lived. Many other schemes have been 
considered in literature. The ladder system has been discussed extensively [13, 
14] and transparency in such systems also demonstrated experimentally [8, 15, 


16]. Over the years a whole host of multilevel systems, including solid-state 
systems, even those with more than three levels, have been studied for 
uncovering newer and newer applications of coherent control. The double- 
lambda systems have turned out to be specially useful [17]. 


17.1.3 Subnatural and sub-Doppler line widths 
in absorption under conditions of EIT 


The susceptibility (17.14) as a function of probe detuning (A,) has a doublet 
structure. The line width of each doublet depends not only on the relaxation 
parameters I”®, |g,| but also on the detuning of the control laser. The line width 


can be subnatural under certain conditions as we now discuss. The polynomial 
in the denominator in (17.14) is 


P(A,p) = A® — iAp (a + Ve — 11) — Vas be — Ign? + iT as, (17.27) 
which has two roots 


Pap + V5. — iA; 
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a 


teh —iAy . | ; an 
Ap = OO ££ Pal be + lel? — ( —iAjTg. (17.28) 


2 \ 
LetQ = Vlei? + A}, then in the limit of large ©, the roots are approximately 


Ay .@ i iA; pers 
Ap = > = a +- 5 Pa +T,.)+ 5q (Pte — Ta). (17.29) 


Thus the root A, = 54 + 2 will have a full width 


A) | A; A) ; 
Pa + Te —(;,—lg)=Tealil— =) I (1 =). (17.30 
Ula + le) + ° i I +( ° +1, + ° ( SU) 


which for large positive detuning A; * Q would be subnatural since [,, < Typ. 


Rapol et al. [18] presented the demonstration of subnatural line width in room 
temperature Rb vapor. A key element in their experiment was the elimination 
of the first-order Doppler effect on the probe transition by using a counter- 
propagating saturating beam. Under these conditions the formula (17.30) 
applies. 


The coherent control field can also produce sub-Doppler line widths as 
predicted in [19] and experimentally demonstrated in [20]. For copropagating 
fields, a moving atom with velocity v will see a frequency @ — kv. Ignoring the 
difference between kv and k,v, this amounts to replacing detuning by 


A, > Ap+x, A; > A; +x,x = kv. Let us set T,,, = 0 for simplicity. Then the 
root with upper sign in (17.28) in the limit of large Q will be 


A, Q 1 Ar) x/, A 
Ap= S45 +5itw(1-Z)-F(1-Z). (17.31) 


The parameter x is velocity dependent. It is fluctuating with zero mean value 
and dispersion equal to (x7) = (k*v*) = D*. Thus the width of the line located 
at A)/2 + Q/2 would become 


V A? + 4lgi/? 


showing the possibility of sub-Doppler line widths as the detuning A, increases. 


The numerical simulations using (17.14) and Doppler averaging yield full line 
shapes [19]. The numerical solutions also confirm the approximate analytical 
result (17.32). Zhu and Wasserlauf [20] observed the behavior of the linewidth 
as predicted by (17.32) by performing EIT on the D, transition of Doppler 


broadened ®’Rb vapor. 


|a) 


|b) 


Fano interference between the transitions 
|b) > |E) and |b) > |a) > |E). 


17.1.4 Fano line shapes in EIT 


In a classic paper Fano [21] discovered that the quantum interference of 
different transition amplitudes can produce absorption profiles which exhibited 
a zero, or more generally, a minimum. Let us consider the simplest possible 
situation as shown in Figure 17.6. Here the level |b) can be excited to the level 
la) by a laser field. The level |a) is connected to a broad continuum of states |E). 
Furthermore, the population from the level |b) can go to the broad continuum 
via interaction with the laser field. Let 2l' be the rate of decay of the state |a) to 
the continuum. The two transition amplitudes |b) = |E) and |b) = |a) = |E) 
interfere and lead to a non-Lorentzian line shape 


(A,/T +q) 


Srila )= ————_.. 
FAQ) 1+ (A,/P? 


Here q is called the Fano asymmetry parameter, which is a measure of the 
strength of the interference between different channels of absorption. It is 
given by q = V,,,/(1 V,eVeq), Where V is the interaction potential. The line shape 
has a zero at A,/I’ = —q. The interference effects are especially pronounced for 
small values of q, i.e. when the maximum and minimum are close to each other. 
Since the EIT results from the interference of different contributions, one 
would expect Fano-like line shapes under certain conditions. We examine 
(17.14) when the coupling laser is detuned from the transition |c) — |a) (Figure 
17.2). We show a typical behavior of absorption in Figure 17.7 for A; # 0 and 
for different strengths of the coupling field. Note the appearance of Fano-like 
line shapes in the region A, * Aj). This behavior can be understood if we 
examine (17.14) in the vicinity of A, ~ A; and for ,, = 0 


————_—_—____—_. Kee 0, (17.34) 
|g1|- a a Ig + 1A;)i(A, — Ay) 


= (ab) 
xe" (@p) © 


and hence the denominator has a pole at 


~ lel Ar . leas 


Ay— A; => :—— 
A; + ie A; + ps 


(T2335) 


Thus the minimum and the maximum of the line shape are close to each other 
if |g? A/(A? + T2q5) S Uap. This would then lead to Fano-like shapes in the 


region A, © A). 
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“7 Fano like line shapes in EIT, when the coupling laser is 
detuned A/T ,, = 2 and for G = 0.5 (solid) and 1.0 (dashed). 


17.2 Dark states and coherent population 
trapping 


The Hamiltonian (17.8) for the A-system has some unusual features. After 
removing the optical frequencies, we have an effective Hamiltonian 


H = f(A,|a)(a| + (A, — Az) Ic) (el) — R(gpla) (b| + gila)(c| + H.c.), (17.36) 
which at two-photon resonance A, = A; reduces to 
H = hA,|a)(a| — A(gpla)(b| + gila)(c| + H.c.). (17.37) 
From (17.37) we see that the state |W) defined by 
Zp|c) — gilb) 


v lgpl* + lari 


is an eigenstate of H with zero eigenvalue H|W) = 0. The state |W) is called a 
dark state as a system initially prepared in the state |W%)) would not evolve under 
the influence of (17.37). The state |W.) can, of course, decay due to collisions. 


Such a dark state was first discovered experimentally [22, 23], and has found a 
very large number of applications in optical sciences and in laser cooling of 
atoms [24, 25]. It is remarkable to note that the dark state |W%) is a coherent 


superposition of the states |b) and |c). This is known as coherent population 
trapping (CPT) since |W) does not evolve. The dark states have given rise to 


the technique of stimulated Raman adiabatic passage (STIRAP) [26] where one 
can transfer population adiabatically from one level to the other. The state 
(17.38) shows that if g, > 0, then up to a phase |W) — |c), andif g, — 0, then | 
Wo) — |b). If we use time-dependent field envelopes g)(t) and g,(t) such that 


gp(t) > Vast > —o, g(t) > Oast > +00, 17.39 
1G Re D3 
g(t) > gpast > —~, p(t) > gp ast > +00, 


then the state |b) at t = -co would have adiabatically evolved to the state |c) at t = 
+ oo, The pulse sequence (17.39) is called a counterintuitive sequence. The 
population transfer can be detected by using an auxiliary laser which would 
couple only |c) to a different excited state and by monitoring fluorescence from 
such a state. The technique of adiabatic passage has tremendous advantage in 
that the level |a) is never populated and thus the efficiency of adiabatic passage 
is not deteriorated by the effects of spontaneous emission. Needless to say, 


_ sile)+s5l>) 


there are two other states |a) and |¢o) = eet which evolve in time. These 
SI T1E pl” 


are not the eigenstates of H. The state |gp) is orthogonal to |W). The states |W) 
and |~ 9) formed out of the two lower states are known as the uncoupled and 
coupled states respectively as shown in Figure 17.8. 
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Coupled and uncoupled states with population distribution 
as shown. 


17.2.1 Atom localization using CPT 


We will now discuss a very interesting application of the coherent population 
trapping to atomic localization at the nanometric resolution level [27-31]. This 
method beats the well-known diffraction limit. Needless to say, there are many 
other methods to achieve the same goal [32, 33]. We consider the control beam 
to be a standing wave and consider the localization of the atom at the nodes of 
the control field as shown in Figure 17.9. The atomic system could be ®’Rb 
atoms in a MOT. The probe and coupling lasers could be resonant to the 
transitions |F = 1) — |F" = 2), |F = 2) = |F" = 2) of D, line of ®’Rb [30]. The 
field g, of the standing wave would now be g; sin kx. The laser fields are in the 


xy plane so that the atom interacts with both at the same time. The dark state is 
then 

gplc) — g sinkx|b “ 
| wo) — il Jac (1 740) 
Vv lgpl° + |g/|- sine kx 


The population p, of the state |c), as monitored by using an auxiliary laser, as 


shown in Figure 17.10, is 


| lg? 
2.(x) he a eed R=-— 
: 1+ Rsin2 kx lgpl 


(17.41) 


It is interesting to note that p,(x) is similar to the transmission profile of a 
Fabry-Perot interferometer. The width of p,(x) narrows as the parameter R 
increases. The full width at half maximum is 2/,/R. The resulting localization 
[28] of atoms at the nodes is clearly seen in Figure 17.11 as R increases. Proite 
et al. [30] present a beautiful observation of atomic localization along the 
above lines using about a billion Rb atoms in a magneto-optical trap at a 


temperature of 150 pK. 
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Application of a strong standing-wave field, on the |a) = |c) 
transition, and a weak probe field, on the |a) |b) transition, 
prepares the atom in a particular position-dependent 
superposition of the states |b) and |c) in steady state [28]. 


|b) 


P. (x) 


Technique to monitor the atom localization. The CPT state 
of the atom could be probed by monitoring the population of 
the state |c), i.e. p(x). Efficient measurement of p,(x) can be 
accomplished via the fluorescence shelving technique as 
depicted in the figure. Applying a strong shelving field and 
monitoring the resulting fluorescence leads to localization of 
the atom at the nodes of the standing-wave field. It is 
important that the atoms are detected in a state selective 
manner after their interaction with laser fields [28]. 
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Emergence of subwavelength localization as the ratio R is 
increased. Plot of p, (x) versus kx for various values of R. 
The range of kx, {—-11, TI}, covers one wavelength of the 


standing-wave field [28]. 
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A trapped ion, say *°Ca*, which is pumped to the state |a) 
and is under the influence of the control field. 


|a) *Prj2 


Control field 


|c) "D372 


17.3 EIT in single-atom fluorescence 


Just like the significant modifications of the absorption by a strong coherent 
field, we expect significant modifications of fluorescence. The latter is also a 
measure of the quantum fluctuations as we showed in Chapter 13. Thus one 
should expect an analog of EIT in fluorescence, which would be a method to 
detect EIT at the single-atom level [34]. Consider, for example, a single 
trapped ion such as *°Ca* with the energy levels as shown in Figure 17.12: the 
la) — |c) transition wavelength is 866.21 nm, on which we apply the control 
field, the fluorescence is monitored on the transition |a) = |b), which would be 
around 396.85 nm. The ion is pumped to the excited state at the rate A. In the 
absence of the control field, the fluorescence spectrum is 


S(w) = (—~) ___Yoal Dab = Vba + Yea: (17.42) 
Pa] (© — ep)? +0, 

If yg = 0, then (17.42) reduces to that calculated in Section 7.6. We next 
consider the modification of (17.42) by the control field. For the model of 
Figure 17.12, the basic equations are (17.10) with g, = 0, and A, = 0. The 
equation for 4,, has an additional pumping term 2A on the right-hand side. We 
also set A; = 0 for simplicity. Solving these equations in steady state we get for 
Igi| # 0 


A ig) Yea Paa 
Paa = — Paes a 
lgrl? 


: (17.43) 
Vba 


By an argument similar to that leading to (13.51), we define the spectrum of 
emission as 


(ab) ee. i. Yba : Da ~ ,—pt s - 
S@) (w) = Re dt e7P* ((|a) (bl), (1b) (al ere) . 
p=-i6 


Tv iy ; JO 


(17.44) 


6 =W— Wa t+ap. 


The prefactor, which is the branching ratio y,,/T,,, accounts for the fact that 


the state |a) decays to both |b) and |c). There is no collisional dephasing for the 
ion in the trap so that [',, = Ypq + Veg. Using the quantum regression theorem 


and the equations for p,, and p,, we find 


d ab —i81 )) ( (({a) (6) 16) (a) 4) ‘ 
i. ‘ = 0, 17.45 
(ae + ( —igy Vee J} \ ((la)(b)):(15)(cDe+e) | | 


which are to be solved subject to the initial conditions 
(a) (b])¢ (15) (ale) = (la) (al) = Pac, 
(la) (be) (ele) = (la) (el) = Pea: 


The required density matrix elements are given by (17.43). On using (17.44)- 
(17.46), we obtain the spectrum as [34] 


(17.46) 


( l 0a 
5S) (a) ae (=) PaaS(@), 
IT 


ha 
17.47) 
~i8 + Yea | Ca 


S(@) = Re | ———} 
: Fen Das )(—1d) + [gil 


We have set the collision term I, to zero as it is irrelevant. The structure of 
(17.47) is similar to the structure of (17.14) except for an addition term y,, in 
the numerator which makes S(°)(@w) nonzero at 6 = 0 


( I d i Vea “oC 
s@(§ = 0) = — (= . arr — 0), if Vea > 0. (17.48) 
It ba £4 a 


We show the behavior of S(@) for y,,/Ypq = 1/5 for different values of G = |g)|/ 
Igy as a function of 6/[,, in Figure 17.13. The quantum interference in the 


fluorescence spectrum is evident from this figure. It can be shown that the dip 
for G = 0.5 goes to zero in the limit y,, — 0. Slodiéka et al. [11] detected EIT 


at a single-atom level by using an optically cooled '*°Ba* ion in a trap. These 
authors also report interference to be minimum in fluorescence. In order to 
illustrate the idea of interference in fluorescence we have presented a very 
simple model [34]. The fluorescence spectrum for a A-system driven by two- 
strong fields under different relaxation mechanisms has been investigated 
extensively [35-37]. 
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Behavior of the fluorescence spectrum S(qw) as a function of 
O/T 4, for different values of G = |g)/T4, = 1 (dotted), 5 
(dashed). The solid curve is forG = 0.5 and y,, > 0. 


17.3.1 Initiation of higher-order poles of the S- 
matrix by the control field 


In a classic paper Goldberger and Watson [38] considered the possibility that 
the decay law for an unstable particle can be more complex than a simple 
exponential. They showed the possibility of the existence of the poles of the S- 
matrix which were not necessarily simple poles. Since then higher-order poles 
have been extensively studied and several field theoretic models such as the 
Friedrich—Lee model, the cascade model, and their extensions have been 
examined [39-42]. One question is how the Breit-Wigner line shape formula 
is modified if the S-matrix posseses higher-order poles. Clearly, the decay law 
would not be simple exponential. 

The experimental observation of the double poles does not seem to exist. 


There have been suggestions [43, 44] that such double poles can be tailor- 
made in the laboratory using laser fields. We now demonstrate how the model 
of Figure 17.12, i.e. how the control field can produce double poles and thus 
fluorescence from a single ion in a trap, would be a way to observe such 
double poles. From (17.47) we see that a double pole would occur if |g)| = 
[,,/2. The fluorescence spectrum is shown in Figure 17.13 (the curve marked 
G = 0.5). In the special case y,, — O (which is equivalent to the extended 
Friedrich—Lee model [41]), the line shape S(@) (Eq. (17.47) for G = 0.5) 
simplifies to 


S(w) = ————_., (17.49) 


which is different from the usual Breit-Wigner line shape (Eq. (7.81)). 
Interestingly enough, the double pole produces a minimum at 6 = 0 rather than 
the usual maximum, which now occurs at 6 = +y,)/2. 


17.4 Control of two-photon absorption 


So far we have considered only the modification of the linear optical 
properties by a control field. In general one finds that all the nonlinear optical 
properties [1, 3] undergo considerable modifications as a result of the 
applications of the control field. The explicit results to some extent, depend on 
the atomic level schemes. In this section we consider two examples. 


17.4.1 Two-photon-induced transparency 


We have already discussed in Chapter 8 that in two-photon absorption there is a 
possibility of interference arising from many intermediate states. The existence 
of the intermediate state depends on the specific atomic system. However, by 
applying coherent control fields, one can create new intermediate states. Such 
laser-created intermediate states can lead to two-photon transparency, i.e. can 
suppress two-photon absorption as predicted in [45] and demonstrated 
experimentally in [46, 47]. Let us consider the level scheme as shown in Figure 
17.14 for two-photon absorption from two different laser fields of frequencies 
@, and @». For illustration we also give the relevant energy levels in ®°Rb. The 


efficiency of the two-photon absorption is determined by the population in the 
state |a). To bring out the idea of two-photon transparency, we apply a control 
laser on the transition |b) < |d). We can now examine the population of the 
level |a) for different strengths of the control laser and its detuning. After 
removing optical frequencies by using transformations similar to (17.9), we 
find the effective Hamiltonian (similar to (17.36)) for the two-photon 
absorption 


H = hA;|b)(b| + ACA, + Az)la)(al + A(A + Az)|d)(d| 
— i(gi|d)(b| + gala) (b| + ga|b)(c| + H.c.), (17.50) 
where detunings are defined as in Figure 17.14, A, = @), — @, — @o, Ag = @, - 
@) — @1, A= Wg — Wp, — @), and the g’s are defined as in (17.8). In addition, we 


have to account for the spontaneous emission from the levels |a), |b), and |d). 
The corresponding density matrix satisfies 


i 
p= —_ lA, P| — Yballa) (al, P} — Veo{|b) (51, P} — Yoatld) (dl, p} 
+ 2 ¥baPaalb) (b| + 2¥cbProle){c| + 2¥eaPaa|b) (AI, (17.51) 


where H is given by (17.50). The resulting equations can be solved in the 
steady state. In order to illustrate the idea of two-photon transparency we find 
Paq to the lowest order in g, and g,, ie. to order |g,|*|g,|*. The two-photon 
excitation usually consists of two terms — one containing the two-photon 
resonant denominator (y,, + iA, + iA,) and the other the two-step excitation. 
For large detuning from the intermediate state, the two-step excitation 
contribution is unimportant. A perturbative calculation then leads to 


_— lgal*lgel? = I( Vd + iA a iAp,) 
CT Vo (Yoo + ida + iA) [Con + ida) (Yea + 1A + ids) + ler?) 
eee (17.52) 
(Yba + Yob + 1a) (Yba + Ybd + 1Ag — 1A) + |gil 
This expression shows the possibility of interference minimum when 
A = —Aj, A= A,, Ag + A, = 0. (17.53) 


The existence of two-photon transparency can be explained in the same way as 
in Figure 17.5 as the control laser between |b) < |d) would produce the dressed 
State |,) and we would have two channels for two-photon transition |c) — |w,) 
— |a), |c) = |W_) = |a). The behavior of two-photon excitation at A, + A, = 0 is 
shown in Figure 17.15, which clearly shows the region of two-photon 
transparency [45]. In order to obtain realistic results one has to account for the 
residual Doppler width, details of which can be found in [45]. An unambiguous 
observation of two-photon transparency using the ladder scheme was reported 
by Wang et al. [46]. 
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“7! Scheme of the relevant energy levels of ®°Rb. The ys and 
As are the corresponding spontaneous decay rates and 
detunings, respectively, after [46]. 


The behavior of p,../(\gal7|gs|7) as a function of 
A, at A, + A, = 0. All values of y have been set to unity, and 
g, = 0 (solid), g, = 3, A= 0 (dotted), g, = 3, A = 5 (dashed). 
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Schematic representation of a four-state system. The line 
widths of states |a) and |d) are greater than all other 
characteristic frequencies. 


17.4.2 Two-photon absorption without one- 
photon absorption 


Harris and Yamamoto [48] proposed a four-level scheme which absorbs two 
photons but not one photon. The scheme shown in Figure 17.16, in principle, 


can operate as a single-photon switch. In the absence of w’,, the photon of 
frequency , is transmitted due to EIT, whereas in the presence of w’,, the 
photon @, is not transmitted. The Hamiltonian for the system of Figure 17.16 is 
now equal to 


H = A,|a)(a| + (A, — A;)|c)(c| + (A, — A; + Ag)|d)(d| 


— h(g,la)(b| + gila}{e| + g ld) {el + H.c.), Ag = @¢ — @e— W,. (17.54) 


This is because Pub = Padb exp[i (a, + @, — @;)t], All decays are to be included 
in the equations for the density matrix using the prescription of Section 9.4. 
The susceptibility for the probe transition XO)(p) can be calculated by 
evaluating the element p,) in steady states and using the assumption of weak g,,. 
We obtain in place of (17.14) 


x ) ) Xoni 
Op) << a oy at Si. See? 
* Tab + iAp) + |gi2/D 
iP (17.55) 
D = (Tx. +i(A, — Ay)]+ = 


Pag +i(A, — Ay + Ag) 


Note that A, — A; + Aq is the three-photon detuning. It should be borne in mind 
that a simple structure emerges since the field g, is weak and all the population 
is initially in the level |b). At two-photon resonance A, = Aj, and at I’, = 0 


(ab) Kon 


4 (Wp) = PAE Speeerrers (17.56) 
(Tap + iA,) + ep (aa + Aa) 
Sp 


and hence on defining n = |g)|7/ lg‘ pl? the imaginary part of the susceptibility is 


Xon(V an + NV aa) 


ee ie he (17.57) 
(Tap + nl da y- + (Ap + nAa - 


Im (x) (w,)) = 


Harris and Yamamoto [48] consider the case when the I's are bigger than the 
detunings, in which case 
Yor = 
Im(x(@,)) = a (17.58) 
Pas (1 +) 


Note that the prefactor Yo,/I',, is the factor when no control field is applied. 


Thus the ratio of the absorption in the presence and in the absence of the 
control field is 


(ab 
Im( x22 (Wp )) | 


b = -F : 
Im( x12} (@p)) l+n;% 


As long as the ratio ote 


(17.59) 


<_ |, the absorption in the presence of @, and a’, is 
comparable to the absorption in the absence of the control field. Thus one can 
conclude that the probe photon is transmitted if g, ~ 0, I',, = 0 and g', = 0, 
whereas it is absorbed if g; # 0, [,, = 0 and g', = 0, this leads to the single- 
photon switch based on EIT. Héckel and Benson [49] demonstrated EIT in CS 
vapor using the D, line with probe pulses at the single-photon level. 
The susceptibility (17.55) has another remarkable characteristic. It can lead 
to giant Kerr nonlinearities as discussed by Schmidt and Imamoglu [50]. We 
calculate X©(,) to order lg‘ pl? and for large detunings and A, = Aj, [,, = 0, 


xorlg’p|” 


xonlépt xonlg,, I? 
; i ; a & 
x (ab) (Wp) mS) Ale oa ~~ = = ‘Kelas e ae ( l 7.60) 
- 7 > + d = 
Ao + |gi/? l27| algi| 


Note that the nonlinearity for a two-level medium is —4yOn\g|*T,T, / (AT>)° 
(Eq. (13.17)). On comparing this with (17.60), we see that the Kerr nonlinearity 
is enhanced by a factor of order (A/|g)|)*, which could be of several orders. 
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The V system with two nearly degenerate levels. 


17.5 Vacuum-induced coherence and 
interference 


In the previous sections we studied in detail the interferences and coherences 
produced by using coherent control fields. However, much earlier it was found 
that the vacuum of the electromagnetic field can produce coherences in the 
process of spontaneous emission [51]. This is so even if no coherent fields are 
applied. Consider, for example, the V system shown in Figure 17.17 in which 
the excited states |a) and |b) decay to the lower state |c). According to the rate 
equations, we have 


Paa =-—2 YcaPaa;s Pbb <= —2 ch Pbb- (17.61) 
The rate equations are derived by assuming that the spontaneous emission 
events ja) > |c), |b) = |c) are in no way related. However, the question is to 
what extent the two channels of emission |a) = |c), |b) — |c) are independent. 
This can be answered by a first principle derivation of the master equation. The 
basic master equation is given by (9.61) which was simplified to the standard 
form (9.67) by using the assumption (9.66). However, now (9.66) is to be 
relaxed. For the V system of Figure 17.17, one finds that the density matrix 
elements instead satisfy 


° — y ee" si t = est 
Paa = —4YVcaPaa — V YcaVch cos 6 (Pare ne + Pha® ae ) 3 

) tr “J =) f i Vab F )) 
Pbb = —2YcbPbb —™ a Yea Yeh COS @ (Pane it + Pha® : =) ’ ( | 7.62) 
. 43 

Pab = —(Vea + Yeh) Pab — V Vea¥ch COS A( Paa + Phb)e ee 


where cos § = (d*. - di.) /(\dacl|dic|). We now have a new feature where 
populations like p,, are coupled to coherences like p,, and coherences to 
populations. These couplings arise from the fact that the two channels of 
emission |a) — |c), |b) — |c) are not independent. Due to the presence of the 
additional terms in (17.62), as compared to (17.61), the coherence p,,, in 
steady state, is nonzero. We refer to this as the vacuum-induced coherence 
(VIC). Note that if @,, is large compared to other frequencies, then e*!a! 
averages to zero, no interferences occur, and Eqs. (17.62) lead to (17.61). Thus 
interferences are most significant if @,, —~ 0 andcos 6 — 1, ie. for degenerate 
levels |a) and |b) with two transition dipoles being parallel. In this case, the 
steady-state solution depends on the initial conditions. Thus, when 
interferences occur, the system possesses a memory of the initial state. From 
Eq. (17.62), it is clear that pag + Ppp — Pab ~ Pha = Constant, if yog = Yop, 9 = O~, 
@ p = 0. And in particular for p,,(0) = 1, we find that in the steady state 


Paa = Po» = 1/4, Pab = —1/4. (17.63) 


f 


Thus the population is trapped coherently in the excited state as p,, # 0. The 


existence of the population trapping in an incoherent process follows from the 
nature of the interaction with the vacuum field —j- F with p expressed as 


md 


P = Pac(\a){c| + |b)(c| + H.c.) 


l 
= J 2Bac (Fe) {c| +H.<.| ; (17.64) 


where we assumed jp, = p»-. Thus the coupling to the vacuum field is via the 
state |W.) = (|a) + |b))//2. The orthogonal state |W,.) = (ja) — |b))//2 
does not couple. Thus any population initially in the state (|a) — |b))//2 
would not decay, whereas the population in |\p.) would decay to zero. This 
explains the result of Eq. (17.63). Clearly the result (17.63) can be thought of as 
quenching of spontaneous emission and this can have many applications in 
situations where one wants to reduce spontaneous emission noise, for example 
in the context of the preservation of quantum entanglement [52]. The 
nonorthogonality condition on dipole matrix elements 7, and /;, is not a 


serious one and is a consequence of the isotropy of the vacuum field. However, 
it was shown [53] that if the vacuum field is anisotropic, then one can even 
work with transitions with orthogonal dipole matrix elements. There are well- 
known cases when the vacuum is anisotropic, for example, when material 
bodies are present in the neighborhood of the radiating atom. Thus the 
vacuum-induced coherence effects can be enhanced in presence of 
metamaterials or nanostructures [54, 55] and photonic crystals [56]. Scully et 
al. [57] show how vacuum-induced coherence can lead to increase in the power 
of the quantum heat engines. For many varied applications of vacuum-induced 
coherence, we refer to the review articles [58, 59]. The vacuum-induced 
coherence effects can be monitored via both absorption and emission spectrum 
[60, 61]. 


17.5.1 VIC in the A system and the probe of 
VIC 


In the above, we have discussed the vacuum-induced coherence in the context 


of the V scheme of transitions. Since A systems are extensively used in many 
applications and even some of the experimental confirmation is coming via A 
systems, we discuss the A scheme in detail [62-64]. We also discuss how the 
VIC can be probed in such systems. 
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Schematic diagram of a four-level model proposed for 
monitoring vacuum-induced coherence. The coherence 
created after spontaneous emission from |a) can be 
observed in the probe absorption [64]. 


In a spirit similar to our discussion of the probe of the CPT state, we will 
also discuss a probe of the VIC. We show the system in Figure 17.18. The idea 
is that the VIC would create a coherent superposition of populations p, and p, 
in the states |b) and |c). This coherence would be probed by a weak field which 
would excite the coherently trapped population to level |d). The population in 
the state |\d) would show modulations at the frequency @,, due to vacuum- 
induced coherence among the levels |b) and |c). Thus the modulation of the 
population would be a direct measure of the coherence. The density matrix 
equations for this system, in the absence of the probe field, are 


Dan = —2( Vba + Yea )Paas Pab = —(Vba + Yea + Wah ) Pabs 

Pbb — 2Vba Paas Bic —_ = ( Vba + Yea + IMac ) Pac b] ( | 7.65 ) 
i - j > nn: 

Pee = LY Pisa Phe = \WbePhe 2 Jf VbaYca COS 9 Daa: 


In the long time limit a coherence between |b) and |c) is created 


2 Pa ene Daa—l@ret 
Vba Vea cosGe ne 


er oe a t—> o, (17.66) 
(Vea - Vba) — Whe 


which is especially significant if @,. < (Yeq + Ybq) and if 6 is close to zero. This 
coherence can again be understood in terms of the uncoupled and coupled 
states as in the case of the V system. Having created the coherence we now 
show how it can be monitored [64] by using a probe field coupling to the level 
|\d) that is well separated from the level |a). 


The Hamiltonian in the dipole approximation, with A’s defined by (9.58), 
will be 


H = hia, Apy + h@acAaa + hwacAaa — [(Bicdde + ParAap) - Eye" + H.c.], (17.67) 


where the counter-rotating terms in the probe field £, have been dropped. The 
probe field is treated classically and has a frequency @, and a complex 


amplitude £,. We use the master equation to derive equations for the reduced 
density matrix of the atomic system. We give the result of such a calculation 


Paa — —2( Vba + Yea )Paa ’ 


Pad = —2 (Vea + Vrd Pad + (gpra + f Peale “”™ — i(g* pan + f* pace, 

Pos = 2YraPaa + 2nd Pda — ige™™ pra + ig*e' pap, 

Pod = —(Ved + Vad — ian) Pra — if*e'™ pyc + igre (pada — Pow), 

Ped = —(Yed + Vad — iWac) Pea — ig*e' pen + if*e'™ (2paa + Paa + Pos — 1), 


Pha — —(Vba + Yea — iWab ) Pha + ig” or" 65. 
Pea —_ —( Vba + Yea a IWae ) Pea + if* ele! O10, 
Pda = —[Vba + Yea + Ved + Vid — i(Wac — Ode) Pda + i(ZPba + F Peale", 


2" Od ot ig*e IO! Oe, ( 17.68) 


Phe — Na Paa + NdPdd as IWbe Phe es ive = 


where we have used the trace condition >’; p;; = 1 and where 
4a | Paal” 2y. = 4w7 dc | Pac |? 
shack - 3h? 


define the spontaneous emission rates from the state |d) to states |b) and |c), 
respectively. The Rabi frequencies 


2Yed = (17.69) 


2¢ = 2) - Dw /h. 2f =2Ey- pac/h (17.70) 


are for the probe field acting on transition |d) <— |b) and |d) = |c), respectively. 
Furthermore, we can write g = |gle""% and f = |fle 4, where the phase = g, - 
@q gives the relative phase between the complex dipole matrix elements 7 4, 
and f4,. The VIC parameters are 


Nq = 24) VbaYca COS 9a; Nd = 2./Vbd Ved COS Og. (17.71) 


We thus include vacuum-induced coherence on all possible transitions. 
In order to study probe absorption we solve Eqs. (17.68) perturbatively. We 
need to know p,,(t) to second order in the probe field, assuming that the atom 


was prepared in the state |a) at t = 0. The calculations are straightforward. The 
result for the population of the level |d) in steady state is 
P(t > (Yea + Yea) 's (Yod + Ybd)~") 
nalf Iigle ott?) 
pata fle 
[2 (yea + Yad) + ire [2(Y5a + Yea) + i@bell (Yea + Yoa) = i(Ar = @F¢/2)] 


ee 
2 (Ved + Vig Wea + Yrg — (Ar — wp. / 2 ) 
ee | a 
2 (Ved + Ynd [¥ed + Vbd — (Az + 4. /2)] 


Pb 
Pe + €.0.. (17.72) 


In the absence of the vacuum-induced coherence n, — 0, the result (17.72) 
reduces to 


py; tt > (Yea + Yea) 's (Yea + Yea) ") 


5 


lel* 
——aae i Ee Mie a Le a «GRR 
(Yad + Yea) [Yed + Yod — (Az — wpe /2)]” 


fr 


tia: 2 oe aa hk i. hae en oe ae (17.73) 
2 (Ved = ig Voda I Vcd + Vbd = i(A> + ay. /2)]" 


Equation (17.73) is the expected result, which is the sum of the individual 
absorptions corresponding to the transitions |b) — |d), |c) s |d). The parameter 
Saeed — wy» is the probe detuning defined with respect to the center of levels |b) 
and |c). The modulated term in probe absorption (17.72) is the result of VIC. 


This modulation is the signature of the VIC produced by the two paths of 
spontaneous emission |a) — |b), |a) > |c). Note the interesting phase dependence 
that arises in the probe absorption due to nonzero n,. This phase dependence is 
another outcome of the presence of VIC in a system. Since the probe is treated 
to second order in its amplitude, the result is independent of the coherence 
parameter 7, for the transition |d) > |b), |d) = |c). 


T T T T T T T T T T T T T T T T T T T T T 


Pad 100 


The cosine (dashed) and sine (solid) components of the 
exited state population p‘-) x 10? as a function of A,/y. The 
parameters are 


Vba — Vea are Vbd = Ved = VY 1 Wbe — 2y, If] = \2| = O.ly,@, = 0, and 
p= 0. 


We next discuss the changes in absorption spectrum that can arise due to 
VIC. The modulated component of the population (17.72) can be written as 


a) _ 2nal fle 5 - rT 
Pada = LA a0 + Yea) (Ved + bd)” + 2(Vba + Yea) (Az — @%./4) 


— (Ved + Vb nz] COS(Wpct + P) + Wpe[2(Vba + Vea) Ved + Yod) 
+ (Ved + Vbd i + AS _ w;,./4] sin(@p,.t +)}, (17.74) 


where 


D = [4(Yrat Vea)? +O; | [Vea t¥nd)? + (Az + Ope /2)7 Oca + Yea)? + (Ar — @%¢/2)"]. 

(17.75) 
Since it is possible to separate the sine and cosine terms by the phase-sensitive 
detection we plot these in Figure 17.19 as a function of the probe detuning. 
These two components are the unambiguous signatures of the VIC. 

The coherent control of the optical properties has many applications in both 
physics and chemistry. We have presented some applications in this chapter and 
some others will be presented in Chapter 18. Some of the other notable 
application areas of coherent control are bistability and more generally 
multistability [65, 66], tunneling, chemical reactions, photo dissociation [67]; 
chirality of the medium [68]; magneto-optical rotations [69-71]; slowing of 
decoherence produced by interactions with the environment [72, 73]; and 
suppression of the excited state absorption to produce ultraviolet tunable solid- 
state lasers [74]. 


Exercises 


17.1 Consider a double A system as shown here. The wavy arrows give 
spontaneous emission transitions. The solid arrows are the interaction 
with the fields w, and @). Write the Hamiltonian (generalization of (17.8)) 
for this system, make transformations like (17.9) to obtain an effective 
time independent Hamiltonian. Find the dark state for this system, if any. 


Ic) 


|b) 


17.2 Show that (17.10) for A, = A; = 0, [, = 0 has an exact steady-state 
solution, Pag = Pab = Pac = 0. In addition, show that pp,, P.-, Ppo Values are 
consistent with the dark state (17.38). 


17.3 Starting from Eqs. (17.68), prove the result (17.72). 


17.4 Write all the density matrix equations explicitly using (17.51) and derive 
(17.52) to lowest order in |g,|?|g,|*- 


17.5 Consider the multilevel scheme shown in the figure. Assuming that all the 
fields are resonant with their respective transitions. Then show that the 
dark state apart from a normalization constant is 


|Wo) © G,Gy|b1) — g1G2|b2) + 2122|g3). 


For applications of this scheme to atomic localization see [31]. 


|a) 


I1 


|b3) 


|b) 


|b2) 


17.6 Starting with the Hamiltonian (17.37) and using the actual time-dependent 


profiles for g,(t) and g((t) given by 


g(t) = g) exp(—t?/1? ), 
gp(t) = gp exp[—(t — TY fe], 1 =[597; 


and the Schrédinger equation, show that the state |b) at t = —co would 
evolve adiabatically to the state |c) at t = +oo. You can use the values g) t = 


gp t = 12. The Runge-Kutta method of integrating time dependent 


equations would be useful. Show further that the population in the upper 
state |a) remains negligibly small during the entire evolution. 


17.7 Transform Eqs. (17.10) in the basis of the dressed states |¥,), |W_) and |b) 


(cf. Figure 17.5). For simplicity, set A, = A; = 0 and g, = 0. The states |¥,) 
are the eigenstates of —A(gi|a)(c| + g7|c){a|). Do retain the ys and Is. 
Discuss the similarity of these equations to Eqs. (17.62) for the case of 
VIC, especially if there are no phase-changing collisions and if y,, = 0. 
This exercise shows how effects similar to VIC are produced by coherent 
driving fields. 


17.8 Find the eigenstates and eigenvalues of the Hamiltonian (17.37) for 


arbitrary complex values of the couplings g,; and g,. Find then the 
approximate form of the eigenfunctions and eigenvalues for A, large 
compared to both g; and g,. 
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Dispersion management and 
ultraslow light 


In this chapter we discuss a variety of physical effects which primarily depend 
on the dispersive properties of the medium, i.e. how the real part of the 
refractive index depends on the frequency of light. For example, it is well 
known that the efficiency of nonlinear optical processes such as harmonic 
generation depends on the phase matching, which in turn depends on the 
refractive index at the fundamental and harmonic frequencies [1]. Thus a 
control of dispersion will enable us to obtain more efficient harmonic 
generation [2—5]. This in fact was the starting point of the work on control of 
dispersion [2]. Another subject where the dispersion is very important is in the 
propagation of the pulses which generally are distorted [6] by the dispersion of 
the medium and hence one needs to tailor the dispersion to obtain nearly 
distortionless propagation [7]. In Section 17.1, we have already shown how an 
appropriately chosen control field leads to a significant modification of the 
dispersion (Figure 17.4). We will now discuss some applications of this. We 
will also discuss how hole burning physics (Section 13.2) can be used to obtain 
very significant control of the dispersion. 


18.1 Group velocity and propagation ina 
dispersive medium 


Let us consider the one-dimensional propagation of an electromagnetic pulse 
in a dispersive medium characterized by susceptibility x(@) and refractive 
index n(@). For simplicity of the argument, we will assume real x and n. Let us 
write a traveling wave pulse at the input face (z = 0) of the medium as 


+00 a 
E(z,t) = ef dwe "2 E(w) +. c.c.. (18.1) 
—0o 


The spectrum E(@) has a narrow width and peaks around the frequency w,,. The 
polarization of the input field is é. The field at the output face z = L is then 


E(L,t) = éT(t) +. c.c., 


a (18.2) 
T(t) =| dwer: E(w). 


12.) 


In view of the assumed properties of E(@), and if we further assume that the 
refractive index varies slowly around w = w,, then 


p Pen? 
d(wn) (@ — Wy) 0° (wn) 
On(@) = w,n(@w,) + (@ — w, )— ———————-— 
L £ I 6 , 4 6] 
IWp Z Cc WO, 


(18.3) 


On substituting (18.3) in (18.2) and on retaining only the first two terms in 
(18.3), we get 


: ia pn (@ pL +00 ny we 4 
T(t) =e rte / dwe ~ '%* E(a+ Wp), (18.4) 
—ooO 
d(w,n(@,)) 2 
jee fe (18.5) 
. IW 


Note that /*°° dwe"'E(w + w,) defines the envelope £(t) of a slowly varying 
pulse F(t) = é €(t)e" + c.c. Thus (18.4) becomes 


E . Opn(@p IL rg 
T(t) =e ettimS—¢ (: = =) ' (18.6) 


Ve 
Es 


The quantity v, is called the group velocity of the pulse and for positive v, 
gives the group delay 1, of the pulse, which is defined by 


i, (18.7) 
Cc 


The phase velocity is defined by 


Cc 


Up = (18.8) 


n(Wp) 


The group velocity clearly depends on the dispersion in the medium, because 

Cc , 
a Tr (18.9) 
; | + Wpxe -n(Wp) 


which for a dilute gaseous medium reduces to 


Cc 
Us oS > a. Sebo Sa ( 18.10) 
° 4 OX Wp) 

1 +27, iat 


since n(@) * 1 + 27m x(@). The inequality in (18.10) is for the case when one is 
in the region of normal dispersion of the medium, i.e. when dy/dw > 0. 

We will now show how coherent control can be used to slow down light. We 
specifically consider the model system of Figure 17.2 for which the 
susceptibility is given by Eq. (17.14). Figure 17.4 shows that the control field 
changes the anomalous dispersion region near the line center (solid curve) to 
normal dispersion (dashed curves) and when the dispersion becomes sharp, the 
group velocity could become much smaller than c [7]. Using (18.10), we 
define the group index ng by 


(18.11) 


Ne Z IW» 


We use (17.14) to calculate 0x/dw, = —dx/0A, at A, = A; and at l’,, = 0. We find 
a simple result for the group index 


(18.12) 


We also calculate , 0) in the absence of the control field |g;| = 0 and when A,, is 


large compared to “the homogeneous time width 2I°,, so that we are in the 
normal dispersion region of the two-level system. It is seen from (17.14) that 


(0) 2) >» 12 
n, 21, Az? (18.13) 


8 mn (18.14) 


We note that A, could be about several GHz and |g] in MHz range. The 


enhancement could be about 10°—108 and then the group velocity could be only 
a few m/s. We can also express n, in terms of the absorption parameter ag on 


resonance 
(aL )($) (1? 4 w, xon 
ng SE (8), cy = OHO, (18.15) 
2r a \\lgil cP ap 
(aol )(+) (A? 
= ——__+ (-_}, (18.16) 


i 


where A is the Einstein A[ = 2I,,] coefficient and Q) = 2g) is the Rabi 


frequency of the control laser. The first experiment on ultraslow light, which 
made history, was performed by Hau et al. [8]. They considered the 
propagation of weak probe pulses in a Bose—Einstein condensate of sodium 
atoms in the presence of a coherent control field on the D, transition. They 
reported a group velocity of 17 m/s in the condensate at a temperature of about 
50 nk. Even at a temperature of around the transition temperature of 435 nK, 
they reported v, about 32.5 m/s, which is consistent with (18.16) for their 
experimental parameters QL ~ 63; L = 229, pm, Q/A = 0.56. The first 
observation of ultraslow light in a hot rubidium vapor cell at a temperature of 
360 K was reported by Kash et al. [9]. Kash et al. observed group velocities of 
the order of 90 m/s. The group velocity is to be calculated by averaging the 
susceptibility (17.14) over the Doppler distribution. This is straightforward 
numerically although no simple analytical result is possible as the Doppler 
distribution is Gaussian. Interestingly, Kash et al. found that (18.12) is valid 
even for a Doppler broadened medium if the parameter |g)|* is much bigger 
than the product of [’,.D, where D is the Doppler group width, and C. is the 
life time of the atomic coherence between the levels |b) and |c). A later 
experiment with a much improved Rb cell reported an even lower velocity, 


about 8 m/s [10]. owen experiments in solid-state media have also been 
repeated. Here I; 'is rather short. However, a group velocity of about 45 m/s 


in Y,SiO- hoped with Pr at 5 K has been reported [11]. 


Next we examine the effect of the second derivative in (18.3). In order to 
understand its effect we examine the case of Gaussian pulses. Let us write the 
pulse shape as 


: er? 
E(t) = Ge exp |-— — ioyt} +004, (18.17) 


which in the Fourier domain can be expressed as 


+00 


> 2 
aé A a 
E(t) = pve | dase rer + c.c. 


@) +0o \2 

Zé ra __ = ep) -j t , : 
= ave | dwe © whe ©. Exe (18.18) 

i _ 


showing that for a Gaussian pulse E(@) of (18.1) is 22 /m exp { — Sera | 


Using now (18.2) and (18.3) and the Gaussian shape of E(q@), the integral in 
(18.2) can be evaluated in closed form. The result is 


L 2) 
. ie & [P(t _— = 
PH He ee ee ee (18.19 
: Ji-mk | 40 ied) 
where 
[? 8 
K= = — (ono) ‘ (18.20) 
tt da" 


The result (18.19) shows that the pulse is broadened in time by a factor (1 + 
K*L)"* since 


T(t)? = (18.21) 


Tre= = iP? 
Tae” 21+ 21?) 
Thus the second derivatives in (18.3) contribute to the broadening of the pulse. 


This is the reason that, for pulse propagation in optical fibers over long 
distances, one has to design a refractive index so that its second derivative 


remains small [6]. 

The result (18.21) has been derived using the reality of n(@). For pulse 
propagation under EIT conditions the situation is different (see Exercise 18.1) 
where the refractive index is complex. In fact, for A, = A; = 0, Ty, = 0,0 = 1; 


0x/dw is real and 6*y/dw? is purely imaginary. The formula (18.19) still holds. 
We estimate the value of k for T,. > 0, 


> a? 2 
2x1" a x Ar Xonw,L r, [2 


OD» — = 1 
c IW, cla = |gi" 


Rae Bis Tr : +, |4 
= i(aoL) ab — ial, a ; c= igi! ‘ (18.22) 
4o- 


where o defines the width of the transparency window. Note that x is purely 
imaginary and positive, and the factor (1 —- ixkL) becomes (1 + |x|L). Thus in 
contrast to (18.21), the broadening is governed by (1 + |x|L)"*. For almost 
distortionless propagation of the pulse, we clearly require |k|L< 1. This puts a 
condition [ « 20 on the spectral width of the pulse in relation to the width of 
the transparency window. 

Ultraslow light has many applications in interferometry, delay lines, and 
microwave photonics [12]. Leonhardt and Piwnicki [13] proposed an 
improvement in the sensitivity of gyroscopes by a factor n,. Similar 
enhancements occur in the sensitivity of Mach—Zehnder interferometers [12]. 
Delay lines are needed in telecommunication applications as the problem of 
simultaneous arrival of data packets at an optical switch can be avoided. The 
slow light in an anisotropic medium [14] can be used to separate temporally 
the two components of a linearly polarized pulse by applying a coherent 
control field such that one component of the pulse becomes slow while the 
other component of the linearly polarized pulse undergoes only a small 
change in its group velocity. Finally, we mention that the dispersion 
management can also be used for controlling superluminal propagation [12, 
15; 16]; 


18.2 Electromagnetically induced waveguides 


As another application of coherent control, we consider the guiding or 
steering of a beam by another control beam [17, 18]. Let us consider the laser 
fields as beams with spatial structure for the envelopes. Assume the probe 
beam to be Gaussian and let the control field be a Laguerre—Gaussian beam 
(donut beam), so that the Rabi frequencies g,, and g; become space dependent 


» ik,O*\ a -_: 
2p = 80; [= exp(- eh job be, (18.23) 
Wp (z) V IT 24p 
| (v2e\ kip. 
g)= 80! Nesp exp (- Jf _ si) gliz—icoyt ( 18.24) 
wy (Z) f/37 \ w2(z ) 24) 
7 > : y —2 
p- =x" +y', = tan! (-) i w(z) = Wor) F + eé= 20 2 : 
. ; aR (18.25) 
. TW 
q = ZR —Z +20, ZR = ——. 


a 
Here Zp is the Rayleigh range of the beam, wg is the waist radius, and Z, is the 


location of the beam waist. The susceptibility (17.14) depends now on (x, y, Z) 
coordinates as 


oil? (2p? \" ikp2 (1 1 
er = ee ( 2 exp {- L (—+—)}. (18.26) 
3m w;(Z) \ ws (z) 2 qs g 


From (17.14), the real part of x)(c,) for A, = A; is 


yon A, s 2 
— a. lw = Rare + gil : 
A- + re Me 


(18.27) 


For the donut beam with |g/* given by (18.26), |g? — 0 in the central region of 
the beam, whereas in the outer region |g)* is large. Furthermore, the smallness 
of the collisional parameter gives us 


T.3(p ~ central) < Ta (p ~ outer). 


Hence the refractive index Re[n(q@)] * 1 + 27y(q@) has the property 
Re[n(@, p ~ central)] > Re[n(@, p ~ outer)]. (18.28) 


The inequality in (18.28) holds if the probe beam is red detuned, ie. if A, > 0. 


The above inequality reverses if the probe is blue detuned. The donut control 
beam has given a spatial structure to the refractive index of the probe beam. 
The property (18.28) is similar to what is used in waveguides where the core 
has a higher refractive index. Due to the property (18.28), a red detuned 
Gaussian probe beam would be guided into the center of the donut beam 
whereas a blue detuned probe beam would be guided into the ring region of the 
donut beam. If I, is nearly zero, then one has to keep nonzero two-photon 


detuning A, — A; # 0. In place of (18.27), we now have 


xonA, : lgil? 


A2 +72, — Ap— Ar 


Re[x (w,)] = (18.29) 
For the no control field case, one would generally take A, to be large 
compared to I’, and positive for red detuning. This is to avoid the effects of 
absorption. For waveguiding behavior |g)| ~ 0 (outer region of the donut beam) 
we thus require that 


Re [x (wp, |gr] # 0)] < Re [x (wp, |gi| = 0)]- 


Let us assume that we are working with Rabi frequencies and two-photon 
detunings such that A,, > Tgp, then this condition reduces to A, < A,, A, > 0. 


This implies that we must choose the two-photon detuning A, — A; to be 
negative. To summarize, the waveguiding would result if (a) probe is red 
detuned with A,, > Tgp, (b) the two-photon detuning A, — A; < 0, and (c) |g] is 
such that A, — ide > Tab: « 

In order to obtain the waveguiding behavior of the probe beam, we first 
have to average Re [xo(o,)] over the Doppler distribution and then integrate 
the Maxwell equation for the slowly varying envelope g, 


dg, ic ({ 0 a? 27 iw, ib ; 
Cc 


OZ 2@, \ dx2 ay” 
where ( ... ) represents the Doppler average. Equation (18.30) can be integrated 
using standard numerical methods. We do not give the results of computations, 
which can be found in [18]. These computations show explicitly how the probe 
is guided in the central region of the donut beam for red detuning of the probe 


and is guided in the ring region for blue detuning of the probe. Truscott et al. 
[17] made the first observation of the waveguiding behavior using an Rb vapor 
cell where the probe was tuned near the D, line and the pump was tuned near 


the D, line. Their experiment corresponds to the V-scheme and the numerical 


calculations in [18] are for this scheme. The waveguiding using the A-scheme 
has been reported in [19], in which [,,. ~ 0, but the two-photon detuning was 


kept nonzero (A, — A; < 0) in conformity with our discussion after (18.29). 


18.3 Storage and retrieval of optical pulses 


In Chapter 17, specifically Eq. (17.13), we saw that the simultaneous 
application of the probe and control fields produces atomic coherence between 
the two long-lived levels |b) and |c). The life time of this coherence is 
determined by the collisional parameter I. Thus when the control field is 
switched off after the creation of coherence, it will survive for a time ~ i 
Fleischhauer and Lukin [20] extended the ideas of atomic coherence to the case 
when both control and probe fields are pulses. Assuming (i) adiabatic pulses 
and (ii) that the control field was a specified time-dependent field whose 
dynamics can be ignored on propagation, Fleischhauer and Lukin introduced 
the idea of a dark state polariton, which propagates without change in shape. 
Earlier Grobe et al. [21] presented most general solutions for both control and 
probe fields. Their solutions, called adiabatons, can be used to describe 
elegantly the storage and retrieval of pulses. 

In order to demonstrate the storage and retrieval of optical pulses, we have 
to solve the density matrix equations (17.10) for the time-dependent field 
envelopes, i.e. when the fields, instead of (17.7), are of the form 


E = E,(z, thet" + Ez, ther + c.c.. (18.31) 


We will assume that the envelopes are slowly varying functions of space and 
time. We write the induced polarization in the form 


P — P(z, ten ert tihz + FG, tye Wet tikpz a C.C.. ( 18.32) 


where Pj(z, t) = np* pace”, B(z, t) = np.5, pase “?*. We now define g, and g; 
as 


Pab . E, Pac ° E; ( 18 Sie! ) 
gp = ——., 21 = ——. 8.33 
vt hi h 
which are dependent on space and time. The wave equation for the field is 
a |e 4m 3° P 
(ss - aa) P= aor (18.34) 
az ‘car c off 


We use the forms (18.31) and (18.32) in (18.34), use slowly varying 
approximations to drop the second derivatives of £), F aa P;, and i. and the 
first derivatives of B, y. We can then convert the equations for £, and E p into 
equations for g, and g; using the definitions (18.33) with the results 


agp , Op 


—_, = IN Pabs 
OZ d(C = 
Sais ade (18.35) 
dg, Ogi 
—+4- = 19 Pen, 
oe Otay 
where we have set “np |Pabl? saps. |Pacl? = 7. Note that 7 is related to the 


absorption coefficient Qa = sil To see this we write (18.35) for a linear 
medium. Using (17.12) for g; = 0 and A, = 0, we get 
IZp fp hf 


. i ne (18.36) 
Qc Alet) Pg - 


Note that since g, and g; are now space-time dependent, the density matrix 
elements Pgg also become space-time dependent. We now need to solve coupled 


set of equations (18.35) and (17.10) in the space-time domain. These set of 
equations are to be solved numerically. We will present results for A; = A, = 0, 


I, = 0. We also use the traveling coordinates 
t=t—z/c, & =z, (18.37) 


so that 
a a a a a 


dz O(ct) de a at 


(18.38) 


For the control field, we use a super-Gaussian profile (Figure 18.1) at the input 
face (z = ¢= 0) of the medium 


B 
T—T 
110.) =0 [1-00] -( | 
Oo] 


For B = 4, we have adiabatic switching on and off of the control field. For 
higher values of 6, we have nonadiabatic switching of the control field. For the 
probe field, we can take a Gaussian of the form 


(18.39) 


gp(0, T) = gp exp (—(t — t})*/a5). (18.40) 


g, = 3. 16y, T; = S75/y, 1e7) G 200/y 
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The intensity (g/y)* of the control field as a function of 
retarded time at the entry face of the medium at ¢ = 0; the 
super-Gaussian control field is switched off and on 
adiabatically. 


The set of equations (18.35) and (17.10) are numerically integrated using the 
profiles (18.39) and (18.40) and a set of numerical results, following [22], are 
shown in Figures 18.2 and 18.3. In Figure 18.1, we show the super-Gaussian 
(18.39) and how it gets switched off and then switched on. The scales are 
defined in terms of the parameter y = yp, = Yoq (Figure 17.2). In Figure 18.2, we 
show how a weak probe pulse is stored in the medium when the control field is 
switched off and how it is retrieved when the control field is switched on. We 
also show in Figure 18.2(b) what happens to the storage and retrieval of the 
probe when the probe pulse is intense. We notice from Figure 18.2 that when 
the probe is weak, there is a complete retrieval of the original pulse, which is 
in accordance with the idea of a dark state polariton [20]. However, when the 
probe is strong, we have absorption and distortion by the medium. For the 


parameters used in Figure 18.2(a), the probe is within the transparency 
window. For intense probes, however, the width of the transparency window 
goes down and the intense probe field suffers absorption and distortion. In 
order to study the generic nature of the storage and retrieval of probe pulses, 
one can examine other pulse shapes. In Figure 18.3, we show the results for 
sech pulses of the form 


T—T : t—T; 
g,(0, T) = gp} sech + fsech ; (18.41) 
s Pp Op 


For more complex pulse shapes such as (18.41), we recover the pulse shapes if 
the pulse is weak. Even for intense probe pulses, however, we retrieve the 
information that the input pulse is a double humped pulse (Figure 18.3(b)). In 
the next section, we will use the theory of Grobe et al. [21] to understand these 
numerical results. Storage and retrieval of light pulses was observed in atomic 
vapors by Phillips et al. [23] and by Liu et al. [24]. Phillips et al. used atomic 
coherence stored in Zeeman levels to trap and retrieve light pulses in Rb vapor. 
Storage times as long as 200 us were reported by them. Liu et al. used a cold 
cloud of sodium atoms and storage times up to 1 ms were observed. Storage 
and retrieval experiments have been successfully repeated with the classical 
probe field replaced by the squeezed vacuum [25, 26] and with single-photon 
pulses [27]. The experiments using input squeezed pulses could retrieve the 
squeezed vacuum after storing it for a time of about 1-3 ups, although the 
squeezing in the retrieved pulse was considerably degraded. Thus EIT and dark 
states could be very successfully utilized for applications in quantum memory 
elements. 
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Parts (a) and (b) show the time evolution of the weak and 
intense Gaussian probe pulses at different propagation 
distances n¢/ y, respectively. The peak position, width, and 
strength of the pulse are indicated in each panel and the y 


axes show (g, / y)*. (Courtesy T. N. Dey.) 
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Time evolution of the composite secant hyperbolic probe 
pulses at different propagation distances in (a) the weak and 
(b) the strong intensity limit, respectively. (Courtesy T. N. 
Dey.) 


18.4 Adiabatons and storage and retrieval of 
pulses 


Grobe et al. [21] studied in general the possibility of shape-preserving 
solutions in a medium made of three-level atoms with two optically allowed 
transitions. Under the condition of adiabaticity, they found pulse pair solutions 
which propagated without a change of shape. In this section, we discuss the 
deep connection between the adiabatons and the problem of storage and 
retrieval of pulses. We will assume that the control field is switched on before 
the probe field, i.e. the pulses are applied in a counterintuitive sequence. This is 
essential to keep the system in the dark state (cf. Eq. (17.38)), which is required 
for the formation of the adiabatic pulse pair. Grobe et al. [21] introduced the 
two-pulse adiabaticity condition 


IZp dg 


ge agety, ( (18.42) 


OT 


assuming the reality of g; and g,. Now in (17.10), we drop all the I’’s and set the 
A’s to zero, then the density matrix elements can be written as 


Pup(T) = Va(t)W3(T), 

W, = ig V. + ign, (18.43) 

W.=igh,, WYW=ig,W. (18.44) 
Under the conditions of the counterintuitive sequence of g, and g; and (18.42), 


the solution of (18.43) is approximated by 


WV, py Sh ww 22, 
G G 
which is like the dark state (17.38). Furthermore, the population in the level |a) 
is given by (18.44), i.e. 


~ id (e\ i der | 
ean a) pais a A846 


(18.45) 


We can now use (18.45) and (18.46) in the Maxwell equations (18.35) for the 
field envelopes to obtain 


: : (18.47) 
oat tN I(B) 
a¢ Gat\G/" 


These two are coupled via the variable G. It can be seen that G does not depend 
on the space coordinate ¢ 


G(¢, t) =G(0, tr), (18.48) 


which meas that any change in the probe pulse is compensated by the 
corresponding change in the control pulse. Thus G in (18.46) is a time- 
dependent function that is solely determined by the input fields. Analytical 
solutions can be obtained by changing the variable tT to 


| uF 
e = — / G*(0O, yt)d(yT) (18.49) 


= fore) 
with the results 


Lp (~. yt) = G(0O, yt)F, E _ ey. 


Y 
4 (y=) = G(0, yt)F) E ~ =| 
Y 


where F,[x] = g,(0, & '(x))/G(O, & (x) and likewise for F/[x]. Here €' denotes 
the inverse function of € in the sense €![E(x)] = x, € (x) # [E(x)]"!. We have 
chosen the initial fields strong enough to ensure the formation of an adiabatic 
pulse pair. The input fields g) and g, are chosen such that G is constant after a 
certain time T. Therefore, for t > T, the integral € can be analytically 
performed. For a continuous wave control field and a Gaussian probe pulse, 
we find the explicit results for the probe and control fields 


(18.50) 


: Ite ce —2(ytr— y To 7 ily ay 4. g| 
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4 | Th yt = 0 
i ? Myr—vm—y io )2 Ivo )2 > 
) V [gee *¥ ty to—y ng/g / (yo) +27] 
ica 


For the case when the control field is taken as a super-Gaussian pulse and the 
probe field is taken as a Gaussian pulse, it is not possible to evaluate the 
function € analytically. In Figure 18.4, the solution of Eq. (18.47) for both these 


cases is superimposed on the numerical results obtained from the density- 
matrix equations (17.10) and the Maxwell equations (18.35). It is remarkable 
that the solution of Eq. (18.47) obtained under the adiabatic approximation 
matches extremely well with the numerical solution of the complete set of 
coupled density-matrix Maxwell equations. It is evident from the temporal 
profiles of the control and probe fields at different propagation distances that a 
dip and a bump develop in the control field’s intensity as it propagates through 
the medium. Figure 18.4 confirms unambiguously that the adiabatic-pulse pair 
(consisting of the dip in the pump and the broadened probe) travels loss-free 
over distances that exceed the weak probe absorption length (typical value of 
n¢/y = 2400) by several orders of magnitude with an unaltered shape. In 
principle, G could be both space and time dependent. Within the adiabatic 
approximation, G does not depend on the space coordinate as shown in the 
inset of Figure 18.4. To keep G constant in the space domain, any change in the 
temporal shape of the control field is compensated by a change in the temporal 
shape of the probe field. When G? and the control field are zero, then the probe 
field is also zero, implying that the probe field gets stored inside the medium. 
The retrieved probe pulse that is a replica of the input probe pulse is a part of 
the adiabatic-pulse pair. Since the numerical results on the storage and retrieval 
of light obtained from density-matrix formalism match extremely well with 
those obtained from the adiabatic approximation, we conclude that adiabatons 
are important for understanding the storage and retrieval of light. An 
important aspect of the adiabatons is the dynamical evolution of the control 
field. 
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Parts (a) and (b) show temporal profiles of the control (g/y)* 
and probe field intensities (gpl)? at different propagation 
distances within the medium. The temporal shape of (G/y)? 
as shown in the inset does not depend on Z. In (a) the input 
control field is a continuous wave field. In (b) the input 
control field is super-Gaussian with parameters 1, = 575/y, o, 
= 200/y. The common parameters of the above two graphs 
are chosen as: g; = 3.16y, g, = 1.414y, t = 200/y, 0, = 90/y. 
The results of simulations using Maxwell-Bloch equations 
are indistinguishable from the results based on adiabaton 
theory. (Courtesy T. N. Dey.) 


18.5 Non-EIT mechanisms for ultraslow light 


From our discussions in the previous sections, it is clear that the key to slow 
light is to find a mechanism which can produce a transparency window. Other 
mechanisms are known to produce a hole in the absorption profile — for 
example, see our discussion in Section 13.2.1. Thus even in the case of two- 
level systems, we can produce a transparency window by using coherent pump 
fields. The existence of such a transparency window depends on the relaxation 
parameters T, and T>. As discussed in Section 13.2.1, we need a medium where 


T, < T,. Inhomogeneous media are especially useful as the inhomogeneous 


broadening is very large and typically results in a transparency window. For 
example, saturated absorption in a Doppler broadened medium has been used 
for a long time in a variety of applications as one now has a transparency hole 
whose width is dependent on 7,-' and the power of the saturating field. 


Furthermore, inhomogeneously broadened solid state systems such as Er* : 
Y,SiO; produce very interesting transparency windows. In fact, Baldit et al. 


[28] reported group velocities of the order of 3 m/s. Inhomogeneously 
broadened systems have been extensively studied both theoretically [29-32] 
and experimentally [28, 33-35] for the production of slow light. Reviews of 
such non-EIT methods for the production of slow light are available [36, 37]. 
The susceptibility of a two-level system driven coherently by a strong field 
is given by (13.29). For an inhomogeneous medium we need to average 
(13.29) over the distribution of the atomic frequencies. The atomic frequency 
enters through A = @, — @;. Let the inhomogeneous distribution be given by a 


Gaussian 


(18.52) 


2./1n 2 (41n2)(a@ — @o)* 
——_—_— exp — > ’ 
fT inh 


inh 
where dg is the central frequency of the inhomogeneously broadened transition 
and I, is the inhomogeneous line width. Thus A dependence of (13.29) needs 


to be averaged using (18.52) or equivalently 


2VIn2 4\|n2 os ~ e 7 
exp | = (a - A>] - A = Wo — @). (18.53) 
JT inn 


inh 
In the following discussion, for simplicity we set A = 0. 
We present the behavior of the real and imaginary parts of the susceptibility 
as a function of the detuning of the probe field in Figure 18.5. The real part of 
the susceptibility shows normal dispersion. It is clear from Figure 18.5(a) that 


P(@) = 


p(A) = 


the slope of the normal dispersion attains its maximum when the saturation 
parameter S = 4|g)*T,T> ~ 1, which leads to ultraslow light. The imaginary part 
of (y) exhibits the absorption dip, which becomes deeper with the increase in 
the intensity of the pump field as shown in Figure 18.5(b). The spectral width 
of the absorption dip depends on the intensity of the pump field. This dip is 
associated with coherent population oscillations [38, 39]. 
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Parts (a) and (b) show, respectively, the real and imaginary 
parts of the susceptibility (y) as a function of the probe 
frequency w, (0 = Wp, —w)) in the presence of a co- 
propagating pump field g,. The above plots are for an erbium- 
doped crystal, with the parameters: inhomogeneous 
absorption coefficient aj, = 6.5 cm“, inhomogeneous line 


width Fj,, = 1.3 GHZ, longitudinal relaxation time 7, = 8 ms, 
and transverse relaxation time T> = 3 us. (Courtesy T. N. 
Dey.) 


Using the behavior of the averaged susceptibility, we can now discuss the 
possibility of ultraslow light in such a medium. We compute the group index n 


g 
defined by 
a a j Th F 
ng = 1 +20%0,—Re(x) = 1+227@,—Re(x) = 1—-— aa (=). (18.54) 
IW, ad 2 

F =i(-A +i)[S? + 266 f +i)? +6 + A)?(1 —iA) 

+S(i+5+4A)(-i +6 +2f(i +5 — id? + A)— A)], (18.55) 
G=2(1+S+ A’)[S(6 +i) — G+ 8f)((i+5) — A*)P, 
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qT 
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where as before we denote the averaging over the inhomogeneous profile for 
the detuning A by ( ). In (18.54), we also introduced the unsaturated 
inhomogeneous absorption coefficient a, of the two-level atomic system 


defined by 


SO rear y 0) = 82° wpn|Pegl” vIn2 
\ 4g1=" : 


c c AT inh 


inh = (18.56) 
In the limit of very large inhomogeneous broadening, we can replace the 
exponential term in (18.53) by unity. We then obtain 


dA, (18.57) 


—_ Minne [- (=A iS? +82 Ff —1) (A+ iP +2i(A + 1)7] 


2n - (1+5+ A?) 


where we have also taken the limit 6 = w, — @; — 0. This integral is done by 


p 
using contour integration, which leads to 
S(4+S) 
Ng = CQinn ) | ——— 5 —> 0. (18.58) 
g inh +] f= | 


It is clear from the above expression that the group index varies as S '* for 


large values of S. The group index attains its maximum value at S = 0.9. In the 
case of a homogeneously broadened two-level system, the group index can be 
calculated using (18.54) and (18.55) with A= 0 


S ‘ 
Ng = cay, 1) sae | 5 5— Q, ( 18.59) 


where @, = ATIC yN|Degl” T, /ch is the homogeneous absorption coefficient. Note 


that the ratio between the inhomogeneous and homogeneous unsaturated 
absortion coefficients is a,,/a, * [;,T>. For a homogeneously broadened two- 


level system the group index varies as S~* at large S and peaks at S = 0.5. At 
large S, the group index for a two-level system falls much more slowly for an 
inhomogeneous medium as compared to the homogeneous case as shown in 
Figure 18.6. We thus find an important difference between inhomogeneously 
and homogeneouly broadened two-level systems. For nonzero values of 6, one 
has to evaluate (18.54) numerically and the results for the group index as a 
function of the pump intensity are shown in Figure 18.7. The results in Figures 
18.6 and 18.7 are in agreement with the observations of Baldit et al. [28], who 
reported group velocities of the order of 3 m/s. 


We note in passing that for a homogeneously broadened medium n, * 


cT,a,,/20 if we take the square bracket in (18.59) as 0.05. Thus for a system 
like Ruby [40], ny ® 10’, vy 40 m/s, for a, ~ 1.17 cm, T,; = 4.45 ms. This is 
the value at 6 = 0. For nonzero 6, the group index is smaller or the v, is larger. 


In fact, in the experiments on Ruby [40], the reported group velocity at 6 # 0 
was 57 m/s. Finally, a good figure of merit for slow light experiments is the 
product of the group delay and bandwidth [41]. The bandwidth is determined 
by the transparency window. For an homogeneously broadened medium, we 
can give estimates as the half width of the transparency window is given by 
(13.40), ie. (1 + S)/T, and the delay bandwidth product becomes 


aw 20145) L _ 2{1+5)L meee 7A) : : 
eT RB Che = which is roughly close to a,L/4 for a 


saturation parameter equal to unity. 
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Variation of the term in square brackets of Eqs. (18.58) and 
(18.59) as a function of the intensity of the pump field for 
inhomogeneous (solid) and homogeneous (dashed) cases of 
broadening. (Courtesy T. N. Dey.) 


Group index 


The variation of the group index with the saturation 
parameter S. The parameters are chosen as @,,,, = 6.5 cn}, 
T, = 8 ms, and T, = 3 us. (Courtesy T. N. Dey.) 


Exercises 


18.1 Use (17.14) to find the derivatives of Xo”)(@p) at A, = 0, under the 


. a2 , (ab) F : : a(ab) . 
condition A, = 0. Show that =s- oe purely imaginary and x— is 
P A p=t CMp 


purely real with values 
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For further discussions of the dispersive properties of EIT see [7]. 


18.2 Show that the formula (18.20) remains valid for the propagation of the 
Gaussian pulses under the conditions of Exercise 18.1. 


18.3. By choosing an appropriate contour, show that (18.57) reduces to 
(18.58). 


18.4 Derive the value of the a;,), as given by (18.56). Use (18.52) and the value 
of Im y as given by Eq. (13.16). 
18.5 Verify the solutions (18.50) and (18.51). 
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Single photons and 


nonclassical light in integrated 
structures 


In this chapter, we will study the behavior of single photons and entangled light 
in integrated structures — these could be coupled resonators or waveguide 
structures. These structures, which could be on a chip, enable one to study the 
transport of nonclassical light and quantum interferences in such transport. 
Typically such structures can be taken as coupled by the nearest neighbor 
Hamiltonian, which is similar to the tight binding Hamiltonian, well known in 
condensed matter physics. Thus integrated structures enable one to realize 
optically a number of condensed matter effects such as Anderson localization, 
Mott transition, etc. In addition, we can study a number of newer possibilities 
by considering the entangled photons in such structures. The integrated 
structures also allow the possibility of carrying out quantum logic operations 


[1]. 


19.1 Quantum optics in a coupled array of 
waveguides 


We first investigate the transport of nonclassical light across an array of 
waveguides as shown in Figure 19.1. For simplicity, we will concentrate on the 
case of single-mode waveguides where the nearest neighbor waveguides are 
coupled by evanescent fields. Each waveguide could have its own refractive 
index n;. Let us label the waveguide by the index j. We quantize the field in each 
waveguide. Let a; and a;' be the annihilation and creation operators for the jth 
waveguide, these obey the commutation relations 


[a;, a’ =6,;, [a;,a;] =0. (19.1) 


The Hamiltonian for the whole system can be written as 
N N-1 
H=h >; Sja\a; + AJ Yo (akajs + CjO 54 ii (19.2) 
j=) j=l 
The first term describes the free propagation (6; « nj). We have assumed that 


the coupling constant J is independent of the index j, though one can fabricate 
devices such that J would be dependent on j. The numerical value of J is 
determined by the relative distance between the waveguides and J falls as the 
distance increases. Such an integrated structure has the flexibility that both 6, 


and J are controllable. The Heisenberg equations of motion are 
aj = —1d ja; = iJ (aj44 + aj-| ), ( 19.3) 


where ¢t is related to the propagation distance along the direction of the 
waveguide. The Hamiltonian (19.2) is analogous to the tight binding 
Hamiltonian of condensed matter physics. The set of equations (19.3) is linear 
and hence one can write the formal solution in terms of the Green’s function 
defined by 


Gj = —i8;G — J (Gj411 + G1), 

Gii(t = ()) = bi, (19.4) 

a;(t) = Y= Gi(t)ai(0). (19.5) 
[ 


The 6; is the Kronecker delta. Thus the output from the waveguide can be 


calculated depending on the input to the waveguides. The input could be 
coherent, nonclassical, or entangled light. The average number of photons at 


the output of each waveguide is given by 


Nj = (a\(t)aj(t)) = S> Gi (Gir (t)(a}ar) 
i! 


= 0 IG(0)P (ajay), (19.6) 
I 


where the last line is for the uncorrelated input fields, i.e. (a;"ap) ox 5)». Let pj; be 


the joint probability of detecting a photon at the waveguide j and another 
photon at the waveguide |. This joint probability is proportional to 


pa & (al(t)a;(thaj(t)a(t)),  f #1. (19.7) 


For coherent inputs, all the outputs are coherent. This follows from the 
linearity of (19.5). 


Output 


Input nonclassically entangled 


separable 


Coupled waveguide array. 


In case when all the waveguides have identical refractive index 6; = 6, then 
(19.2) can be diagonalized [2] using 


aj(t) =) byS(j, p), (19.8) 


N 
bp (t) =) ajS(j, p). (19.9) 


j=l 


where the function S(j, p) is defined as 


a an : 
- | 2 ; J pr 
SC, =,/>——s N+1)° i 
(j, p) VWol sin € +1 ) ( ) 


This function satisfies the orthonormality relations 


N 
Y> Sin, p)S(m, P)= Ee 


N=1 saa (19.11) 
D1S(a, p)S(m, p+ 1) + S(n, p+ LSU, py] = 251m 60s las | 


h 
j 
4 


p= | 


Using (19.8) and (19.11), we obtain the diagonalized Hamiltonian 


N 
pm 
H =h)°(5 + By)bi by, By = 2Jcos (<P). (19.12) 
al 
Note that for N — o, B, becomes the dispersion relation for an electron in 


periodic lattice. Using (19.12), the Green’s function has the explicit form 


N 


Gilt) = Y— exp[—i(d + B,)t|S(1, p)S(, p). (19.13) 


p=| 


The Green’s function and (19.5) determine all the quantum properties of light 
in the coupled waveguide system. 


| | 


Single-photon inputs 
|11) 


Two evanescently coupled waveguides with single-photon 
inputs. 


19.2 The Hong—Ou-Mandel interference ina 
system of two coupled waveguides 


We first consider the possibility of the Hong—Ou—Mandel interference [3] in 
integrated structures [1, 2] (Figure 19.2).Let us consider a system of two 
identical waveguides coupled via evanescent fields. Let us further assume that 
each waveguide is fed with a single photon. However, the two photons are sent 
with a relative delay T. The effective Hamiltonian and the evolution operators 
are given by 


H=hJ(a'b+ab'), — U(t) = exp[—it(a'b + ab')], (19.14) 


where we have now Set ad = dj, b = a>. We assume that a photon is launched in 


waveguide 1 at t = 0. The waveguide fields evolve over an interval T given by 
(19.14), when the second photon is launched in waveguide 2. The output state t 
> Tis 


U(t —T)b'U (T)a'|0, 0 
i} = Eee (19.15) 
V (1, O|JUT(T )bbtU (T)|1, 0) 


In Eq. (19.15), b' corresponds to the addition of a photon in the second 
waveguide at time T. Furthermore, the denominator in Eq. (19.15) arises as we 
have to ensure the normalization of the wave function b’ U(T),"|0, 0) at time T. 


Using U(t — T) = U(t)U"(T) and the definition of the Heisenberg operators a(t) 
= Ul (t)aU (8), the numerator in Eq. (19.15) simplifies to 


U (tb! (T)a‘|0, 0) = b'(T — t)al(—t)U (t)|0, 0) 
= bi(T —t)a'(—t)|0, 0). 
Using the solution of Heisenberg equations in this numerator and using Eq. 


(19.15) we find that the probability of finding simultaneously one photon at 
each output at time t is (8 = Jt, 89 = J T) 


p(t, T) = \(1, Wy)/? 
= cos*(26 — OM )/(1 + sin? 4) 
= 0, if 20 —@ =7/2. (19.16) 


This shows the two-photon interference dip at 2t — T = m/2J depends on the 
length (proportional to t) of the waveguides and the delay time. For a given 


structure such a dip can be scanned by varying the delay time T. Such an 
interference dip can be understood as an interference of different pathways that 
the two photons can take. This is displayed in Figure 19.3. The first two paths 
lead to destructive interference. In fact for T = 0, Eq. (19.15) leads to the 
generation of an entangled state 


lv (t)) = e!*/2(|2, 0) + 10, 2))/V2, if Jt = 2/4. (19.17) 


Politi et al. [1] observed the Hong—Ou—Mandel interference in coupled 
waveguides. 


Different paths for the two photons in two coupled 
waveguides leading to the Hong—Ou—Mandel interference. 


For a larger array of waveguides p; (Eq. (19.7)) can be calculated in terms 
of the Green’s function (19.13). Let us label the waveguides in which each 


photon is sent as m and n, then 
Pa = >. G*(t) Gis (t)Giy (t)Gis(t) (al,ayay as), (19.18) 
apy 
the averaging is with respect to the state | w (0)) = |1,,, 1,,). Note that a,ad| y (0)) 
= 0 unless y = m, 6 = n or y = n, 6 = m. Similarly, (W(0)|alap, would be 


nonzero for a=m, B=nor a=n, B=M, ie. 


(aaa, as) = (Sam5pn = Sand Bm )(bymd5n = Sd yndim ), 


and hence (19.18) reduces to 
Pit =|GinGin + GinGiml- (19.19) 


Note that (19.19) has four distinct contributions arising from the interference 
of two photon amplitudes corresponding to the photon from the mth guide (nth 
guide) reaching the jth guide (Ith guide) and the process with m and n 
interchanged, i.e. |1,,, 1,) > |1j, 1); [Lm 1n) > [1p 1). A detailed study of pj; is 
given by Bromberg et al. [4]. The behavior is shown in Figure 19.4 for two 
cases m= 0,n = 1; m=~-1, n= 1 for an array consisting of 21 waveguides. In 
the first case photons exhibit bunching whereas in the second case there is no 
definite pattern. 


19.2.1 Waveguide couplers — beam splitters on 
the chip 


A very interesting consequence of (19.14) is the beam splitter-like action of 
two coupled waveguides. Thus coupled waveguides on a chip are important 
elements of optical circuits. From (19.14) we obtain solutions to the 
Heisenberg equations as 
a(t) = a(O) cos Jt — ib(0) sinJf, 
. (19.20) 
b(t) = b(0) cos Jt — ia(0) sinJt, 


which are the same transformation equations that we had for beam splitters (Eq 
(5.9)). The transmission of the beam splitter would be cos*(Jt). Thus by 
changing the coupling constant or the length, we can produce beam splitters 
with varying transmission coefficients. Note that we need devices with varying 
transmission in any quantum architecture (cf. Exercises (5.5), (5.9), (5.10)). A 
typical waveguide coupler is shown in Figure 19.5. 


19.3 Single-photon transport and coherent 


Bloch oscillations in a coupled array 


Let us consider sending a single photon through the array. We can send a 
single photon through one of the waveguides or we can make a wave packet so 
that the single photon can be launched at each waveguide with some amplitude. 
The coherent wave packet has the form of a W state 


lv) = Yesllj, (0}), (19.21) 
J 


where lei? is the probability of finding the single photon at the input of the jth 
waveguide. The W state of the form (19.21) can be produced by an 
arrangement of beam splitters and mirrors [5]. 


(b) 


The probability p,, of (Eq. (19.19)) of finding one photon 
each at the sites g and r. (a) The photons are coupled to 
two adjacent waveguides, i.e. |W(0)) = aa‘ |0). The two 
photons exhibit bunching, and will emerge from the same 


side of the lattice. (0) The two photons are coupled to two 
waveguides separated by one waveguide, |wW(0)) = a'_,a\ |O).. 
Here the two photons will both emerge either from the lobes 
or from the center. (Redrawn following [4].) 


A typical waveguide coupler on a substrate. 


19.3.1 Continuous-time quantum walk of a 
single photon 


Let us first consider when a single photon is launched at a given waveguide say 
zeroth waveguide [c; = dj] in an array running from —N to + N. We will assume 


a large enough array so that boundary effects are unimportant. For identical 
waveguides 6 is redundant. The solution to (19.4) can be written down by 
noting the recursion relations for Bessel functions J,(z) 


dJ/,,(z) 
Jy_1(Z) — Spa (z) = 2 ; J, (0) = 6,0, 
v dz ae (19.22) 


Gyi(t) = J,_)(2Jt)(-i)". 


Thus if a single photon is sent through the zeroth waveguide, then the intensity 
at output of the jth waveguide is 


I(t) = JjQ2JIt)/P. (19.23) 


The behavior of a single photon in a large array for large and short 


propagation distances is shown in Figure 19.6, which is obtained by directly 
integrating (19.4) using the Runge—Kutta procedure. For long distances, the 
single photon tunnels through many waveguides. This happens due to 
evanescent coupling between the waveguides. The Bessel function (19.23) is 
the result of interference between all the quantum paths that the single photon 
can take. Perets et al. [6] comment that this kind of behavior is a hallmark of 
continuous-time quantum walks and thus photons in waveguides can be used to 
observe continuous-time quantum walk behavior. We have considered the 
propagation of a single photon. We note that the same result (19.23) holds for 
coherent fields except for a scaling factor. 


19.3.2 Bloch oscillations with single photons 


As already emphasized, the waveguide structures can be fabricated so as to 
model a very wide class of Hamiltonians. In particular, the well-known 
phenomenon of Bloch oscillations for an electron moving in a crystal lattice in 
the presence of electric field was studied experimentally using waveguide 
arrays [7, 8]. The effect of an electric field can be modeled by considering that 
the refractive index 6; of the jth waveguide is proportional to j. Thus the basic 


equation for the Green’s function (19.4) becomes 
Gir = —16 jG; = WJ (Gy + Gj-1,1 1B oF =a; (19.24) 


This equation is identical to the motion of an electron in a periodic lattice in 
the presence of an electric field. 


r r T 
W S| 


Jt 
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Waveguide number 


f=) Quantum walk of a single photon in a coupled waveguide 
array. 


We first study the transport of a single photon launched say at the middle 
(Nth) waveguide in an array consisting of 2N waveguides. The solution of 
(19.24) can be derived by using generating function or by Fourier techniques 
and is found to be [9] 


i(j —l)(a@t —7) 4. (at 
Gji(t) = exp [ila — =| Ji; = sin (S)| ‘ 


(19.25) 
tT =Jt, a= 6/7. 


The output intensity distribution is then 


4 . sat 2 
Jj-Nn E sin (=)] . (19.26) 


This is shown in Figure 19.7. The behavior is determined by the zeroes of the 


Bessel function. The Bessel function in (19.26) has an argument with 
+ —> “+n. Thus the pattern repeats when 


if — (a\(t)a;(t)) = IGzn (OP = 


periodicity given by > 
> Fp an: 
Next we consider the well-known coherent Bloch oscillation when the input 


to each waveguide is in a coherent state with amplitude a;. In order to exhibit 
Bloch oscillations one needs a fairly wide distribution of fields at different 


inputs. As in the work of Peschel et al. [9] we assume a Gaussian distribution 


of a, ie. we assume w; ~ exp[—(j—//)?/207] up to a constant. The resulting 
Bloch oscillation is shown in Figure 19.8. 


“. / 
a 


30 


i) The variation in output intensity distribution lj for a single 
waveguide excitation as a function of Tfor j= 1, ..., 26. The 


parameter a is a= 0.5. 


p— 


Bloch oscillation for a Gaussian excitation. There are 26 
waveguides in the system and the parameters for the 
Gaussian beam a, ~ exp{—(p — p)*/(202)} are chosen as o = 
3.6 and p = 13. The parameter a= 0/ Jis 0.5. 


We next discuss how it is possible to observe Bloch oscillations with single 
photons. We would consider a source of heralded single photons [10-12]. In 
order to do this we should be able to launch a single photon in any waveguide 
with a finite probability. Besides we need to launch it in a coherent manner. 
This is possible [5] if we prepare a single photon in the W state (Eq. (19.21)). 
Then the quantum correlations in the W state enable us to obtain coherent 
Bloch oscillations with single photons. For this purpose, we assume that the 
input to the waveguides is from the multiport device [13] of Figure 19.9. The 
state of the field at the input would be given by Eq. (19.21) with a distribution 
of c;s as shown in Figure 19.10. For a single photon in a W state we get 


ot Gy, (f )Cp 
P 


where we use the c,s from Figure 19.10. This distribution of the intensity is 


shown in Figure 19.11. In this case we recover the coherent Bloch oscillations 
even though we use incoherent single photons. This is possible due to the 


2 


= (19.27) 


quantum correlations implicit in the W state of single photons. 


The scheme for generating the required input W state. The 
long horizontal line is the mirror with 100% reflectivity. The 
double arrow indicates a heralded single photon froma 
source such as a parametric downconverter. The black lines 
show the vacuum fields at open ports. The transmissivity of 
the beam splitter is T. The output intensities at different 
ports are given by TR2/2, TR/2, T/2, T/2, TR/2, TR2/2. 


Distribution of |c,| normalized to its maximum value as a 
function of p for R = 1/,/2.. 
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The Bloch oscillation for a W state. The parameter a is 
chosen as a = 0.5 and there are 26 waveguides in the 
system. 


Thus the observation of the single-photon Bloch oscillation would require 
(a) a heralded source of single photons of the type used in [1, 10-12]; (b) 
waveguide structures like, for example, the ones employed in [1, 4, 6]; and (c) 
a mirror assembly of the type shown in Figure 19.9. All these resources are 
currently available. 


19.3.3 Optical ratchets 


Finally, we discuss the possibility of phase-controlled photonic transport, i.e. 
the possibility of an optical ratchet [14]. Consider the feeding of two 
neighboring waveguides with coherent light but with different phases. The 
phase difference can be used for controlling the transport of photons. The 
initial condition is 

lv) = |Bo, Bie”), (19.28) 
i.e. we have a coherent field f£ in the central waveguide “0” and a coherent field 


Bel? in the waveguide “1”. As before we assume a large enough waveguide 
array. Using Eq. (19.25) and the initial state |p), the intensity J; at the output of 


the jth waveguide is then 


I; _ (a\aj) ' 
a = a = IGolt) +e” Gal’ 
|BI- IBI- : 


= Js = sin (S)| + a = sin (=)]) 


rs 


—2/_; = sin (S| ye = sin (=) sin (= _ ¢) , —-N<j<4N, 


(19.29) 


where T and a are defined in Eq. (19.25). We display the intensity patten in 
Figure 19.12 for the same parameters as in Figure 19.7. Figure 19.12(a) shows 
the intensity profile for @ = 37°. These profiles are asymmetric about the j axis 
indicating transport to the lower index side of the array. However, for o = 
217°, Figure 19.12(b) shows that the direction of transport is reversed. Thus 
the phase-displaced inputs can be used to control the direction of transport of 
photons. 


19.4 The Anderson localization of quantum 
fields in coupled waveguide arrays 


The Anderson localization has been extensively studied since its discovery 
more than 50 years ago. Extensive reviews and books on the subject are 
available [15, 16]. The newer studies now concentrate on systems where the 
parameters of the systems can be well controlled and such is the case with Bose 
condensates [16] and arrays of waveguides [17, 18]. We have seen beautiful 
demonstrations of the Anderson localization in such systems. In addition, 
waveguide structures offer the possibility of using strictly quantized radiation 
fields and thus newer aspects of the tight binding Hamiltonians can be 
uncovered using nonclassical light. These, for instance, include issues such as 
quantum entanglement and photon—photon correlations in the fields at the 
output end of the waveguides. Thus from the perspective of quantum optics it is 
interesting to study the photon—photon correlations [17] in the Anderson 
localization of single photons as well as the Anderson localization with 
nonclassical light such as squeezed light or light with sub-Poissonian statistics 
[19]. The effects of the quantum statistics of the input light are seen in the 
intensity fluctuations and the intensity distribution of the output light. 


‘i \) 2 Demonstration of the optical ratchet effect in the output 
intensity for different values of the relative phase @ in the 
input state (19.28) for a= 0.5, after [14]. The waveguides 


are numbered as in Figure 19.7. 


We model the disorder in waveguides via the disorder in the refractive index 
of each waveguide. Thus the parameters 6; in Eq. (19.2) for different j’s are 


independent Gaussian variables with a distribution 


§? 
P(3):= exp ( , (19.30) 
2m A 


5 2 A2 


iJ > 


where A? is the variance of the distribution and is a measure of the disorder in 
the medium. The final results are not very sensitive to the exact form of the 
distribution for the disorder. As a result of disorder, the Green’s function 
becomes random and the physical results are obtained by the integration of the 
Green’s function and its products over the distribution P(6). Assume the input 
at the waveguide labeled as zero, Eq. (19.6) yields for the mean intensity at the 
jth waveguide 


I; = (\Gjot)P) (ajao). (19.31) 


In the calculation of the mean intensity J, the quantum statistics of the field 
does not enter. We show in Figure 19.13 the results for J; for increasing values 


of the disorder. As the disorder increases we get Anderson localization of the 
intensity in the waveguide in which the field was put in. Note that, after the 
localization has taken place, more than half of the input photons are found at 
the output of the waveguide through which the input field was sent. This 
characteristic property is essentially the reason for the enhanced radiation— 
matter interaction using localized modes (see, e.g., [20]). 

The effect of the input photon statistics would appear at the level of 
fluctuations in the intensity, i.e. in the quantity 


v5 


; 5 al? a? 
22) af 2?) oo {ae} — © (19.32) 


+ 14,7122 
- Gel oa “o) af’ (19.33) 
(|G jol-)- (agao)- 


and in the site-to-site correlations defined by 


Uilp) = (|Gio?|Gol*) (aj. a5). (19.34) 


We can now consider different fields to illustrate the effect of quantum 
statistics. For a_ field in a _ coherent state |a), we have 
(ahay) = lo, (a’? a2)=|a|*. For a _ field in a _ thermal _ state 
(a\ao) = =F, (ala?) = 2’. For a single-mode squeezed field, Eq. (2.41), (a\ao) 
= sinh? r, (q!7q2) = sinh? r(1 +3 sinh* r), where r is the squeezing parameter. 
We exhibit the behavior of the intensity fluctuations in Figures 19.14 and 19.15. 
We first note that the fluctuations at the output are enhanced over the input via 
the disorder in waveguides. Figure 19.15 also shows how the fluctuations 
increase with an increase in the squeezing parameter. This happens as the input 
field has increasing super-Poissonian fluctuations. The  site-to-sites 
correlations after localization has occurred are shown in Figure 19.16. The 
site-to-sites correlations can exhibit the spatial correlations within the 
localization peak if the two photons are launched in nonadjacent waveguides 
[18]. 

Let us now consider the case when light with sub-Poissonian statistics is 
launched into the disordered medium. Specifically, we take a two-photon Fock 
state |2) for which (qi?q2) = 2 and (a)\ag) = 2. Since g® is given by 


(2) _ (IGyol? yal a) 
(lGjol? 2 (ahao)? 


one can see that the first ratio (containing the Green’s functions) provides 
information on the fluctuations induced by the disorder in the medium, 
whereas the second ratio is specific to the statistics of the input photons. In 
particular, this ratio is equal to 1 for a coherent state and 1/2 for the Fock state 
|2), which immediately suggests that the output field is less noisy in the latter 
case. This result demonstrates an instance in which there is a suppression of the 
fluctuations (relative to the case where the input field has Poissonian statistics) 
due to the disorder of the medium by the nonclassical sub-Poissonian statistics 
of the input field. 

A suppression of fluctuations has been reported in the multiple scattering of 
nonclassical light [21]. 
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Appearance of the Anderson localization in mean intensity 
as the disorder increases: (a) A/J = 0, (b) A/J = 1, and (c) 
A/J = 3. Mean photon number for the input field in the 
waveguide numbered 50 is 100 [19]. 


r 
°; San 
QO; 8 
T T T T T 
C0: OS: 2) hs 20 25 38 
Disorder (A/J) 


—-a 
tac 
—_. 
w 


T T 


Normalized variance versus disorder at the 50th waveguide 
for a Gaussian disorder. Mean photon number for all three 
input fields is 100. Curves shown are for coherent fields 
(Squares), thermal fields (circles), and squeezed fields 


(triangles) [19]. 


Variance of output intensity 
at 50th channel 


is Variance in output intensity at the 50th waveguide versus 
the squeezing parameter for a Gaussian disorder in the 
refractive index [19]. 


=) (8 Localization peak in site-to-site photon correlations for r= 1 


and A/J = 3 [19]. 
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Classical walker on a line. 


19.5 Discrete quantum walks via waveguide 
couplers on a chip 


As another novel application of waveguide couplers on a chip, we consider 
quantum optical realization of discrete quantum walks. This is a new paradigm 
in quantum optics. We first present a discussion of such quantum walks and 
contrast these from the well-known classical walks. 


19.5.1 The quantum walk on a line 


Consider a classical walker moving on a lattice of points on a line. The walker 
can move with equal probability to the left or right as shown in Figure 19.17. It 
is well-known [22] that the probability of finding the walker at the site m in N 
steps is 

N! [iy 
P(N, m) = (= (5 (*=")! (=) 


7 a 


5 


i 2 m- for | y (19.36) 
—>,/ exp|———], for large N. x. 
ia oy? Oe - 


The probability is peaked around m = O. Consider now a quantum walker such 
that it has additional quantum degree of freedom which decides whether the 
walker moves to the right or left. The additional degree of freedom could be 
spin. We can say that if the spin is up (down), then the walker moves to the right 
(left), ie. we now represent by unitary transformation U the changes in the 
quantum state of the walker 


Ul t, 2 | 4,241), 
U| lly) >| ).7-—1), (19.37) 
U(a| t)+ Bl L)) If) > a] t,/4+1)4+ Bl] J,7—1). 


Such a transformation produces entanglement between the position and the spin 
degrees of freedom. Let us now consider a quantum walk represented by the 
following operations 


|W) = (UR)(UR) --- (UR) |W), (19.38) 


N times 


where R is a rotation in the spin space 


(ta DO) a 


The product U R can be written as a 2 x 2 matrix 


Lf ee gh _ 
UR= Vi (= oe) (19.40) 


where e?? is defined by 


el? 1) > | +1). (19.41) 
Thus we can write the Nth power of the matrix UR as 
A B 
IR) = A|0) = ) A,|l), ete., (19.42 
(UR) ¢ 5): 4|0) = }° Aj|/), ete (19.42) 


where A, B, C, and D can be obtained using (19.40). For example, the initial 
state |y;) could be |!)|0), ie. in terms of a column matrix |y;) = (‘)|0). In 


’ L 8 me 
quantum computation, an operation represented by a ( 1 -] ) very similar to R 


is called the Hadamard transformation. In what follows, we use R as R is easily 
realizable in optics (see also Exercise 19.5). The final position of the quantum 
walker is obtained from 


Pposition = (spin ( | We (Wy |). (19.43) 


In Table 19.1, we present the probability P(N, m) = (mJ[pPpocitionlm) for the 
quantum walker and a comparison with the results for the classical walker [23]. 
The numbers for the classical walker, when these differ, are shown in the 
parenthesis. The results for the quantum walk are asymmetric and the 
probability distribution for N = 50 steps is shown in Figure 19.18. The 
quantum walk, unlike the classical walk, results from the interference of many 
pathways as implied by the series of unitary transformations leading from the 
initial state |w;) to the final state |W). A proposal to realize quantum walks using 
a combination of beam splitters and phase shifters was made by Jeong et al. 
[24]. Do et al. [25] implemented quantum walks by using linear optical 
elements such as polarization beam splitters. Pathak and Agarwal [26] and 
Omar et al. [27] considered a two-dimensional walker so that the effects of 
quantum entanglement on the final states of the walker could be highlighted. 
Since it is possible to put many waveguide couplers on a chip, it is possible to 


realize quantum walks using waveguide couplers. 


Table 19.1 Quantum walk with initial state | |, O}. 


The probability of finding the quantum walker at site n in 50 
steps, starting from the initial state |1, 0). 


19.5.2 Realization of discrete quantum walks 
by waveguide couplers 


We discussed in Chapter 5 the behavior of a single photon at a beam splitter 
(Eq. (5.2) and Figure 5.3). The transformation R is then realized by a single 
beam splitter. We can also use a waveguide coupler to realize R. We next have 
to introduce an analog of the different lattice sites. We can arrange a series of 
beam splitters or waveguide couplers as shown in Figure 19.19 for a five-step 
quantum walk. According to Table 19.1, the five-step quantum walker can be 
found only at the positions —5, —3, -1, 1, 3, 5. Note that the arrival of photon at 
either position + 5 is via only one path. This explains that the probability of 
finding the quantum walker at the position + 5 is the same as for a classical 
walker. 


Single photon 


<5 


Single photon five-step quantum walk realized by waveguide 
couplers. 


The two parts of (19.44) corresponding to the direction 
from which different polarizations are launched in. 


The quantum walk of two entangled photons [26, 27] can be considered by 
introducing polarization as the additional degree of freedom. For example, in 
the arrangement of Figure 19.19, we need to bring one photon from each side 
of the beam splitter. Each photon could have any of the two states e and o of 
orthogonal polarizations. Thus we can consider an entangled input state with 
arbitrary relative phase 6, 


| ; 
lv) = (lev, on) +e” lov, en)), (19.44) 
ae 


,* 


where fh and v represent the horizontal and vertical directions, respectively. 
Such a state is produced by a downconverter of type II [28]. This corresponds 
to the two configurations shown in Figure 19.20. Furthermore, we need beam 
splitters with reflection and transmissions independent of the polarization of 
light. Such beam splitters and waveguide couplers can be fabricated [29]. We 
now have optical elements that are independent of the polarization degrees of 
freedom. Thus given the input state (19.44) we can calculate the output from 
considerations of the passage of a single photon in the set-up of Figure 19.19. 
Thus a photon incident from either the horizontal or vertical direction from 
the input beam splitter would lead to 


bx) > D Bill, xv) + Dill, xn)), 
H 


(19.45) 
xv) > SOCArL, xv) + Gill, xn), 


where x stands for e or h. Using (19.44) and (19.45), the output state is 


calculated. The probability p,, of finding a photon at the site j and one at the site 
I, irrespective of their polarizations, can be shown to be 


] . = wes l — ; 
Pj = 5IDjG + D,Cje" |" + =|DjAi + ByCje" |? (19.46) 


24+). 


l ross | ” 
aa sIBiCr a AD je" |? + =|BjA1 + B)A je" 


The four terms in (19.46) correspond to the detection of combination of 
polarizations (e,, Op), (€,, Oy), (ey, Op), (ey, Oy). The interference terms arise 
from the entangled nature of the input state (19.44). 


Realization of quantum walk by two entangled walkers by 
waveguide couplers for the symmetric case 8 = O (top) and 
the antisymmetric case @ = 7 (bottom) in (19.44). 


We show in Figure 19.21 the behavior of p, for symmetric and 


antisymmetric entangled states (19.44). The bunching and antibunching effects 
are evident in the symmetric and antisymmetric cases, respectively. 


Exercises 


19.1 For the model Hamiltonian (19.14) obtain solutions to the Heisenberg 
equations for a and b, assuming that the input state is a product of two 
single-mode squeezed states (Eq. (2.17)) with same squeezing parameter r. 
Then show that the Wigner function at time t is Gaussian. Find the 
covariance matrix defined by (3.95) and find the condition on the 
parameters Jt and r so that the state at time ¢t is entangled. Calculate the 
logarithmic negativity parameter Ey defined by Eq. (3.100) and plot it as a 


function of Jt (for details see [30]). 


19.2 Consider a waveguide array whose solution is approximately given by 
(19.23). Use it to study the discrete Talbot effect [31]. More specifically 
consider a binary coherent input {1, 0, 1, 0, ... to the waveguide array. 
Calculate the intensity pattern either by using the Bessel function solution 
or by directly integrating equations (19.4) using the Runge—Kutta 
procedure. Show periodic revivals of the intensity pattern. 


19.3 Prove the solution of (19.25) for a large array satisfying Eq. (19.24). To 
prove this, write 
| 
V20 . 


- ] _ 
G)(k,t) = Ga(t)e*, 
Tin 2 


Gy (t) = 


+H _ 
/ G;(k, t)e'” dk, 
—t 


G)(k, 0) = ti 
J/ 20 


then show that Eq. (19.24) has the solution 
Gi(k, t) = L -iltitar) exp a [sin(k + at) — sink] 
TUK, = Jit ex] - § s ° 
The final result (19.25) is obtained by using the generating function for 


Bessel functions 
— = 
an sin _ » } el” J,(z). 


19.4 Obtain the normal modes of light propagation in an array of coupled 
nonlinear waveguides 


N-1 


| 5 fetal? + 2 )+ AJ S“(al A j+l +a\,14; B 


j=l j=l 


Show that the transformation, with S defined by 


N 


N 
FE vy b,S(, Pp), b, = SY ajSU, P), 
p=! 


j=! 
yields diagonalization of the above H to 


IIT 
H= » Ee + gb + 2J cos ( vs ) th | : 


p=! 


(Source: Dr. J. Perk, private communication.) 


19.5 Show that the results given in Table 19.1 and Figure 19.18 are also 
obtained if R in Eq. (19.38) is replace oy the Hadamard transformation, 


‘gi 


ie. the matrix (19.40) is replaced by a é ip a7) Would the off- 


diagonal elements (m|pyositionl”) (m # n) also be identical? 


19.6 Using (19.44) and (19.45) verify (19.46). 
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Quantum optical effects in 


nano-mechanical systems 


In this chapter we will show how many concepts from quantum optics, such as 
squeezing, nonclassicality, and quantum entanglement, can be applied to nano- 
mechanical systems leading to the possibility of realizing the quantized 
behavior of macroscopic systems [1]. Furthermore, nano-mechanical systems 
can exhibit a variety of rich nonlinear phenomena as the basic interaction 
between the nano-mechanical system and the radiation fields is via radiation 
pressure [2]. This interaction is nonlinear. Thus many nonlinear processes such 
as electromagnetically induced transparency, optical bistability, and up- 
conversion of radiation are expected to occur for nano-mechanical systems. 
Similarly, cavity QED effects such as vacuum Rabi splittings are also expected 
to occur provided one can design systems such that the interaction of a single 
photon with the nano-mechanical mirror is large. We note that the work on 
nano-mechanical systems originated with the discussion of Braginsky and 
collaborators [3] on how to measure small forces accurately. In this chapter, 
we will discuss only the fundamental quantum and nonlinear optical effects in 
nano-mechanical systems interacting with quantized and semiclassical fields. 


20.1 The radiation pressure on the nano- 
mechanical mirror 


We derive the radiation pressure on the nano-mechanical mirror via the 
Maxwell stress tensor. We consider a Fabry—Perot cavity with length L formed 
by a fixed partially transmitting mirror and a movable totally reflecting 
mirror, as shown in Figure 20.1. A plane electromagnetic wave with wave 


vector £ (k = |x|) at frequency @, in the cavity is propagating along the ¢ 
direction. The electric field in the cavity is 


= 7 (€ae et 4. S* ql elt) sin(kx), (20.1) 


where V is the volume of the cavity and V = AL (A is the surface area of the 
movable mirror), € is the polarization vector of the electric field: 
€=6,p+e.2,é-€* = |. By using the Maxwell equation V x E = —192, we 
can obtain the magnetic field in the cavity 


/4or ho, an s aie + j 
VV (ics x €)ae" — i(¥ x é*)ale") cos(kx). (20.2) 


Let the mirror in the volume j be surrounded by a closed surface S, then the 
rate of the change of momentum would be 


B= - 
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A Fabry-Perot cavity with a moving mirror. 
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d ” , , eran 
— (Pmech + Prield a = p > Topnpds, (20.3) 
t JS“ 


where mech 2d Pfielg are the mechanical and the electromagnetic momentum, 
respectively, of the mirror bounded by the closed surface S, > is the outward 
normal to the closed surface S, and Tug is the Maxwell stress tensor [2] 


Typ =: = EE + ByBs — se -E+B. Bua] 7 (20.4) 
where : : denotes normal ordering which is required when dealing with 
quantum fields. Note that inside the volume j the electromagnetic field 
vanishes, hence /fjejq = 0, and the force acting on the surface of the movable 
mirror is the only force acting on the system inside the volume j. Therefore 
the force acting on the mirror is given by 


d : 
F. = =P mech = / Tn. (20.5) 
dt JA 


Since the outward normal to the surface of the movable mirror is in the —¢ 
direction, thus n, = —1. Moreover, the Maxwell stress tensor T,, can be 
obtained from Eq. (20.4) by noting that E, = B, = 0; — - F = 0 at the mirror 
position which is a node of the field (sin(kL) = 0). Furthermore, we drop terms 
a* and a‘? which oscillate at optical frequencies to obtain 


ho. 
T°. =- a‘a, (20.6) 


r 


Thus the force on the movable mirror is 


hw, 


F, a‘a. (20.7) 


The contribution of the radiation pressure term to the Hamiltonian will be 


ho, 
et a'ax. (20.8) 


H=- 


where x is the displacement of the mirror. 
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Basic cavity optomechanical system. Here € is a coherent 
field, and a;, is the quantum vacuum field. 


There are other methods to derive the radiation pressure on the nano- 
mechanical mirror. For example, it also can be derived by the shift of the 
cavity resonance frequency. The photons in the cavity exert a radiation 
pressure force on the movable mirror so that the movable mirror makes small 
oscillations. In turn, the displacement of the movable mirror modifies the 
cavity resonance frequency. Thus the cavity resonance frequency depends on 
the displacement of the movable mirror, represented by @.(*) = vs where n 
is the mode number in the cavity and c is the speed of light in a vacuum. If the 
the displacement of the movable mirror is very small, then (x) © 4=(1 — 7). 
The Hamiltonian of the cavity field becomes 


nNITC x 
= Fes Ye 2 ak 
H.= fie.()a'a = hh I (1 7 ) a‘a 


' ho, 
a— 


= hw.a alax, (20.9) 


in which @,. = “> is the cavity resonance frequency in the absence of the 
optomechanical coupling. The first term in Eq. (20.9) is the bare energy of the 
cavity field, the second term is the interaction Hamiltonian H;,, of the cavity 
field and the movable mirror. Thus the radiation pressure force on the 
movable mirror would be 


nal (20.10) 
= aa, av. 
L 


which is consistent with the result derived by the Maxwell stress tensor. 


20.2 Basic quantum Langevin equations for 
the coupled system of cavity and NMO 


We now develop the dynamical equations for the optomechanical system. The 
system is a Fabry—Perot cavity with one heavy, fixed partially transmitting 
mirror and one light, movable totally reflecting mirror of effective mass m 
(typically in the micro or nanogram range), as shown in Figure 20.2. The 
system is driven by an external laser at frequency ow), then the circulating 


photons in the cavity will exert a radiation pressure force on the movable 
mirror due to momentum transfer from the intracavity photons to the movable 
mirror. The force is proportional to the instantaneous photon number in the 
cavity. Moreover, the movable mirror is in thermal equilibrium with its 
environment at temperature T. Thus the mirror can move under the influence 
of the radiation pressure and at the same time undergoes Brownian motion as a 
result of its interaction with the environment. In turn, the movable mirror’s 
small oscillation changes the length of the cavity and shifts the cavity 
resonance frequency so that the phase and amplitude of the cavity field are 
changed. Here, the movable mirror is modeled as a single-mode quantum 
harmonic oscillator with effective mass m, frequency w,, and momentum decay 


rate y,,. In the adiabatic limit, the mechanical frequency ,, is much smaller 


than the cavity free spectral range (c/2L), where L is the initial cavity length. 
The input laser drives only one cavity mode @, and scattering of photons from 


the driven mode into other cavity modes is negligible. 
The Hamiltonian of the system is given by 

! ! i. ee ico t : 
H = hw,.a'a — hga'ax + <mw;,x° + on + ihe (a'e'°" — ae"). (20.11) 
In Eq. (20.11), the first term is the energy of the cavity field, a and a’ are the 
annihilation and creation operators for the cavity field satisfying the 
commutation relation [a, at] = 1. The second term describes the interaction of 
the movable mirror with the cavity field, the parameter g = w,/L is the 
optomechanical coupling constant between the cavity and the movable mirror. 
The third and fourth terms give the energy of the movable mirror. The fifth 


term describes the cavity driven by a laser with power 2, and ¢« = V ie? 
} Oy 


where k is the photon decay rate due to the partial transmission of the fixed 
mirror. If 7 is the transmissivity of the mirror and F is the finesse [4], then 


Cc ril—Ty4 
C rc ( ) 


; FP ,  _— (20.12) 
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The Hamiltonian of the system in a rotating frame with respect to the laser 
frequency @, is defined by H,.. = RHR + inS Rr, where R = eiwalat, By 
using e*4Be*4 = B4a[4,B]+[A,[A,B]]+--> we can obtain the 
Hamiltonian of the system in a frame rotating at the laser frequency w). For 
simplicity, we drop the subscript of H,,,, then we have 

H =hi(w,. —@)ala— figa' ax +5 = mo, i. + — + ihe (al —a). (20.13) 
2m 
For convenience, we represent the position and momentum operators x and p 
of the movable mirror in terms of the dimensionless position and momentum 
operators Q and P, which are defined in terms of the zero-point motion of the 
ground state. The zero-point motion is given by 
. hi mho 
: A a (20.14) 


2M», 2 


so that Q = ./(mw,,)/fx and P = ,/1/(mhw,,)p . Note that the scaled variables Q 
and P satisfy commutation relation [Q, P] = i and for the ground state of the 
mirror (Q*) = ( P*) =1/2. In terms of Q and P, the Hamiltonian of the system 
becomes 


ha : 
H = fh(@. — a) )a la — hm xa! aQ + — “oO 4+ P*) + ihe (al —a), (20.15) 


_ 


where the dimensionless parameter y = + 7 / is the coupling constant. 


Om, LY IN Dy, 
The time evolution of the system operators can be derived by using the 
Heisenberg equations of motion and adding the corresponding damping and 
noise terms. We find a set of nonlinear quantum Langevin equations given by 


O = OnP, 


P= Wm Xa'a — WmO — VmP +, 
; (20.16) 
a= —i(@, — @| — OmxO)a +6 — Kat V2kadin, 


al = 1(@. — wy — Wm XO)a! +e—Kal + V2«al 


in* 


Here a,, is the input vacuum noise operator with zero mean value and nonzero 
correlation function given by 


(Sain (t)Sal (t')) = d(t — 1’). (20.17) 


in 


The force € is the Brownian noise operator associated with the mechanical 
damping, whose mean value is zero, and its correlation function reads 


' Ll Vm score ily ho 
(E(HE(t )) = —— | we" *? | 1 + coth do, (20.18) 
: = 3 T 


21T Wm v 2kp 


where kp is the Boltzmann constant and T is the temperature of the environment 


of the mirror. 
The output field a,,, can be found by using the input-output relation [5], 
2 
Aout + Gin + = = V2kKa, (20.19) 


V2K 


then the mean value of the output field would be 


(out) + = 2« (a), (20.20) 


J 2k 
since (a;,) = 0. In the absence of the movable mirror y = 0, (a) = €/[k + i(@, - 


@))]. 


20.3 Steady-state solution of quantum 
Langevin equations in the mean field limit and 
bistability 


From Eg. (20.16) we obtain equations for the mean values of the cavity field 
and the mirror’s momentum and position. This set of equations is closed under 
the mean field approximation 


(Qa) * (Q){a), (Qa‘) = (Q)(a'), (ala) % (al) (a). (20.21) 

The equations for the mean values in the steady state then lead to 
. 

K+iA° 


(P)=P,=0, (0)=0,=xla!, (a) =a, = 


(20.22) 


where 
A = @. — @| — Om xO, (20.23) 


is the effective cavity detuning, in which the term —@,,xQ, is the cavity 
resonance frequency shift due to radiation pressure. The variable Q, denotes 


the new equilibrium position of the movable mirror with respect to that without 
the driving field. The variable a, represents the steady-state amplitude of the 
cavity field. These equations for a, and Q, are coupled to each other and in 
principle can have multiple solutions, as shown in Figures 20.3 and 20.4. For 
the purpose of illustration we use the parameters from the experimental paper 
[6]. We note that there is nothing very special about these parameters. The 
results that follow are quite generic. From Figure 20.3, we can see that for f9 = 
5 mW, the movable mirror can have three different equilibrium positions for a 
fixed detuning A° = w, — @). Two of these solutions would be stable, which 


indicates bistable behavior, as observed [7]. The stability of the solutions can 
be studied by linearization around the steady state (see discussion Section 
20.4). Using (20.20) the mean value of the output field is 


& K ces iA c 
(Gout) = Vv 2K (a) So (20.24) 


and hence |(q,,,)l? = |e|*/(2k). It should be noted that A depends on the cavity 
field. The photon number in the output field is constant for different detuning. 
But if we define the output field as the sum of the output field and the input 
coherent field, then these terms can interfere, which results in bistable behavior 
as shown in Figure 20.4. We can see that for @ = 5 mW, the output photon 
number might have three different values, with two of them being stable. For 
the parameters of Figures 20.3 and 20.4, we find that the system exhibits 


bistable behavior when the pump power is greater than 2.9 mW. 
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The behavior of the mirror’s displacement x Q, in the steady 
state as a function of the normalized detuning A,/w,, for two 
different values of the input laser power: 9 = 0.5 mW 
(dashed), 5 mW (solid). Parameters used are: the 
wavelength of the laser A = 271 c/w, = 1064 nm, L = 25 mmm 
= 145 ng,w,, = 2m x 947 x 10° Hz, K = 2m x 215 x 10° Hz, 
the mechanical quality factor Q' = w,,/y,, = 6700, and y,, = 
2m x 141 Hz. 
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(dashed), 5 mW (solid). 


20.4 Quantum fluctuations in optomechanical 
systems 


The study of quantum fluctuations is complicated because of the nonlinear 
nature of the quantum Langevin equations (20.16). A standard quantum optical 
procedure is to assume that the quantum fluctuations around the steady-state 
mean values are small. We can then linearize the nonlinear equation (20.16) by 
writing each operator as the sum of its steady-state mean value and a small 
fluctuation with zero mean value, 


O=0,+ dQ, P=P,+6P a=a, + da. (20.25) 
Inserting Eq. (20.25) into Eq. (20.16), assuming |a,| >> 1, and writing the 
product of two operators as AB = A,B, + A,6B + B,6A + dA5B * A,B, + A,6B + 
B,6A, the linearized quantum Langevin equations for the fluctuation operators 
take the form 
5O = w,,5P. 


6P = Om X (aba + a,da') — WmdO — YmdbP + &, 
(20.26) 
da = —(kK +1A)da + ia, xa,dO + V 2k dain, 
bal = —(k —iA)éda! — iw, ya*dO + V2« 6a! 


in* 


Introducing the amplitude and phase quadratures of the cavity field 6x = (da + 
da'y/./2, dy = i(dat - 6a)/,/2, and the input noise quadratures 
OXin = (dain + Sal \//2 and bVin = i(Saly — ddin)/ /2; Eq. (20.26) can then be 
rewritten in matrix form as 


f(t) =Af(t) +n(0), (20.27) 


where f(t) is the column vector of the fluctuations and 7(t) is the column vector 
of the noise sources. Their transposes are 


f(t)! = (SO, dP, 5x, Sy), 
n(t)! = (0, &, V 2Kdxjn, V 2K 5yin); 


and the matrix A is given by 


(20.28) 


() Om () () 
—Wm —Vm WmX (a; + a®)/ J2 iam x(a, — a®)/ /2 
1m X (as — a*)/ J/2 0 —K A 
OmX (as + a®)/ /2 i) —A —K 


A= 


(20.29) 


The linearized fluctuations can then be obtained by solving (20.27) using 
matrix methods. 

While using linearized equations one has to make sure that the dynamical 
system is stable. The system is stable only if all the eigenvalues of the matrix A 
have negative real parts. The stability conditions for the system can be derived 
by applying the Routh—Hurwitz criterion [8]. This gives the stability conditions 


Wm X? (2K + Ym) laslPA + KY mE(K? + APY? + (2h Ym + Yn CK? + A?) 
+ w2[2(k? — A?) +02 +2kym]} > 0, (20.30) 
Pte AP Dene y* la: Ace Ob, 
All external parameters must be chosen so as to satisfy the stability conditions 
Eq. (20.30). These conditions also determine the regions of stability in Figures 
20.3 and 20.4. 
In subsequent sections we derive experimentally realized physical effects in 


optomechanical systems by studying the spectrum of fluctuations associated 
with the motion of the mirror and the field outside the cavity. 
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Sketch of the one-phonon process leading to the up- 
conversion of radiation. 


20.5 Sideband cooling of the nano-mechanical 
mirror 


The first series of experiments have demonstrated that the mechanical mirror 
can be cooled by the dynamical back-action of radiation pressure [9-11] (see 
Exercise 20.3). It was later shown theoretically [12, 13] that it is possible to 
cool the mechanical mirror to the quantum ground state by resolved sideband 
cooling. Sideband cooling was demonstrated experimentally by Schliesser et 
al. [14] and Park et al. [15]. For a mechanical mirror at frequency @,, = 2m x 


a 
100 MHz, the phonon number (» = Jexp (#2) = 1 is around 312 at T = 


1.5 K, and about 1.6 at T = 10 mK. If the phonon number in the mechanical 
oscillator is reduced to unity, the mirror should be cooled to 6.92 mK. Both 
these experiments started the system at about 1.5 K and showed cooling down 
to about 200 mK. The amount of cooling depends on the system parameters 
and the laser power. Interestingly enough, using the mechanism of references 
[9-11], Thompson et al. [16] showed that the lowest temperature achieved is 
6.82 mK in an optical cavity with a vibrating membrane with a very low 
dissipation of about 1 Hz. 

Before we give details of the theoretical discussion of sideband cooling, we 
discuss the physics which shows why sideband cooling results in cooling. 
When the pump field with frequency q, interacts with the mechanical mirror 


with frequency w,,, absorption and emission of phonons creates the anti-Stokes 
field (@, + @,,) and the Stokes field (@, — @,,). During the anti-Stokes process, 
as shown in Figure 20.5, the pump field extracts a quantum of energy /,Q,, 


from the movable mirror, leading to the cooling of the movable mirror. While 
during the Stokes process, the pump field emits a quantum of energy /jq@,, to 


the movable mirror, leading to the heating of the movable mirror. If the pump 
frequency is tuned below the cavity resonance frequency by an amount ,,, the 


amplitude of the anti-Stokes field is resonantly enhanced, since the frequency 
of the anti-Stokes field is close to the cavity resonance frequency w,; however, 


the Stokes field is suppressed since its frequency is far away from the cavity 
resonance frequency, thus the optomechanical coupling causes the cooling of 
the mirror. Furthermore, in the resolved sideband limit, the cavity amplitude 
decay rate k is much less than the mechanical oscillation frequency a,,. In this 
case, the linewidth xk of the cavity field is much smaller than the frequency 
spacing 2w,, between the anti-Stokes field and the Stokes field. Thus the 
amplitude of the Stokes field is close to zero, ground state cooling becomes 
possible. 

In order to make estimates of the cooling of the mechanical oscillator, we 


need to calculate mean energy of the mechanical oscillator. This requires the 
fluctuations in Q and P to be calculated. Taking the fou transform of Eq. 
Sai 26) to ps bole og domain by using f(t) = 5- J. © f (we dw and 
fit) = + Lf © f'(—@)e7""' dew, where f'(-o) = fC ay and solving it, we 
obtain the Sesion fluctuations of the movable mirror 


d0(w) = “a |v 2k Wm x {[K —i(A+o)]a*Saj,(@) + [k +1(A — w)]a,da' (—w)} 
d(w 


+ [ce — iw)? + A}E(w)], (20.31) 


where 


d(w) = 2w> x7 Ala,|? + (a —o + iy @) (kK — iw)? + A?}. (20.32) 


m 


In Eq. (20.31), the first term proportional to x is the contribution of radiation 
pressure, while the second term involving ¢(@) is the contribution of the 
thermal noise. In the absence of the cavity field, the movable mirror will make 
Brownian motion, 5Q(@) = @,§(@)/(w>, — w* — iy»), whose susceptibility has 
a Lorentzian shape centered at frequency w,, with full width at half maximum 
Ym: 

The two-time correlation function of the fluctuations in position of the 
movable mirror is given by 


| | ae 
5 ((SO(tH)SO(t + T)) + (SO(t + T)SO(t))) = mal dwSo(w)e"* , (20.33) 
2 2 Joo 


in which SQ(@) is the spectrum of fluctuations in position of the movable 
mirror, defined by 


| 
5 ((8O(w)SQ(2)) + (SO(L2)SQO(w))) = 27 SQ(w)d(w + @). (20.34) 


By using the correlation functions (20.17), (20.18) of the noise sources in the 
frequency domain, 


(Sain(w) dai, (— —Q2)) = 27d6(wm + Q), 


Om 


Q)) a) Vin | | ha ) 5 4Q) (20.35) 
L =— LZd t “Ot a ' “ 
(E(w)& ( az —wow}|1-+coth sear (w 


we obtain the spectrum of fluctuations in position of the movable mirror 


So(@) = 2w? x72k (Kk? +07 + A’)Ia, |" 


re (w - | 
Ym 


Wm 


+ ol (A* + K* — @*)* + 4x*@*|coth ( ~ . (20.36) 


2KpT 


In Eq. (20.36), the first term involving y arises from radiation pressure, while 
the second term originates from the thermal noise. So the spectrum SQ() of 


the movable mirror depends on radiation pressure and the thermal noise. In the 
absence of the optomechanical coupling (x — 0), the spectrum SQ(@) of the 


movable mirror becomes 


Vm Om hw zs 
So(w) = ——n cot (sea) (20.37) 
. (@* — a2 2 + 20" 2KpT 


m 


As @ ~ @,,, Eq. (20.37) can be simplified to 


So(w) ra th( ~ (20.38) 
SO) = ee OU OEE LU. 
g (@ — @,,)* + ee a 2KpT | 


We now find Sp(@) by taking the Fourier transform of 50 = w,, dP. This gives 


6 P(@) = -2d0( ), which leads to the spectrum of fluctuations in momentum 
of the movable mirror 


_ w : 7 
Sp(@) = —So(@). (20.39) 


Om 


The variances of position and momentum are then given by 


| Foo , | a +00 
(SO(t)? i al So(m)d@ and (dP(t)°) = — | Sp(w)dw. 
T J—oo 


5 
i 


ij 
aed 


The phonon number n of the movable mirror can be calculated from the total 
energy of the movable mirror by using 


ha Im 


 ] l 
((SO(t) ) + (8P(t)*)) = ha, (x + 5) (20.40) 


i 


Then the effective temperature T,,-¢ of the movable mirror can be determined 


from the phonon number n in the movable mirror from 


ho, l 


Test =, =. 
. Kp In(] + +) efiom/ (ke Tor) — | 


(20.41) 


The parameters used are the same as those for Figure 20.3 except the 
effective detuning A and the pump power. Note that k/w,, ~ 0.23, thus the 
system is operating in the resolved sideband regime. In the high-temperature 
limit KpT > fo,,, the approximation coth( },@/2KpT) * 2KpT/ f@ can be 
made. The laser is detuned below the cavity resonance frequency by an amount 
A = a,,. All parameters are chosen to satisfy the stability condition (20.30). 
Figure 20.6 shows the variation of the effective temperature T,;- of the 
movable mirror with the laser power  . It is clear to see that the effective 
temperature T,,, of the movable mirror decreases with increases the laser 
power §?. When §? = 100 pW, the movable mirror can be cooled to about 50 
mK, a factor of 20 below the starting temperature of 1 K [14, 15]. If the laser 
power is further increased to 1 mW, the movable mirror can be cooled to 


about 6 mK. Therefore the movable mirror can be effectively cooled in the 
resolved sideband limit. 
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The effective temperature Tar; (MK) of the movable mirror as 


a function of the laser power s° (UW). The initial temperature 
is taken to be 1 K. 


20.6 Normal-mode splitting 


20.6.1 Normal-mode splitting in mirror spectra 


A phenomenon which is well known in the context of two coupled oscillators is 
the normal-mode splitting, which is a definite signature of the coupling 
between the oscillators. Consider for simplicity two oscillators a and b with 
degenerate frequencies such that their Hamiltonian is 


H = ho, (ala + bth) + hg(a'b + ab'). (20.42) 


This Hamiltonian can be diagonalized in straightforward manner with the 
result 


H = fi(w, + g)A'A + A(w, — g)B'B, 


a+b a—b 
A= ; C= ; (20.43) 
J/2 J/2 | : 
[A, A'] = [B, B'] = 1, [A, BY] = 0. 


The normal-mode frequencies are w, + g. The frequency splitting would be 
observable if the splitting g is bigger than the typical damping of the mode. For 
the optomechanical system, the two modes in question are (i) cavity mode with 
effective frequency A and (ii) the mirror with frequency a,,. Clearly if the 
external field is detuned such that A * ,,, then the normal-mode splitting [17] 
would occur if g exceeds the damping parameter, which itself would be 
determined by x and a,,. In addition, the strength of the coupling is determined 
by the driving field e. In the previous section we have already calculated the 
spectrum of mirror’s motion. We investigate S,(@) given by (20.36) for 
different strengths of the driving field. We demonstrate the occurrence of the 
normal-mode splitting as the parameter ¢ increases. We choose the effective 
detuning A = o,,, the pump power §? = 0.6, 6.9, and 10.7 mW, and the 
temperature of the environment T = 300 mK. The other parameters are the 
same as those mentioned for Figure 20.3. 
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The scaled spectrum YmSQ(@) as a function of the normalized frequency w/w, for different 
pump power: f2 = 0.6 mW (solid curve), 6.9 mW (dotted curve), 10.7 mW (dashed curve). The 


curves for 6.9 mW and 10.7 mW are multiplied by a factor of 20. 

The scaled spectrum y,,SQ(@) as a function of the normalized frequency w/ 
@, for increasing the input laser power is shown in Figure 20.7. As we 
increase the laser power from 0.6 mW to 10.7 mW, the spectrum exhibits a 
doublet and the peak separation is proportional to the laser power. The doublet 
arises as the effective coupling between the movable mirror and the cavity 
field increases with increasing input laser power. Note that this coupling is 
determined by the steady-state photon number |a,|* (Eq. (20.22). 

The structure of all the spectra is determined by the eigenvalues of iA (Eq. 
(20.29)) or the complex zeroes of the function d(@) defined by Eq. (20.32). 
Clearly we need the eigenvalues of iA as the solution of Eq. (20.27) in the 
Fourier domain is f(@) = i(@ — iA) 'n(@). Let us analyze the eigenvalues of Eq. 
(20.29). Note that in the absence of the coupling y = 0, the eigenvalues of iA are 


+ \ w, poh Yin —_—: LA — ik. (20.44) 


Thus the positive frequencies of the normal modes are given by A, 
Jw, — y2/4 (@m > Ym/2). The case that we consider in this section corresponds 
to 


V; i — 
Wm > = K > Ymni Wm > K. (20.45) 


_ 


The coupling between the normal modes would be most efficient in the 
degenerate case, i.e. when @,, = A. It is known from cavity QED that the 


normal-mode splitting leads to symmetric (asymmetric) spectra in the 
degenerate (nondegenerate) case, provided that the dampings of the individual 
modes are much smaller than the coupling constant. Thus the mechanical 
oscillator is like the atomic oscillator, and the cavity mode in the rotating 
frame acquires the effective frequency A. All this applies provided that 
damping terms do not mix the modes significantly. An estimate of the splitting 
can be made by using the approximations given by Eq. (20.45) and the zeroes 
of d(@). We find that the frequency splitting is given by 

ans (“=== | + 2? x7\a,|7A. (20.46) 


2 


—_— 


It should be borne in mind that a, is dependent on the pump power § . The 
splitting is determined by the pump power . 
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The roots of d(w) in the domain Re(w) > 0 as a function of 
the pump power. 
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The imaginary parts of the roots of d(w) as a function of the 
pump power. 


Figure 20.8 shows the dependence of the real parts of the roots of d(q@) in the 
domain Re(@) > 0 on the pump power. Figure 20.9 shows the dependence of 
the imaginary parts of the roots of d(w) on the pump power. For small values 
of the pump power, the real parts of the roots of d(@) have two equal values, so 
there is no splitting. However, there is lifetime splitting [18] as seen in Figure 
20.9. If we increase the pump power beyond a threshold value, then the real 
parts of d(@) in the domain begin to have two different values, and the 
difference between two real parts of the roots of d(@) increases with increasing 


pump power. 


20.6.2 Normal-mode splitting in the spectra of 
the output field 


Next we examine the spectra of the output field. The output field carries the 
signature of the quantized motion of the mirror. The fluctuations éda(@) of the 
cavity field can be obtained from Eq. (20.26). Furthermore, using the input— 
output relation (20.19), the fluctuations of the output field are given by 


| (~w), (20.47) 


in 


Sdour(@) = V (w)E (wm) + E(w) dain (@) + F (mw) da 


where 
Vw) = eile —i(A + w)]a,g, 

d(w 

ore _— 
E(w) = 7 Ln X last + (w — w2 + Ymwi)[K —i(A + @)]} — 1, (00.48) 
d(w 

2K —_ 

F(@) = ai ——— 9) yi. 


d(w) 


In Eq. (20.47), the first term associated with €(@) stems from the thermal noise 
of the mechanical oscillator, while the other two terms are from the input 
vacuum noise. So the fluctuations of the output field are influenced by the 
thermal noise and the input vacuum noise. 

The spectra of the output field are defined as 


(Sal 4 (—2)Saout(@)) = 27 Saour(@)5(w + Q), ps6 
(Sour (Q2 5 Vour(@)) = 27 Syout (w)d(@ + Q2 i. 

where dy,,;(@) is the Fourier transform of the fluctuations dy,,,(t) of the output 
field, which is defined by §you(t) = i[Sa\,, (t) — Sdou(t)]/V2 [5]. Here Sgou(@) 
denotes the spectral density of the output field, and S,,,,(@) is the spectrum of 
fluctuations in the y quadrature of the output field. 

Combining Eq. (20.35), Eq. (20.47), and Eq. (20.49), we obtain the spectra 
of the output field 


vm i) 
S,out(@) = V*(w)V (@) x T855 —1|+coth (s-7) + F*(w)F (a), 
Om 2kaT 


, — rk ha rk ta Ym . hw 
Syour(@) = —[V*(@) —V (—@)|[V*(—@) — V(@)] x Sa | + coth (=)| 


—[F*(@) — E(—w)|[E* (—@) — F(@)]/2. (20.50) 


In the following we will concentrate on discussing the dependence of the 
spectra on input laser power. The chosen parameters are the same as those for 
Figure 20.3, i.e. of the experiment by Groéblacher et al. [6]. Figures 20.10 and 
20.11 show the spectra S,y,(@) and S,,,,(@) as a function of the normalized 
frequency @/w,, for various values of the pump power. When §? = 0.6 mW, the 
spectra do not exhibit normal-mode splitting. As the pump power is increased, 


the normal-mode splitting becomes observable. This is due to significant 
changes in the line widths and their positions. Note that the separation between 
two peaks becomes larger as pump power increases. The reason is that 
increasing the pump power causes a stronger coupling between the movable 
mirror and the cavity field due to an increase in the photon number in the 
cavity. We have examined the contributions of various terms in Eq. (20.50) to 
the output spectrum. The dominant contribution comes from the mechanical 
oscillator. Also note the similarity [6] of the spectrum of the output quadrature 
y (Figure 20.11) to the spectrum of the mechanical oscillator (Figure 20.7). 
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The spectrum Saoyt(@) as a function of the normalized frequency w/w, for different pump 


power: f2 = 0.6 mW (solid curve), 6.9 mW (dotted curve), 10.7 mW (dashed curve). The values in 
the last two cases are ten times the actual values. 
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The spectrum Syout(@) as a function of the normalized frequency w/w, for different pump 
power: f2 = 0.6 mW (solid curve), 6.9 mW (dotted curve), 10.7 mW (dashed curve). The values in 
the last two cases are ten times the actual values. 
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Schematic sketch of the system for squeezing the mirror 
motion. A laser with frequency w, and squeezed vacuum light 


with frequency w, enter the cavity through the partially 
transmitting mirror, W, = We,. W) = We -— Wy. 


Normal-mode splitting in the optomechanical system was demonstrated by 


Groblacher et al. [6]. They showed that the splitting in the emission spectra of 
the driven cavity becomes clearly visible by increasing the optical pump 
power. The presence of a strong pump field leads to enhancement in the 
optomechanical coupling strength so that the optomechanical coupling strength 
exceeds both the photon decay rate x and the mechanical damping rate y,,. The 
normal-mode splitting effects [19] are quite generic, although for Figures 
20.7—20.11 we use parameters from the experiment [6]. In this section, we 
studied the normal-mode splitting in the fluctuation spectra. An alternate 
method to study normal-mode splitting is via pump-probe spectroscopy of 
optomechanical systems as discussed in Section 20.8. 


20.7 Squeezing of a nano-mechanical 
oscillator 


In this section, we propose a scheme that is capable of generating squeezing of 
the movable mirror by feeding broadband squeezed vacuum light along with 
the laser light [20, 21]. The system shown in Figure 20.12 is similar to Figure 
20.2, the only difference being that the cavity is also fed with squeezed light at 
frequency @,. Thus the input vacuum noise a,, in Eq. (20.16) is replaced by the 


input squeezed vacuum noise with frequency @, = @, + @,,. It has zero mean 
value, and nonzero time-domain correlation functions [22] 


(Sal 


in 


(Sain(t)5al,(t’)) = (N + 1)d(t — 1’), (20.51) 


(t)Sai,(t’)) = NS(t — 1’), 


(Sain(t)Sain(t’)) = Mem" 5 (¢ — 2), 


where N = sinh?(r), M = sinh(r)cosh(r) e’?, r is the squeezing parameter of the 
squeezed vacuum, and @ is the phase of the squeezed vacuum. It should be born 
in mind that a,, is in a frame rotating with the frequency w). The fluctuations in 


position and momentum of the movable mirror are determined by 


) | ia 
(5X (t)”) = ra // dad Qe" (5X (w)bX (Q)), (20.52) 


—oO 


where X stands for either Q or P. To calculate the fluctuations, we require the 
correlation functions of the noise sources in the frequency domain. These can 
be obtained using (20.51) and the definition f(t) = “ f f(@)e—" of the 
Fourier transforms 
(Sal, (—@) dain(Q)) = 227. N5(@ + Q), 
(Sain(w) Sal, (—Q)) = 22 (N + 1)8(m + Q), 
(dain (@)dajn (Q2)) = 27 MS(w + Q — 2a,,), 
(Sai, (—w) da}, (—Q)) = 27 M*5(@ + Q + 20m), 


in in 


(20.53) 


m — he 
(E(w)E(QQ)) = 27 ue of! + coth ( =) |so+9, 


Wm ' 2Kp 


Combining Eqs. (20.31), (20.52), and (20.53), after some calculations, the 
fluctuations of Eq. (20.52) are written as 


. | 5 ie 4 oh % 
(6Q(t)) = = / aw (A + Ben 4 Cen" dan, 
25, an ee 


4, ] SH a] X-, ~ j ~- 
(SP(t)-) = wA +.@(@ — 2@_)Be~2"" + w(@ + 20m, )Ce"" da, — (20.54) 
2 = m 


oO 
where 


l : 4 4 7 a a] 4 o 4 a) 
A= ——_ (2a x7 las 1 + l)[k° +(A+o)]+N[k° + (A -o)]} 
d(w)d(—w) \ 


> 7 9 ae he. 
[(A° +K° —a@ y+ 4x0] + coth (ser) }): 


Wm 


+ Ym 
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IK a 42 
B= i —ifA +w)|[k a i(A - 20m a w)], 


~ d(w)d(2@m — @) 


“ 


es eT +w)| (20.55) 
~ d(w)d(—2@» — @) ~ ae ; a 
and d(w) is defined by (20.32). In Eqs. (20.54) and (20.55), the term 
independent of x is from the thermal noise; while those terms involving x arise 
from the radiation pressure contribution, including the influence of the 
squeezed vacuum light. Moreover, either (SQ(t)*) or (6P(t)*) contains three 
terms, the first term being independent of time, but the second and third terms 
are time-dependent, which causes (SQ(t)*) and (5P(t)*) to vary with time. The 
complex exponential in Eq. (20.54) can be removed by working in the 
interaction picture. Let’s define b (b') and 4 (dt) as the annihilation (creation) 
operators for the oscillator in the Schrédinger and interaction picture with 
[b,b'] = 1 and [A.h'] = 1. The relations between them are b = pe emt and bt = pie 
“mt, Then using Q = (b + b')/,/2, P = i(b! — b)//2, O = (b+ pi/2, and p = iC 
hi — b)/ V2, we get 7 


O = (b +- ht )//2, and P = i(bt _ b)/ 2, we get 
as | oT ass 
(60°) = — wo (A+B+C)do, 
Be 0 


| ‘ge (20.56) 
(SP?) = = / [w"A + w(@ — 20,,)B + w(@ + 2@,,)C]|do. 
2 S00 


Now according to the Heisenberg uncertainty principle, 


> 


(3) (SP) > |-[0, Pl] 


4) 57 
5 (20.57) 


If either (60°) < 0.5 or (6 >) < 0.5, the movable mirror is said to be squeezed. 
From Eqs. (20.55) and (20.56), we find (66°) or (6°) is determined by the 
effective detuning A, the squeezing parameter r, the laser power §, the cavity 
length L, and the temperature of the environment T. Here we focus on the 
dependence of (552) and (5 >) on the squeezing parameter, the temperature of 
the environment, and the laser power. We numerically evaluate the mean square 
fluctuations in position and momentum of the movable mirror given by Eq. 
(20.56) to show squeezing of the movable mirror produced by feeding the 
squeezed vacuum light at the input mirror. For T = 0 and w < O(> 0), coth( i 
@/(2kpT)) = -1 (© + 1). Through numerical calculations, it is found that (60°) 
is not squeezed but (6 >) is squeezed. In the following we therefore concentrate 
on (5p°). Note that in the absence of the coupling to the cavity field, the 
movable mirror is in free space, and is coupled to the environment. Then the 
fluctuations are given by (6(*) = (8 p*) =0.5 + 1/(e h®m'(ks) — 1) = 440, for T = 
20 mK, @,, = 2m x 947 kHz. As is well known no squeezing of the movable 
mirror occurs. 

Now we consider fluctuations in the presence of the coupling to the cavity 
field. If we choose T = 1 mK, and # = 6.9 mW, the fluctuation (6 ee) is plotted as 
a function of the detuning A in Figure 20.13. Different graphs correspond to 
different values of the squeezing of the input light. It is seen that the fluctuation 
(6 >) falls below the standard quantum noise limit, so the momentum squeezing 
of the movable mirror occurs, and the maximum squeezing happens at about r 
= 1, the corresponding minimum value of (6 >) is 0.160, thus the maximum 
amount of squeezing is about 68%. So the injection of the squeezed vacuum 
light reduces, to a large extent, the fluctuation in the momentum of the mirror. 
Note that Eq. (20.26) shows how the fluctuations in momentum relate to the 
quadratures of the field in the cavity which in turn are determined by the input 
squeezed light. Clearly the squeezing of the mirror is quite sensitive to the 
temperature of the environment. Next we discuss how the temperature 
deteriorates the amount of achievable squeezing. We show in Figure 20.14 the 
effect of increasing temperature for a fixed laser power and for a fixed 
squeezing of the input. At T= 5 mK, the minimum value of (6 a) is 0.251, the 
corresponding amount of squeezing is about 50%. At T = 20 mK, the 


momentum squeezing of the movable mirror vanishes since the minimum 
value of (6 >) is 0.593, which is larger than 0.5. Note that the minimum value 
of (6 P) in the presence of the coupling to the cavity field is much less than that 
((6 a) = 440) in the absence of the coupling to the cavity field for T= 20 mK. 
So there is very large squeezing of the thermal fluctuations. The momentum 
fluctuations can be reduced by a factor more than seven hundred for T = 20 
mK. 
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The fluctuation (6%) versus the detuning A/w,, for different 
values of the squeezing of the input field: r = 0.5 (dashed 
line), r = 1 (Solid curve), r = 1.5 (dot-dashed curve) for the 
temperature of the environment T = 1 mK and the laser 
power s2 = 6.9 mW. The minimum values, comparable to the 
ones at T= 0 mK, of (0f*) are 0.211 (r = 0.5), 0.138 (r = 1), 
0.213 (r = 1.5). The flat dotted line represents the standard 
quantum noise limit ((6f*) = 0.5), other parameters are the 
same as in Figure 20.3. 
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The fluctuation (0%) versus the detuning A/w,, for different 
temperature of the environment: T = O K (Solid curve), 5 mK 
(dashed curve), 20 mK (dotdashed curve) for the squeezing 
parameter r = 1 and the laser power 2 = 6.9 mW. The 
minimum values of (0p) are 0.138 (T= 0 K), 0.251 (T=5 
mK), 0.593 (T = 20 mk). The flat dotted line represents the 
standard quantum noise limit (67) = 0.5). 
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Pump-probe response of the optomechanical system 
coupled to a high-quality cavity via radiation pressure effects. 


The squeezing of the movable mirror can be considered as transfer of 
squeezing from one system to the other. The transfer process is quite efficient 
as Figure 20.13 shows. Furthermore, the feeding of squeezed light can be used 
to squeeze collective degrees of freedom for several mirrors inside the cavity. 
One can also use these techniques to entangle two mirrors [23]. 


20.8 Electromagnetically induced 
transparency (EIT) in the mechanical effects of 
light 


In this section, we discuss the possibility of electromagnetically induced 
transparency (EIT) in the context of cavity optomechanics [19,24—26]. In 
Chapter 13 we studied how the pump probe spectroscopy of two level systems 
is an important tool to study the properties of two-level systems dressed by 
intense coherent fields. In Chapter 17 we studied the pump probe response of 
three-level systems and we showed how this response can lead to the 
phenomenon of EIT under certain conditions. Motivated by the discussions in 
Chapters 13 and 17, we consider the pump probe spectroscopy of 
optomechanical systems. In the context of EIT, the pump field is usually called 
the control or coupling field. 

The radiation pressure interaction yQa'a is nonlinear and this nonlinearity 
was the reason for existence of bistability in optomechanical systems. If the 
average field (a) in the cavity had a modulation say at frequency 4, i.e. if (a) = (a 
Yo + e OX q), + ela) _, then the radiation matter interaction would have 


oscillating terms at +6, +26. In this case the mean field at the output would have 
such modulations. Clearly if the cavity (Figure 20.15) is driven by a second 


field €, at a frequency w,,, then the cavity field would be modulated at 6 = w, — 


@). Thus we expect that in this case the output fields would have frequency 


components @), @,, and 2@; — @, in addition to a host of other components 


arising from the nonlinear mixing of the waves at frequencies w) and @,. The 
nonlinearity is due to the radiation pressure interaction. Furthermore, if we 
choose @, — @; = Om, @, ~ @; = Wp, then w, = @,, and therefore the output 
field at frequency @, would be resonantly enhanced. The production of 
different frequency components can also be seen as Raman processes of 
different order as shown in Figure 20.16. 
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Raman processes of different order arising from the 
radiation pressure interaction. 


In this section we work with the mean field response which is obtained from 
(20.16) by taking expectation values and using the factorization (AB) ~ (A) (B), 
where A and B are any two operators, then (20.16) becomes 


Ym {(P bs 


2) — (20.58) 
(a) = —1(@, ~~~ pee tear! ‘ 


where 6 = @, ~ qj). In deriving (20.58), we have added the contribution from 
the probe field ¢,. The probe field ¢, is equal to \/2,9,/(fiwm,), where , is the 
power of the probe field. Both ¢ and ¢, have dimensions of frequency. In the 
long time limit, all mean values would have the form 
+00 
a= So oi (20.59) 


n=— OO 


The substitution of (20.59) in (20.58) leads to an hierarchy of coupled 
equations. We assume, as is standard in pump probe spectroscopy, that the 


probe is much weaker than pump |e,| < |e|. In this case, we can terminate the 


series in (20.59) at n = 1. In what follows, we study quadratures of the cavity 
field at the frequency w, and at 2) — w,. We define dimensionless fields as 


Eas = 2K (4) n=1/Ep, é, = 2k (2)n—-1/8ps (20.60) 


which directly give the output fields as well. The e,, gives the output field at the 
frequency of the probe field and ¢, gives the field generated via the nonlinear 
mixing process. The field ¢€, is at the frequency 2m; — w,. On substituting 


(20.59) (with only n = 0, +1 terms) in (20.58) and equating the coefficients of 
different Fourier components, we get algebraic equations which can be solved 
in a straightforward manner. We cite the results 


LK > > ; F : 
—— {(d- —@- + 17,d)[Kk — i(A + 4)] — ia, B}, 
d(d) m . 
aK — (20.61) 
=— iw xa 
d*(8) mX 4, 


where 
d(5) = 2a, AB + (8? — 2, + im) [( — 15)? + A?], 


1) 6) 

- > 7 £ (20.62) 
A=o, —a@ -— —, Bp =@,x"|\a,|"s a —% 
Om kK +i1A 


Note that if there were no control laser e = 0, thena, — 0,6 — 0, and 


2k 
6..." _ 22 ae — iO (20.63) 
K —(@, — @-) 


We define the two quadratures of the field as 


Eas = Up aaa IUp. (20.64) 


2k (@p—We) 


5 ee oa 
When € = 0, Up = Hea” and Up = Clearly the two 


quadratures are like the imaginary and real parts of the susceptibility of a two- 
level atom in a weak field (Eq. (13.29)). Let us now examine the modifications 
in these quadratures as the control field is increased. It is also important to 
observe that the polynomial d(6) appearing in the denominator in (20.61) is the 
same polynomial that appeared in the earlier section and that which determined 
the normal-mode splitting. 


K +( Wp—We 2 . 


In order to understand the coupling field (¢) induced modification of the 
probe response €,,, we make reasonable approximations. We work in the 


sideband resolved limit @,, > x. This is the limit in which normal-mode 


splitting [6, 13, 17] has been discovered. Because it is known that the coupling 
between the nano-oscillator and the cavity is strongest whenever 6 = +@,, or 6 


= +A, the case A ~ @,, is considered here. After some simplifications, we can 
write the field €,, in an instructive form, 


Eas = Up a IU, = a, i ae => —— ao - (20.65) 


where x = 6 — @,,, which is the detuning from the line center of the mirror’s 


frequency. Furthermore, it is seen that the denominator has two roots, which 
are 


—i(k + #)+ yk — ™)? 428 
g=_—_* _—__ (20.66) 
2 
whose nature depends on the power of the coupling laser. For coupling powers 
less than the critical power 


a] ? ? /, 9] 
. havj\as|" (k~ + w(K — )° 


fe — An B 


the two roots are purely imaginary. For ~>,, the roots are complex 
conjugates of each other. The region 49 > 49. corresponds to the region where 
normal-mode splitting [6, 13, 17] occurs and has been studied recently using a 
very different technique. In the context of optical physics, this is the region 
where Autler—Townes splitting [27] occurs. Furthermore, for EIT, it is 
important to have y,, << k. 


(20.67) 


F Up 


A_ 


Dee Soe 


re 


Ay 


X—-X 


re 


=1.0 =—0.5 0.0 0.5 1.0 


x/Om 


Quadrature vu, of the field (solid curve) and the different 
contributions to it: the real parts of A,/(x — x,) (dotted curve) 
and A_/(x — x_) (dashed curve) as a function of the 
normalized frequency x/qw,, for input coupling laser power f = 
6 mW. The dot-dashed curve is u, in the absence of the 
coupling laser. Parameters used are the wavelength of ul 
laser A = 211c/w, = 775 nm, x = 27 x 12 GHz/nm xf ma, mM 
= 20 Ng, Wy = 27 X 51.8 MHZ, K = 27 x 15 MHZ, y,, = 27 x 
41 kHZ, kK/W,, = 0.289, the mechanical quality factor Q = w,,/ 
Ym = 1263. 


In order to bring out prominently features like EIT [28-30], we specifically 
examine the case when the coupling power is less than the critical power. Here 
the relevant roots of d(S) correspond to the pe of Figures 20.8 and 20.9 left 
to the bifurcation point. Note that x, — —i*, — —ik as 6 = 0. Thus, the 
quadratures of the field have two distinct aimee in the limit of low 
values of the coupling laser strength. One contribution is extremely narrow as 


Ym << k. This characteristic property leads to the EIT dip. For numerical work, 


we use parameters from a recent experiment on the observation of 
optomechanically induced transparency [25]. We calculate the critical power 4, 
to be 7.5 mW. In Figures 20.17 and 20.18, we show each contribution in Eq. 
(20.65) separately and also the total contribution. We observe that the narrow 
contribution is inverted relative to the broad contribution, and this leads to the 
typical EIT-like line shape for the quadrature v, of the cavity field. The value at 
the dip is not exactly zero as y,, # 0, although the value is very small as y,, << 
k. This is similar to what one has in the context of EIT in atomic systems where 
a strict zero is obtained if the ground-state atomic coherence has an infinite 
lifetime. In the absence of the coupling field, the narrow feature disappears 
(dot-dashed curve in Figure 20.17). The narrow feature’s width has a 
contribution which depends on the coupling laser power. In leading order, the 
width is +e ® For the plot of Figure 20.17, the power-dependent contribution 


to the width i in dimensionless units is B/k* ~ 0.398. Thus the width of the hole 
depends linearly on the power of the pump. This feature has been observed in 
experiments [19, 25, 26]. 


5 
—1.0 —0.5 0.0 0.5 1.0 


x/Mm 


Quadrature v, of the field (Solid curve) and the different 


contributions to it: the imaginary parts of A,/(x, — x) (dotted 
curve) and A_/(x_ — x) (dashed curve) as a function of the 
normalized frequency x/w,, for input coupling laser power f = 
6 mW. The dot-dashed curve is v, in the absence of the 
coupling laser. 


The quadrature v, exhibits dispersive behavior, and the coupling field 
changes the nature of dispersion from anomalous to normal in the region 
where quantum interferences are prominent. This behavior of dispersion is 
similar to the one found [31-33] in predictions of slow light in atomic 
systems. 

We next present the nature of interferences in the region when #9 > 4, in 
Figures 20.19 and 20.20. A typical behavior is shown in Figure 20.19 which 
clearly shows how the interference of the two contributions in Eq. (20.65) 
leads to the formation of the dip. The two contributions in Eq. (20.65) lead to 
asymmetric profiles. In the region of EIT, the tails from these contributions 
interfere. Unlike the case given by Figure 20.17, the two contributions have 
identical line widths. The roots correspond to the region to the right of the 
bifurcation points in Figures 20.8 and 20.9. From Figure 20.20, we also see 
how the dispersive behavior is changed by the coupling field from anomalous 
to normal in the region where quantum interferences are dominated. The 
inverted nature of the contribution A, should be noted, and it is this which 
changes the nature of dispersion. 

In traditional EIT, say, in atomic vapors described by A systems (Chapter 17) 
the atomic coherence plays a very importance role. For the optomechanical 
system the quantity analogous to atomic coherence is the motion of the mirror 
which would have the structure (20.59). We show the component of Q 
oscillating as e® ‘in Figure 20.21. We use the normalization factor (E,/K)? 
which is just the mean number of photons at the frequency w, = @, if there is 
no pump. 

We now explain the origin of the structure (20.65) for the probe response. 
Let us re-examine the Hamiltonian (20.15). Note that we drive the cavity with 
arbitrary pump field €,. This effectively prepares the cavity in a coherent state 
with a value a, if all the other interactions were zero. On writing the cavity 


operator a as a,+6éa, the trilinear interaction due to radiation pressure ya'aQ 


can now be written as y Ola,|? + x O(a*5a+a,da')+ higher-order terms. The 
pump thus has resulted in a bilinear interaction between the cavity oscillator 
and the mirror oscillator. The cavity oscillator is driven by the probe field, 
whereas the matter oscillator has no external drive. The cavity oscillator is 
damped at the rate x, whereas the mirror is damped at the rate y,, < k. This 


situation typically results in line shapes such as (20.65). Thus for 
optomechanical systems, we have an exact analog of EIT in A systems 
(Chapter 17) provided the damping of the nanomechanical mirror is much 
smaller than the dissipation in the cavity. The EIT in optomechanical systems 
can be understood as due to different interfering contributions as displayed, 
for example, in Figure 20.17. 
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Same as in Figure 20.17 except the input coupling laser 
power s? = 10 mW and #9 = 0 case is not shown. 
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‘ie 4) 4)) Same as in Figure 20.18 except the input coupling laser 
power s? = 10 mW and #9 = 0 case is not shown. 


The quantity («°/©>)|(Q),-1|/? as a function of the normalized 
frequency 0/w,, for two different values of the laser power: §2 
= 6 mW (solid), 10 mW (dashed). 


Clearly, many of the applications of EIT in atomic vapors can be taken over 
in the context of optomechanical systems. For example light can be stored in 
the coherent motion of the mechanical oscillator [34]. The EIT in 
optomechanical systems with quantized fields is discussed in [35], and such 
systems can be used as quantum memory elements and single-photon routers 
[36]. 


20.8.1 Parametric generation of the Stokes 
field €, in optomechanics 


We now give a short discussion of the field ¢, (Eq. (20.61)) generated at the 
frequency 2@) — w,. Clearly this is generated via the nonlinear mixing of fields 
at «@; and w,. No field is applied at the frequency 2a, — w,. Note that ¢, is at 
least of order €? as a, x €. Clearly it is a four-wave mixing contribution or it is 
produced by a parametric process. The fields at w, and w, produce the 
mirror’s displacement at the frequencies w; — @, and at w, — @). These 
components beat with the field at «; to produce components at @) — @, + @), &, 
— @) + @), i.e. at 20) — @, and w,. In Figure 20.22, we show the behavior of the 
generated field ¢, due to four-wave mixing. 


20.9 Quantized states of the nano-mechanical 
mirror coupled to the cavity 


If the mechanical oscillator is quantized, and its annihilation and creation 
operators b and Db! are defined by the dimensionless position and momentum 
operators, 


| 
b= —(O+iP), bi = —(O-iP), (20.68) 
2 /2 


Bi 


then on dropping the zero point terms the first four terms in the Hamiltonian 
Eq. (20.11) of the system can be written as 


H = ho,a'a + fiw,,b'b + hGala(b + b'), (20.69) 


where G = Ap =oee Assuming that the eigenfunctions and eigenvalues of H 


2MWy, 


are |W) and §€, ie. 
H|W) = €|W), (20.70) 
where 


Gala 


H = ho,a'a + hop, ie + (b+b! ] (20.71) 


Om 


Let us work in the space with a fixed number of photons and thus we look for 
solution of the form 


|W) = |n, 9), AD, Ly Qivaxy (20.72) 
in which n is the photon number of the cavity field. Hence 
HA\n,g) =h {no + Wm bib ab + bi || |n, p). (20.73) 
Let 
Gn 


Wm 


hy, = hon, oie 7 (b+ bi } ; (20.74) 


thus 


hy|n, ~) = (Ey —nhw.)|n, 9). (20.75) 


In addition, h,, can be written in a form 


Cr? G 
i B, = b+ oe, (20.76) 


Wm Wm 


hy = hm BIB, — hi 


and B,, satisfies the commutation relation [B,, B,"] = [b, b'] = 1. Therefore B,, 
is like the annihilation operator for harmonic oscillator. Let us introduce the 
eigenstate of B,'B, via 


B'B,|&”) = plo), (20.77) 


im a 


and 


Bi ye 
io) = 10), (20.78) 


” Jp! 


where |b”) are the well-known harmonic oscillator states. Thus the eigenstate 


|n,g) can be written as |n, oi), where p! = 0, 1, 2, ..., +0, and combining Eqs. 
(20.75)) and (20.76), we obtain 


Ra, —h = €,, —nha,, (20.79) 


which leads to 


> fe 
ae / a 


En = Nho, + phon, —h (20.80) 


Om 
Now we relate the eigenstates of Bi B,, to the eigenstates of bb. This is done 


by using the properties of the displacement operator D(B) = exp(Bb' - B*b) 
(Eq. (1.57)), 


D'(B)bD(B) = b+ B, (20.81) 
and hence 
Gn G 
B, = Di (=) bD ( *) (20.82) 
Dm Om 


Using (20.82) we can rewrite (20.77) as 


Gn Gn 
Di (=) bibD (=) \d) = p|db”), (20.83) 
Om Om v 7 
or 
‘Gn Gn 
bib D( |b\”) =se:| D ( |b’) ; (20.84) 
Dm , ; Wm 1 
There 
Gn _. 
| Dr) = Di (=) |ye), (20.85) 
Om 
where 
bib) = ple), go 0, 12. nae (20.86) 


Thus to summarize the solution to the eigenvalue problem (20.66) is given by 


Gn 
wer) = DI (=) in.) 


Gn 
olm) 
Ey? = nha. + pho, —h 


Om 


The eigenstates in the phonon space are obtained by displacing number states | 
) for phonons. The displacement itself depends on the number of photons. 
These states are displayed in Figure 20.23. These states can be used in studying 
the time development of an initially prepared system. 


st 2) The behavior of the generated field |e,|2 as a function of the 
normalized frequency 6/w,, for two different values of the 
laser power: s9 = 6 mW (solid), 10 mW (dashed). 
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Quantized states of the coupled cavity mirror system. 


We can now examine the possibility of transitions using the dressed states. 
Let us assume that the cavity is very weakly pumped. Thus effectively we can 
restrict to the one-photon space. Furthermore, the mirror can be at finite 
temperature and thus the occupation number of phonons is determined by the 
thermal distribution. The dissipation in the cavity leads the photon to leak out 
and thus one would have a transition to the zero-photon space. Even at zero 


temperature and negligible damping of the mirror, the initial state is a 
superposition of dressed states in one photon space, |1, 0) = Yi, Cult ), the 
coefficients C,, are determined by using (20.83). We can ask the probability of 
making a transition from bw) to wer) due to coupling of the cavity field to 
the environment outside. We can represent this coupling as H, = aR* + a'R, 
where R* are the environment operators (Chapter 9). This coupling leads to k 
terms in the Langevin equations (20.16). We can now calculate using the 
perturbation theory the probability of making the transition from the state Ni 


to the state |p’). The relevant phonon dependent matrix element for this 
* p p 
transition will be 


(1)\ 42 — ni? ” 
|e fal wr’) | = |(u|D(—G/a,,)|m’) |", (20.88) 


where Eq. (20.87) has been used. The matrix element is given by the matrix 
element of the displacement operator in the phonon Fock state. This can be 
obtained from Eq. (8) of Table 1.1. The change in energy is 
Os _ eo = how. + (u’ — 1)ho, —hG?/w,. Thus the outgoing photon 
would have many sidebands determined by the multiples of phonon 
frequencies. The strength would be determined by the matrix element (20.88), 
which depends on the radiation pressure coupling coefficient G. A detailed 


discussion of the spectrum of the output photons is given in [37, 38]. 


Exercises 


20.1 Using the exact eigenfunctions of H of Section 20.9, calculate the 
probability that the system would make a transition from |1, 0) to |1, p) 
state, i.e. calculate 


1, wle#*/21] OV. 
} 


Plot this probability as a function of o,,t for different values of (G/a,,) 
starting from the weak coupling case (G/w,, < 1) to the strong coupling 
case (G/w,, > 1). 


20.2 A quadratically coupled membrane to the optical cavity is described by the 
Hamiltonian 


H = ho,a'a + fiw,,b'b + gala. 
Find the exact eigenstates of H in terms of the eigenstates |n, 1) of ata and 


b'b. For details see [39]. 


20.3 The cooling of the mirror for the case when w,, < « can be understood 
in terms of the effective increase in damping of the mirror by radiation 
pressure. To see this treat Q, P, a, and a’ in (20.16) as numbers, and drop 
the €, a,, terms. Write the solution for a as 


& , 
i -|1 Um ae +1do)t 7 —T) It 5 
. (—_) bili xf ~ . 


Ao = We — WI, 


and use 


IO 
Olt —t) ¥ Ot) —t—, 
or 


to find an equation for P in which the effective frequency and damping of 
the mirror are modified. Find these modifications. In particular, show that 


io ear] 


Vm Se Ym | - 7 >) 
Ym (kK? + Ag)? 


The radiation pressure leads to increase in the damping of the mechanical 
oscillator if A° = w, — w, > 0, i.e. for red detuning of the laser field. An 
increase in damping will lead to cooling of the mirror. Finally, justify the 
steps that led to the result for the effective damping. Note that the first 
successful experiments [9-11] on the cooling of the mechanical mirror 
are based on the idea of increasing damping. 


20.4 Find the modes of a cavity with a dielectric bump described by a 


polarization term 4” y)6(x — Xo), where Xp is the location of the bump, as 
shown in the figure below. 


Use the solution of 


—> +k [1 + 4x05 (x — x0) Je = 0, k=w/c, 


and the boundary condition ¢ = 0 at x = 0 and x = L. Use the continuity of ¢€ 
across 


0 Xo L 


the bump. The discontinuity in the derivative of ¢ is determined by the 
differential equation for e. Show that the eigenvalue equation is 


iL L 
4m yok = cotk (= +x) +cotk (5 _ x) , 


re 
x =X9o — 5° 


Show further that, in the absence of the cavity, the transmission coefficient 
of the dielectric bump is t = 1/(1 — 2mik yo) and hence 27 xXok = 


J1—T//T.T = |t|?. Thus the above eigenvalue equation becomes [40] 


L L /1—T 
cotk (5 + *) + cot k (5 _ *) = 2 a 


A detailed numerical analysis of this eigenvalue equation can be found in 
[41]. 


